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We have developed a finite-difference time domain (FDTD) method and a novel geometric ray-tracing model
for the calculation of light scattering by hexagonal ice crystals. In the FDTD method we use a staggered
Cartesian grid with the implementation of an efficient absorbing boundary condition for the truncation of the
computation domain. We introduce the Maxwell–Garnett rule to compute the mean values of the dielectric
constant at grid points to reduce the inaccuracy produced by the staircasing approximation. The phase matrix
elements and the scattering efficiencies for the scattering of visible light by two-dimensional long circular ice
cylinders match closely those computed from the exact solution for size parameters as large as 60, with
maximum differences less than 5%. In the new ray-tracing model we invoke the principle of geometric optics
to evaluate the reflection and the refraction of localized waves, from which the electric and magnetic fields
at the particle surface (near field) can be computed. Based on the equivalence theorem, the near field can
subsequently be transformed to the far field, in which the phase interferences are fully accounted for. The
phase functions and the scattering efficiencies for hexagonal ice crystals computed from the new geometric ray-
tracing method compare reasonably well with the FDTD results for size parameters larger than approximately
20. When absorption is involved in geometric ray tracing, the adjusted real and imaginary refractive indices
and Fresnel formulas are derived for practical applications based on the fundamental wave theory.
1. INTRODUCTION

Information about the single-scattering properties of non-
spherical ice crystals is fundamental to an understanding
of radiative transfer in high-level clouds and the radia-
tion budget of the Earth-atmosphere system. Interpreta-
tion of the bidirection radiance data obtained from space
observations also requires knowledge of the scattering
characteristics of ice particles. From in situ aircraft ob-
servations it has been shown that a large portion of ice
crystals occurring in the Earth’s atmosphere has a hexag-
onal structure.1 This is also evident from observations
of halos associated with cirrus clouds. The importance
of ice in the atmosphere with respect to remote sensing
and climate modeling has been articulated by Liou,2 Liou
and Takano,3 and Stephens et al.4

It appears unlikely that an exact solution for the scat-
tering by hexagonal particles can be derived because an
appropriate coordinate system for the boundary condition
at the particle surface cannot be imposed. For this rea-
son research on light scattering by hexagonal ice crys-
tals in the past two decades has used the principles of
geometric optics in terms of the ray-tracing technique to
determine the scattering and polarization properties of
hexagonal ice particles.5 – 12 Geometric ray tracing has
been employed to identify the optical phenomena occur-
ring in the atmosphere.10,11 More recently, scattering
properties for more complex ice crystal shapes have also
been determined by the geometric ray-tracing method.13,14

In the limit of the geometric optics a light beam may
be thought of as consisting of a bundle of separate rays
that hits the particle. Each ray will then undergo reflec-
tion and refraction and will pursue its own path along
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a straight line. However, the laws of geometric optics
may be applied to scattering of light if the particle with
a locally smooth surface is much larger than the incident
wavelength. It has been estimated that the geometric
optics approximation should be valid for size parameters
larger than approximately 30–40.15 Although numerous
methods, including the discrete-dipole approximation,16,17

the extended boundary condition method,18 and the inte-
gral equation technique,19,20 have been developed for the
solution of light scattering by nonspherical particles, they
are usually applicable to size parameters smaller than ap-
proximately 10–15 in the three-dimensional case. It is
evident that single-scattering properties for hexagonal ice
crystals with size parameters less than approximately 30
do not exist. In particular, there is a void of scattering
information for size parameters between approximately
10 and 30. In light of the preceding discussion, there is
a practical necessity to develop a light-scattering method-
ology that can be applied effectively to this size parameter
range and that one can use as a reference to determine
the applicability of the conventional geometric ray-tracing
approximation for the computation of light scattering by
hexagonal ice crystals.

