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ABSTRACT

The delta-four-stream polarized (vector) thermal radiative transfer has been formulated and numerically
tested specifically for application to satellite data assimilation in cloudy atmospheres. It is shown that for
thermal emission in the earth’s atmosphere, the [I, Q] component of the Stokes vector can be decoupled
from the [U, V] component and that the solution of the vector equation set involving the four-stream
approximation can be expressed in an analytic form similar to the scalar case. Thus, the computer time
requirement can be optimized for the simulation of forward radiances and their derivatives. Computations
have been carried out to illustrate the accuracy and efficiency of this method by comparing radiance and
polarization results to those computed from the exact doubling method for radiative transfer for a number
of thermal infrared and microwave frequencies. Excellent agreement within 1% is shown for the radiance
results for all satellite viewing angles and cloud optical depths. For polarization, differences between the two
are less than 5% if brightness temperature is used in the analysis. On balance of the computational speed
and accuracy, the four-stream approximation for radiative transfer appears to be an attractive means for the
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simulation of cloudy radiances and polarization for research and data assimilation purposes.

1. Introduction

Satellite data assimilation requires an efficient and
accurate radiative transfer model for the computation
of radiances and the associated derivatives. The ther-
mal radiative transfer model that has been used for data
assimilation in numerical weather prediction models
was primarily developed for clear conditions, that is, for
pure absorbing atmospheres, such that the atmospheric
transmittance and the gradient of radiance relative to a
state variable are parameterized or derived analytically.
However, more than 50% of the satellite data are con-
taminated by clouds, thus making the incorporation of
scattering effects in transmittance calculations an im-
portant but challenging issue. In the microwave region,
polarization is a significant factor affecting the transfer
of radiation in the surface—atmosphere system (Liu and
Weng 2002; Weng and Liu 2003). In view of the fact
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that many advanced infrared and microwave sensors
have been and will be built and deployed in space, it is
essential to develop an accurate radiative transfer
model that can be effectively applied to cloudy atmo-
spheres for satellite data assimilation and to test its
impact in terms of the improvement of forecast models
(Matricardi et al. 2004; Chevallier et al. 2004).

In our previous work, we presented a systematic de-
velopment of the delta-four-stream (D4S) approxima-
tions for radiative transfer, specifically designed for ap-
plication to cloudy and aerosol atmospheres (Liou et al.
1988; Liou 2002). We demonstrated that an analytic
solution for this approximation can be derived explic-
itly for homogeneous layers with a minimal computa-
tional effort for flux calculations. Fu and Liou (1993)
have shown that D4S can achieve an excellent accuracy
in spectral radiative flux calculations for a wide range of
cloud optical depth, single-scattering albedo, and the
phase-function expansion terms. However, our D4S
method has been derived for the intensity (or radiance)
component without accounting for polarization. The
transfer of thermal infrared radiation in the earth’s at-
mosphere generates little polarization, except in high-



JuLy 2005

level clouds that contain horizontally oriented ice crys-
tals (Takano and Liou 1993). But the transfer of micro-
wave radiation is highly polarized, particularly over the
ocean surfaces.

In this paper, we first formulate the basic equations
governing the transfer of the Stokes vector in a plane-
parallel atmosphere for thermal emission. We show
that, for thermal emission in the earth’s atmosphere, it
suffices to use the I and Q components of the Stokes
vector in polarization analysis, as presented in section 2.
In section 3, we formulate the four-stream approxima-
tion for polarized thermal radiative transfer in which
the elements in the scattering phase matrix are ex-
panded into four terms in line with the four radiative
streams. The solution of a set of differential equations
is expressed in terms of a homogeneous plus a particu-
lar solution. Eigenvalues associated with the solution,
critical in the four-stream analysis, are determined by
an efficient numerical scheme. Section 4 contains some
computational results for illustration of the accuracy
and speed of the D4S method in comparison to exact
calculations based on the doubling method, discussed in
this section. Summary is given in section 5.

2. Formulation of polarized thermal radiative
transfer and the phase matrix

The basic equation governing the transfer of the
Stokes vector, I = [I, Q, U, V], in a plane-parallel at-
mosphere for thermal emission can be expressed in the
form (see, e.g., Takano and Liou 1993)

MW =X, p d) = I(7, 1, $), .

where u = cos#, 6 is the zenith angle, ¢ is the azimuthal
angle, 7 is the optical depth, and the source function is
given by

21 1
3o d) = 4 f O f 2l O 0

d¢’ + (1 — ©)B, (1a)

where w is the single-scattering albedo, B is the Planck
function vector [B,(T), 0, 0, 0], T is temperature, v is
wavenumber, and the phase matrix with respect to the
local meridian plane is defined in the form

Z(w, oy p', @) = L(m — i) P(O)L(—1y), )
with L(7 — i,) and L(—i;) the linear transform matrices,
which are required to rotate the meridian plane con-
taining the incident and outgoing vectors to the scatter-
ing plane (Hovenier 1969). In general, the scattering
phase matrix, P, contains 16 nonzero elements.