In this paper we present the finite-difference time do-
main (FDTD) approach for the solution of light scat-
tering by hexagonal ice particles. In addition, a novel
geometric optics model has also been developed for the
calculation of scattering properties of hexagonal ice par-
ticles. In Section 2 the principle of FDTD is outlined,
and an improved absorbing boundary condition associated
with FDTD is described. The new geometric optics ap-
proximation based on the equivalent theorem is presented
in Section 3, where we also discuss the absorption effect
1995 Optical Society of America
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in geometric optics. Numerical results are reported in
Section 4, in which the results computed from the FDTD
method are compared with those from the exact solution
for light scattering by circular cylinders. Relative accu-
racies of the phase function and the scattering efficien-
cies computed from the geometric optics approximations
are presented with respect to the FDTD results for the
size parameters of hexagonal ice particles from 10 to 40.
Finally, conclusions are given in Section 5.

2. FINITE-DIFFERENCE TIME
DOMAIN METHOD
Pioneered by Yee21 in 1966, the FDTD method has been
used extensively to solve various kinds of electromagnetic
problems.22 – 27 With the development of a number of
highly absorbing boundary conditions in the late 1970’s
and 1980’s,28 – 32 the usefulness of the FDTD method in
dealing with the scattering by an arbitrarily shaped or
inhomogeneous object has been widely recognized. In
recent years significant efforts have been focused on con-
structing the FDTD numerical schemes on curvilinear
grids and nonorthogonal target-conforming grids.27,33 – 37

Researchers have carried out these endeavors to avoid
the staircasing approximation of an oblique surface in a
rectangular mesh. The numerical schemes based on
computational fluid dynamics38,39 have also received con-
siderable attention for some special electromagnetic prob-
lems, such as the propagation of a pulse in which a steep
gradient appears. Although target-conforming schemes
are more accurate, they are relatively inflexible when
scatterers of various sizes and shapes are considered. In
addition, the cells in a globally irregular mesh usually
differ so greatly in size that one must use a small time
increment in order to obtain stable solutions. Further,
the irregular schemes are inherently more complicated
and tedious. Ice, unlike metal, is not so different from
vacuum in terms of electromagnetic properties. For this
reason the staircasing does not pose a serious problem in
our study, provided that a proper method is used in the
evaluation of the dielectric constant over the grid. We
find that the rectangular Cartesian grid is most appro-
priate for the present investigation. In what follows, we
shall outline the procedure for the FDTD method and dis-
cuss improvements in conjunction with light scattering
by long cylinders.

A. Time-Stepping Scheme for the Near Field
The scattering of light by an infinitely long cylinder with
normal illumination is a two-dimensional (2-D) problem.
It is an excellent approximation for the scattering of nor-
mal incident light by a cylinder whose length is much
larger than its radius. In this case an arbitrarily polar-
ized wave can be decomposed into TM- and TE-polarized
waves. The source-free Maxwell equations can be writ-
ten in component forms for the TM-polarized case as fol-
lows:
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where e is the permittivity and c is the speed of light.
The permeability is taken as m  1 because the scatterer
in our study is nonferromagnetic. The axis of the cylin-
der has been chosen to be normal to the xy plane. Simi-
larly, for the TE-polarized case we have
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where H̃zsx, y, td is taken as 2Hzsx, y, td so that the signs
in Eqs. (1) and (2) are symmetrical.

Equations (1) and (2) are the governing equations for
the total field. Because the electric properties of the
medium in our consideration are linear, the total field is
the superposition of incident field and induced field that
is produced by the presence of the scattering object. If
the incident wave is taken as a plane wave propagating
along the x axis, then the equations for the incident wave
in the TM case can be written in the form
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where the superscript o denotes the incident wave.
Using Eqs. (1) and (3) and the linear superposition

property of the field, one can express the equations gov-
erning the induced field (denoted by the superscript s) for
the TM case by
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For application to numerical computations Eqs. (4)
must be discretized. We define a number of small square
cells with a size Ds for the spatial domain. Integrating
the left- and right-hand sides of Eq. (4a) over the cell
centered at sx, yd  si, j dDs leads to
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In relations (5) the permittivity eij is the mean value
over the cell si, jd. In our computations we use the
Maxwell–Garnett rule19 to obtain this value through
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1

Ds2
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Note that using the mean value of the permittivity in the
computations over the grid cell will offset somehow the
effect of the stepping approximation on the scatter.

Applying to Eq. (4) the above discretization procedures
in space along with a leapfrog difference scheme for tem-
poral variation, we obtain a set of finite-difference equa-
tions for the TM-polarized case as follows:
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where the superscript n denotes the time step. The
above equations represent the time-stepping variation of
the pure scattered field for the TM-polarized wave. Simi-
lar expressions can be obtained for the TE case. Once
the values of the field at the grid mesh are given, we
can obtain those at the next time step by explicitly up-
dating the finite-difference scheme. It should be pointed
out that the results computed from the pure-scattered-
field formulation do not differ significantly from those
computed from the total-field formulation23 because the
present study does not involve heavily shielded cavities.

B. Boundary Condition for the Numerical Mesh
The actual scattering problem is one that is unbounded
in space. However, in practice, the domain of numeri-
cal computations must be truncated, leading to the re-
quirement of a boundary condition for the truncated do-
main. Mathematically, it is clear that the time iteration
of the electric field at the boundary requires the values
of the magnetic field that are outside the truncated do-
main if the spatial domain is cut off through the centers
of certain cells. For this reason the electric field at the
boundary cannot be provided by the iterative difference
equations but must be given by an appropriate bound-
ary condition so that the scattered wave would not be re-
flected back to the computational domain artificially. In
conjunction with this, various kinds of absorbing bound-
ary condition have been developed.28 – 32 Among them,
the second-order absorbing boundary condition developed
by Mur30 based on a one-way wave equation is often used
for truncation of the numerical mesh. However, there
are several disadvantages associated with this method.
First, applying this second-order absorbing boundary con-
dition involves the field at the mesh corners, where the
truncation of the spatial domain does not permit imple-
mentation of the formulation. At the corners either a
first-order absorbing boundary condition or an extrapo-
lating scheme must be used. Second, the solution con-
verges slowly with increasing white space if thesecond-
order absorbing condition is used.40 Last, the absorbing
boundary conditions derived from the one-way wave equa-
tion are usually tedious, especially when higher orders are
considered in the three-dimensional (3-D) case.

The transmitting boundary method, which was origi-
nally developed in studies of seismology and earthquake
engineering, has been found to perform extremely well for
transient-wave analyses.28 When the values of the field
in the boundary equation are not at nodal locations, a gen-
eral expression of the boundary condition is given by the
quadratic interpolation scheme; that is, for a boundary at
x1,
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j T
j
U j , (8)

where U is any component of the field evaluated by the
boundary condition, CN

j is a binomial coefficient, and T
j
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where b  caDtyDs and a is an artificial transmitting co-
efficient, defined as the ratio of the artificial transmitting
speed to the real speed of the physical wave. The trans-
pose of U j on the right-hand side of Eq. (8) is defined
by U

T
j  fU1,j , U2,j , . . . , U2j11,j g, where Uij  U stj , xid,

xi  x1 2 si 2 1dDs, and tj  t 2 s j 2 1dDt. The above
algorithm is the general form of the transmitting bound-
ary condition developed by Liao et al.28 We find that the
second- or third-order formulations can yield accurate re-
sults in a number of FDTD calculations.