For a plane-parallel atmosphere, the emitted thermal
radiation from the surface and the atmosphere is sym-
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metrical with respect to the azimuthal angle. Thus, we
can perform azimuthal average over ¢ to obtain

dl(T, p)
K ar

where the azimuthally averaged source function can be
written in the form

=1(r, u) — I, p), 3)

1
I =5 f Z(u, W )(r, ) dp' + (1 — @B, (3a)
—1

The azimuthally averaged phase matrix Z(w, p') is
given by

1 21
Z(p, ') =5 j Z(p, oy p's ) d(d — ). (4)

The phase matrix inside the integral is the product of
three terms denoted in Eq. (2). Each term can be ex-
panded in terms of the Fourier series. Because of the
orthogonal properties of sine and cosine functions in
the expansion, we can prove that Z; = 0 for ij = 13, 14,
23, 24, 31, 32, 41, and 42. In this manner, the Stokes
vector, [1, Q, U, V], can be decomposed into [/, Q] and
[U, V] independently. Van de Hulst (1980, chapter 15)
also discussed the expansion of the phase matrix ele-
ments using the Fourier series and presented equations
for them in terms of sine and cosine. The emitted
Stokes vector from clouds and the surface generally con-
tains only the [I, Q] component and thus we can safely
neglect the [U, V] component for analysis of the polar-
ized thermal radiative transfer. We can then use [/, Q]
in the analysis of the transfer of polarized radiation, as
described in Takano and Liou (1993). Thus, the 2 by 2
phase matrix elements can now be expressed as follows:

Z= [Zij(l»‘«, K)o
|
P,, cos2i, P,, cos2i, cos2i, — Pa5sin2i; sin2i,
®)

where the bars represent the azimuthally averaged
value. We can further expand this matrix Z in terms of
the associated Legendre polynomial P;"(w) in the form

P, cos2i, ]

N N
Zipa ') = EO ,E @) PP (WP (), (6)
where (w;);" are the expansion coefficients averaged
over the relative azimuthal angle ¢ — ¢'. Details on the
derivation of Eq. (6) along with the expressions for
(w;);" are given in appendix A. The Z;(u, n') values
calculated from Eq. (6) are identical to those deter-
mined on the basis of a direct azimuthal averaging ac-
cording to Eq. (5). Note that we require these coeffi-
cients to develop the four-stream approximation.
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To simplify the radiative transfer equation, we define

C./ s i #]
P = {<ci,,~ B, i) 7
N N (6 )m (E )m
C=5a > [ o ;]P;"wf)Pmp,
m=0i=m | (@21)]" (20
®)

where E is the 2 X 2 identity matrix and g; are the
Gaussian quadrature weights. Based on the property of
Legendre polynomials, we find the following symmetric
relationships:

b—z:—j = _bi,jv b—i,j = )

These symmetry relationships have also been discussed
by de Haan et al. (1987) and Hovenier and van der Mee
(1983). By replacing the integral by summation accord-
ing to the Gaussian quadrature and using the phase
matrix expansion expressed in Eq. (6), we can decom-
pose Eq. (1) into 4 X n linear first-order differential
equations in the form

-b

=
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- = — b, - JI=—n,---n,
dT(Qi j:E—n \Q; S
(10)

where n is the number of upward and downward
streams and the source term is given by

<Si1>_ 1— <BV(T)/M1'>
s.) TP 0 )

3. Four-stream approximation for polarized
thermal radiative transfer

(11)

We consider two radiative streams in the upper and
lower hemisphere (i.e., let n = 2). At the same time, we
expand the scattering phase matrix in four terms (N =
3) so that the total number of streams is equal to the
total number of phase matrix expansion terms, a math-
ematical requirement in the discrete-ordinates method
for radiative transfer (Chandrasekhar 1950). Using the
relation denoted in Eq. (9), eight first-order differential
equations can then be written in matrix form as follows:

m 1,
0,
1y
a1 Q.| _
dr | I
0,
L
O, _

__(bz,z)u _(b2.2)12 _(b2,1)11 _(bz,l)lz
~(b22)n1 —(b22)y —(bai) —(b21)
~bi2nn —(bi2i —bidn —(bihe

. _(bl,2)21 _(bl,z)zz _(bl,l)21 _(bl,])22

(b1 (b1 21 (1D (b2
(b1, 221 (b1 2 (b1 1)21 (b1 1)
(br 211 (b 2)12 by (ba—12

L (b2, 21 (b2 2)2n (1)1 (by 1)