However, the algorithm is still rather tedious, in that
the field at 2N 1 1 grid points is required for the Nth-
order formulation. In what follows, we present a simpler
formulation in conjunction with the FDTD method. The
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basic version of the transmitting formula is given by28

U st 1 Dt, xd 
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If the artificial transmitting coefficient a is chosen as
unity and the time interval is properly selected so that
the values of the field on the right-hand side of Eq. (11)
are located at nodal points, the computation will be-
come much more efficient. Moreover, if the cells in the
numerical mesh are chosen to be squares (for the 2-D
case) or cubes (for the 3-D case) with a size Ds, the
Courant–Friedrichs–Levy conditions for the stability of
the FDTD time-stepping algorithm are22
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Thus, if we choose cDt  0.5Ds for a generous stability
condition, the values of the field in Eq. (11) may be se-
lected to locate at nodal points, leading to a simplified for-
mula for the transmitting boundary. For example, at the
left-hand boundary the second-order transmitting bound-
ary condition can be written as

U sn11ds1, jd  2U sn21ds2, jd 2 U sn23ds3, jd , (14)

and the third-order condition can be expressed by

U sn11ds1, jd  3U sn21ds2, jd 2 3U sn23ds3, jd 1 U sn25ds4, jd .
(15)

Although the third-order method is more accurate than
the second-order method, it is slightly unstable in numeri-
cal computations. To stabilize the algorithm we may use
the weighted superposition of Eqs. (14) and (15) in the
form

U sn11ds1, jd  s3 2 gdU sn21ds2, jd 2 s3 2 2gdU sn23ds3, jd

1 s1 2 gdU sn25ds4, jd . (16)

Using this weighted method and selecting a value of 0.1
for g, we find that the algorithm is stable even for 10,000
steps of iteration. Since the boundary condition proposed
here is simple and the boundary field at the previous time
step is not required, the algorithm is very suitable for
application of the super absorption technique,41 designed
to improve absorbing boundary conditions. In addition,
it should be noted that there are no special requirements
for the mesh corners if the transmitting boundary is used
because the fields at the corners will not affect those at
the interior grid points, as is evident from Eqs. (7).

C. Field in the Frequency Domain
The values of the near field computed by the above FDTD
algorithm are in the time domain. In order to obtain the
frequency response of the scatterer, we require a trans-
form of the time-dependent fields to the corresponding
fields in the frequency domain. For this purpose we use
the Gaussian pulse propagating toward the scatterer as
an incident wave, along with a Fourier transform. Be-
cause the size of the scatterer is fixed for a given execu-
tion in numerical computations, the Fourier transform at
various frequencies (or wave numbers) will provide the
scattered field in the frequency domain for different size
parameters.

Let f be a component of the field and its value at the
time step n be fn. Then the time variation of f can be
written as

f std 
NP

n0
fndst 2 nDtd , (17)

where d is the Dirac delta function and the time step N
is so chosen that the field in the domain of computation
has been reduced significantly to a small value. The
corresponding spectrum in the wave-number domain is
given by
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where k is the wave number in vacuum. To avoid alias-
ing and numerical dispersion and to obtain a correct fre-
quency spectrum, one must band the maximum wave
number or the minimum wavelength. Let the minimum
wavelength permitted by the grid size Ds be lmin 
p2pDs. Because we have selected cDtyDs  1y2, it fol-
lows that

F skd 
NP

n0
fn expsinky2pkmaxd , (19)

where kmax  2pylmin. Thus, for a desirable wave num-
ber k  qkmax, where q is a real number between 0 and
1, the frequency spectrum is given by

F skd 
NP

n0
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If the radius of the scatterer is a, then the correspond-
ing size parameter is ka  aqypDs. In numerical com-
putations we may take a number of q and fix the other
parameters so that the scattering fields for different size
parameters can be obtained. Next, the input Gaussian
pulse is represented in discrete form as

fn  A expf2snyw 2 5d2g , (21)

where A is a constant and w is a parameter controlling
the width of the pulse. In the present study we have
chosen w to be 30 to avoid the numerical dispersion that
can occur in the pulse propagation. The center of the
Gaussian distribution is shifted by 5w so that the pulse
can start with a small value (,10211) at the initial time.

D. Transformation of Near Field to Far Field
In order to obtain the scattering characteristic of the
scatterer, we must transform the near-field properties
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obtained from the FDTD method to those of the far field.
Let us consider a curve that encloses the scatterer in a
2-D space. For the TM-polarized case the electric field
at any location outside the curve can be expressed by42

Ezsrd 
I

n̂ ? fEzsr0d=0Gsr, r0d 2 Gsr, r0d=0Ezs r0dgdr0 ,

(22)

where the integral is along the enclosing curve, n̂ is the
outward unit vector normal to the curve, and G is Green’s
function for the 2-D case, which can be expressed in terms
of the zero-order Hankel function of the first kind as
follows:
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For the far field we must have ksjr 2 r0jd ! `. Using the
asymptotic behavior of the Hankel function, we have
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where r̂  ryjrj. In the numerical computation we find
that one should discretize the derivative term in Eq. (24)
by a fourth-order difference scheme in order to obtain high
accuracy. For example, if n̂ is along the x axis, this term
is approximated by
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For a 2-D case with an arbitrarily polarized incident
wave the scattering wave can be expressed in terms of
the scattering matrix in the form"
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where ŝ denotes the scattering direction and the matrix
elements can be obtained from
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3 exps2ikŝ ? r0ddr0 , (27a)

FTEsŝd 
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The nonzero elements of the corresponding Stokes matrix
can then be expressed by43
P11sŝd  1/2 fjFTMsŝdj2 1 jFTEsŝdj2g , (28a)

P12sŝd  1/2 fjFTMsŝdj2 2 jFTEsŝdj2g , (28b)

P33sŝd  RehFTMsŝd ? fFTEsŝdgpj , (28c)
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where the asterisk denotes the complex conjugate.
For nonabsorbing cases the scattering (or extinction)

cross section is given by the optical theorem as follows:

sTM 
4
k

RefFTMsŝdgŝx̂ , (29a)

sTE 
4
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where x̂ is the unit vector along the incidence direction.

3. NOVEL GEOMETRIC OPTICS MODEL
The principles of geometric optics may be applied to the
scattering of light by a scatterer whose size is much larger
than the incident wavelength. In this case light rays can
be localized, and one can carry out geometric ray trac-
ing to obtain the scattered energy. In the context of geo-
metric optics, the total field is assumed to consist of the
diffracted rays and the reflected and refracted rays, as
shown in Fig. 1. The diffracted rays pass around the
scatterer. The rays impinging on the scatterer undergo
local reflection and refraction, referred to as Fresnelian
interaction. The energy that is carried by the diffracted
and the Fresnelian rays is assumed to be the same as the
energy that is intercepted by the particle cross section pro-
jected along the incident direction. The intensity of the
far-field scattered light within the small-scattering-angle
interval DQ in the scattering direction Q can be com-
puted from the summation of the intensity contributed
by each individual ray emerging in the direction between
Q 2 DQy2 and Q 1 DQy2. Except in the method pre-
sented by Cai and Liou,8 essentially all the conventional
geometric ray-tracing techniques ignored phase interfer-
ences between relevant rays. It is usually assumed that
the interference may be smoothed out when the particles
are randomly oriented.9 In this case the extinction effi-
ciency of the scatterer is 2.

On the basis of Babinet’s principle, diffraction by a scat-
terer may be regarded as that by an opening on an opaque

Fig. 1. Geometry for the conventional ray-tracing technique.
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screen perpendicular to the incident light, which has the
same geometric shape as the projected cross section of the
scatterer. In the case of randomly oriented 2-D hexago-
nal ice crystals we can determine the diffraction intensity
by using Fraunhofer diffraction with the normalized scat-
tering phase function given by
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2px
s1 1 cos Qd2

3
Z p/6

0

"
x cos a sins x cos a sin Qd

x cos a sin Q

#2

da , (30)

where Q is the scattering angle and x  2payl.
The reflection and refraction components are deter-

mined by the ray-tracing procedure. The directions of
the rays denoted by the unit vectors shown in Fig. 1 can
be determined by the equations
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where mp  m (refractive index of the scatterer) for p  1
and mp  1ym for p . 1. When mp

2 , 1 2 sêi
p ? n̂pd2, total

reflection occurs, and there will be no refracted ray. The
electric field associated with the rays can be computed
by the Fresnel formulas. Summing the energies of the
rays that emerge within a small-scattering-angle interval
in a given direction, we can obtain the phase function for
this part. Let the normalized phase function that is due
to reflection and refraction be P rsQd. Then the normal-
ized phase function P sQd  fP dsQd 1 s2ṽ 2 1dPrsQdgy2ṽ,
where ṽ is the single-scattering albedo.