RE S 51 7]

0, S 2
I, S_n
0, B S_12
I Sii
0, Si2
15 S1

0, L S

_(bz,—1)11 _(bz,—l)lz _(bz,—z)n _(bz,—z)lz T
—(by 1)1 =y 1)y —(by2)a1 —(by 2
b1~ D =012 (b1 2
_(bl,—l)m _(bl,—l)zz _(bl,—z)zl _(bl,—z)zz
by (b1.1)12 (b12)11 (b12)12
(b1.)2n (b1.1)22 (b12)21 (b12)22
(b2 (b21)12 (b2 (b22)12
(b2.1)21 (b2.1)22 (b22)21 (b22)r

(12)
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The conventional Gauss quadratures and weights
in the four-stream approximation are u, = 0.339 981
and p, = 0.861136 3, and a; = 0.652145 2 and a, =
0.347 854 8. However, because of the isotropic emission
source in the thermal IR and microwave radiative
transfer, the double Gauss quadratures and weights (u,
= 0211324 8 and p, = 0.788 675 2, and a; = a, = 0.5)
have the advantage of producing higher accuracy in in-
tensity calculations. The 8 X 8 matrix in Eq. (12) rep-
resents the coupled multiple-scattering contribution to
the I and Q components.

To find eigenvalue and eigenvector matrices for Eq.
(12), we define the sum and difference for the upward
and downward intensity vectors in the form

11,2 * 171,72

Ii
Mt — 1,2 _ ' 13
(Qi) (Ql,erM) (13)

Following some algebraic manipulation, Eq. (12) can be
converted into the following four matrix equations:

dM2i Y Y o +

- d’T = b22M2 + b21M1 - Sz_, (14)
dMli M AT +

T ar boM; + b My — Sy, 15)

where the coefficient matrices are defined by
. ((b;>n (b;nz)
ij - -
(bi?)zl (b,?)zz
_ (bi,j)ll * (bi,—j)ll (bi,j)12 * (bi,—j)12 (16)
(bip)ar = (bi—jhar (bijhy £ (by )0 )
and the modified source term is given by
. ST S_a
S; = .
' So*S_p

Differentiating both sides of Eqs. (14) and (15) yields
the following second-order differential equation set:

& | My ay a, [[M, d, (182)
— = + : a
ar | M a, a; ||M; d,

(17)

where
a,, = b,by, + b;,b),, a, =by,by, +bsb;;, (18b)
a;, = b,by, + bbb, a,;, =byby +bb);,  (18¢)

d, =b,S, +b;S;, d,=byS, +byS;. (184d)

Further differentiation of Eq. (18a) leads to two fourth-
order vector differential equations in terms of M5 and
M separately as follows:
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M

i

Lodr

d*'m;
drt -4

+bM, +¢, i=1,2,
(19a)
where

— —1 _ —1
a, =a;; +tapara;, , a,=a,taa a ,

(19b)
b, = a,a, —a,aa, 'a;,
b, =a,a,, — aa;a, 'a,, (19¢)
¢ =apd, — a,a,a, 'd,
¢ =a,d, —aa,a, 'd. (19d)

The complete solution for M;" is composed of a ho-
mogeneous and a particular solution. Thus,

M _ i [exp(—kjn—) 0 ][sz]
M; = 0 exp(—k;7) [| Gy;

Ll f)
+ 9
["1]

where G;; is a vector associated with the ith quadrature
angle and the jth eigenvalue, ), is the particular solution
vector for M, and the term

exp(—(k;);7) 0 :|R1
0 exp(—(k;),7) '
(20b)

where R and R™! are the eigenvector matrix and its
inverse, respectively, and (k;); and (k;), are the jth set
of eigenvalues. On substituting Eq. (20a) into Eq. (19a),
we obtain a set of characteristic matrix equations for
the solution of eigenvalues and a set of relationships for
determining the particular solutions. The particular so-
lutions are

(20a)

exp(—k;7) = R[

(21a)
(21b)

-1 -1
= ¢ (ayd, —aya;a d,),

_ a1 ~1
m = —¢ (anpd;, —apaya;d).
The characteristic equation is given by

2
j=-2

(22)

To have nontrivial solutions for G;, we must have

ij>
fk=k*—ak’—b,=0, i=1,2. (23)
By setting each element of f(k) to 0 leads to four alge-

braic equations. Although Eq. (22) appears to be qua-
dratic, it cannot be solved using the quadratic formula,
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as having been done in the scalar delta-four-stream
method (Liou 2002). For this reason, we have devel-
oped a Newton—Raphson numerical iteration method
for the solution of eigenvalues k?, which is given in
appendix B.

Since Gy; and G,; in Eq. (20) are defined from high-
order differentiations, they are mutually dependent.
We can determine their relationship from the homoge-
neous part of Eq. (18a). A straightforward substitution
yields

exp(—k;7)Gy; + exp(kll"')GL—l =

A [exp(—ky )Gy + eXP(kle)Gz,—ll (24)
exp(—k 216Gy, + exp(ki,1)Gy _, =
A, [exp(—kyn1)Gyy + exp(kzzT)Gz,le (25)

where A, = ay,'(k3; — a,), i = 1, 2, and k;; are the
eigenvalue solutions of Eq. (23). Following the same
procedure as in the case of Eq. (19a), we can obtain the
fourth-order differential equations for My, in the form

JOURNAL OF THE ATMOSPHERIC SCIENCES

VOLUME 62

where the expressions for the coefficients a; and b; are
the same as those of a; and b, given in Egs. (19a)—(19d),
except that the superscripts + and — in Egs. (18a)-
(18d) are replaced by — and +, respectively. It is noted
that there are no particular solutions for M ,, because
the source terms are eliminated during the differenti-
ating process. Substituting Eq. (20) into Egs. (14) and
(15), and assuming that the homogeneous solutions for
M, are similar to the homogeneous part of Eq. (20a),
we obtain

2
M, =(@)" El {(b1)'A; = (b3) Iky,

X [Gz,—j eXP(kij) - Gy eXP(_kij)l (27)
2
M, = (@) " X {b) "~ (by) 'Alk,
=1
X [Gz,—j eXP(kij) - sz exp(_kzﬂ')], (28)

where a~ = (b3;) 'b5, — (b;;) 'b}, and a, =
(biz)"'by; = (by) by
Finally, by combining Egs. (20a), (24), (25), (27), and

d::flg _a djil:_:i COM;. =12, (26) 882)), ;};Z Cg?\l;;ilit; solutions for I, = [I,, Q;] (i = —2, —1,
I, @ exp(—k, 1) D] exp(ky 1) D5 exp(—k,,7) D@5 exp(Ky,T) G,, -
I_, _ @ exp(—ky 1) D exp(Ky ) P exp(—KypT) DS exp(Ks,T) G, +1 m
L bf exp(—kyy ) by exp(kym) b exp(—kaom) by explka,T) G., m |
= b exp(—koir) b exp(kam) &y exp(—koor) &5 explkoor) | LG22 L

where the eigenvector matrices are

L1 —\—1fp— 1 —\—1
¢; :E[Et(a ) H{(by) " — (b)) Ajky],  (30)

1
O =S[A;+ (@) {(bp) A~ (b)) Tkl (1)

To circumvent computational overflow problems, we
remove the positive exponential terms in Eq. (29) and
define new coefficient vectors G; _; and G5 _, in the
forms

G, = expky )Gy 1, G55 = exp(kyp1)G, ).

(32)

(29)

Equation (29) then contains four sets of integration
constants (G, G3_1, G5, G5 _,). These integration
constants are to be determined from boundary condi-
tions. Consider a homogeneous layer having an optical
depth 7. We may assume that there is no diffuse ra-
diation from either the top or the bottom of this layer
so that the boundary conditions are

I, ,(r=0)=0
1, o7 ) } (33)

L(r=1)=0 '

Substituting Eq. (33) into Eq. (29), we obtain the fol-
lowing equation for the solution of the four integration
constants:
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0 ;" exp(—ky7y) by O, exp(—ky,) 2 G,, B
0 _ o) ) exp(—ks 1) D, O, exp(—ks,y) G, N B
0 o) exp(—ky 7)) o b5 exp(—KyTy) ¢y G2 B
0 1 ¢1" exp(—ka7) > ¢s exp(—kpm) | L 22 B
(34)

Note that 1,/2 and m,/2 derived in Egs. (21a) and (21b)
are equivalent to B. Once the four integration constants

are solved from Eq. (34), we can compute the outgoing
intensity parameters at the layer boundaries as follows:

L(r=0) o) D, exp(—Ky ) D, D, exp(—ky,m) G,,
ILy(r=m) B O exp(—ky 1) N O, exp(—Kym) o, G’y
Lir=0) | o dr exp(—koy) ¢ ¢s exp(—kyom) G,
I =m) ¢1 exp(—koym) ¢/ ¢> exp(—koom) ¢s G2

B
B
oy (35)
B
Because I; = I_; and I, = I_, for a homogeneous faces). Within the context of the four-stream approxi-

layer, Egs. (34) and (35) can be further reduced to the
forms

0

ol =

[‘Df exp(—ky 1) + &
¢ + d*T exp(—ky;7)

L] 3]

and

Li(r=0) B
[IZ(T = 0)] -
I:ber + @ exp(—kymy) (D; + o, eXp(—kzle)]
o1 exp(—kyy ) + ¢1+ ¢, exp(—kaypT) + (75;

G, B

Although the preceding analysis used the vacuum
boundary condition to determine the unknown coeffi-
cients, surface contribution can be included in a
straightforward manner (except for rough ocean sur-

D, exp(—Kopmy) + ‘D2:|
b, + ‘i’z+ exp(—Ky,1)

(36)

(37)

mation, we may carry out the delta-function adjustment
for the phase function having a strong diffraction peak
to achieve a higher accuracy in radiative transfer com-
putation based on the similarity principle (Liou et al.
1988; Liou 2002). The optical depth, the single-
scattering albedo, and the Legendre expansion coeffi-
cients of the phase function can be scaled according to
the following equations:

7 =(1-fo),w = w

1—-wf"’

w, =[w,— 2L+ 1DY1—-f, for I=0-3, (38)
where f is w,/9. The similarity principle has been de-
veloped for the scalar intensity and its general applica-
bility to the Stokes vector remains to be proven. How-
ever, it would be physically reasonable to apply the
delta-function adjustment if the phase matrix elements
exhibit strong forward peaks, similar to the phase func-
tion, to provide a better representation of the four-
stream fitting.

Finally, since D4S only provides two upward and two
downward radiative streams, we shall employ the inte-
gration technique to obtain the radiances in other di-
rections for satellite application. The upward and
downward Stokes vectors can be expressed as follows:
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F1G. 1. Comparison of the total spectral albedo (A = 0.2-5 wm) computed from D4S and the 16-stream doubling method for a water
cloud located between 0.83 and 2.75 km having a vertical optical depth of 10 and comprising of an effective radius of 8 wm in a
midlatitude summer atmosphere with a surface albedo of 0.1 for two solar zenith angles of 30° and 75°.

I7(0; ) =17 (74 ) exp(—7,/)

e dr’
+ f J(7'5 w) exp(—=7"/p) I (39a)

0

(70 —p) = 1(0; — ) exp(—my/)

Tk . ) d,r/
+ I’ —p)exp[— (1, — 7 )/M]T,

0

(39b)

where the source function is given by

1

uﬂm=§f Z(p W ) dp’ + (1~ @)BT()]
—1

(39¢)

On substituting the Stokes vector Iz, (7 w') computed
from D4S into the I(7; ") term in the source function
expression [Eq. (39¢)], the Stokes vectors in Egs. (39a)
and (39b) can be determined at any satellite scanning
angles. We then integrate the downward Stokes vector
for each model layer progressively to the surface. Sub-
sequently, we apply the surface reflection and emission
boundary conditions to determine the upward Stokes
vector from the surface. Finally, we integrate the up-
ward Stokes vector for each model layer progressively
to obtain the upward Stokes vector at the top of the

atmosphere. These procedures can be accomplished ef-
ficiently in numerical computations.

4. Computational results and discussions

As an illustration of the accuracy and speed of D4S,
we first show a comparison of the total solar spectral
albedo (A = 0.2 — 5 wm) at the top of the atmosphere
computed from D4S and the exact method for an at-
mosphere containing a water cloud located between
0.83 and 2.75 km having a vertical optical depth of 10.
The atmosphere extends from 0 to 50 km with a 1-km
resolution. The exact method is based on the 16-stream
doubling method to obtain the reflection and transmis-
sion for an atmospheric layer. Both methods employ
the adding procedure to compute the spectral albedo in
which the line-by-line equivalent radiative transfer
model (Liou et al. 1998) uses the correlated k-
distribution method for the sorting of absorption lines
in the solar spectrum with a spectral resolution of 50
cm . The water cloud contains an effective radius of 8
pum and a midlatitude summer atmosphere with a sur-
face albedo of 0.1 is used in the calculation along with
two solar zenith angles of 30° and 75°. The D4S results
are in excellent agreement with those computed from
the exact method, as shown in Fig. 1. The mean relative
differences are —0.192% and 0.682% and the root-
mean-square differences are 0.00108 and 0.00377 for
the two solar zenith angles, respectively. The required





