The above discussion outlines the conventional geomet-
ric ray-tracing method. In numerical computation the
polarization properties of the light rays must be consid-
ered. Following the procedures presented by Cai and
Liou,8 one can define and numerically compute the com-
plete phase matrix associated with the four Stokes pa-
rameters and the scattering and absorbing cross sections.

The conventional ray-tracing technique requires the
localization of the geometric rays. In addition, it also
assumes the following: First, the scattering field is ar-
tificially decomposed into contributions from diffraction
and Fresnelian rays, each of which contains 50% of the
incident energy. Second, the vector property of the elec-
tromagnetic field is not completely accounted for because
the Fraunhofer diffraction formulation in the context
of geometric ray tracing is in scalar form. Moreover,
the Kirchhoff assumption or Kirchhoff’s boundary condi-
tion is required in the diffraction theory.44 As discussed
by Stratton and Chu,45 the Kirchhoff assumption is not
mathematically well posed as either a Dirichlet problem
or a Neumann problem. As a result, the effect of the
charges along the edge contour of the opening defined
in the conventional method cannot be taken into con-
sideration in the computation. Finally, calculations of
the far field directly by ray tracing will produce a dis-
continuous distribution of the scattered energy, such as
the delta transmission associated with 0± refraction pro-
duced by two parallel prismatic faces, as noted by Takano
and Liou.10

A. Theory of Geometric Optics Model for
Light-Scattering Calculations
To overcome the disadvantages in the geometric optics
approach discussed above, we have developed a method
to obtain the equivalent tangential electric and magnetic
currents on the surface of the scatterer. One can then
invoke these equivalent currents to solve the far field
by means of the rigorous electromagnetic theory. As we
show in Fig. 2, the wave front of the incident light beam
is divided into a number of small wavelets or localized
waves. We postulate that each of these wavelets propa-
gates rectilinearly outside and inside the scatterer with
the propagation deviation determined by Snell’s law only
at the surface. Therefore these wavelets behave as a
plane wave locally. Subject to this postulation, the elec-
tric and magnetic fields associated with a certain wavelet
would satisfy the transverse wave condition locally and
can be expressed by

H  mê 3 E inside the scatterer, (32a)

H  ê 3 E outside the scatterer, (32b)

where ê is the unit vector along the propagating direc-
tion of the wavelet and can be determined by Eqs. (31a)
and (31b). We can obtain the electric field by using the
Fresnel formula and taking into account the phase dif-
ferences. To illustrate the procedure for calculating the
electric field at the surface, let us consider a vertically
polarized incident wave for the 2-D case. Referring to
Fig. 2, the incident wave at point Q1 is given by

Eisr1d  Aêz expsikêi ? r1d , (33)

where A is the amplitude of the incident wave and êz is a
unit vector along the z axis (not shown in the diagram).
The externally reflected electric field at the surface asso-
ciated with the wavelet is given by

Ersr1d  R1Aêz expsikêi ? r1d , (34)

where R1 is the Fresnel reflection coefficient. After the
wavelet reaches point Q2, a phase delay occurs, and the
refracted electric field just outside the scatterer can be
expressed by

Etsr2d  T1T2Aêz exphikfêi ? r1 1 mêt
1 ? sr2 2 r1dgj , (35)

where T1 and T2 are the Fresnel refraction coefficients
at Q1 and Q2, respectively. The related magnetic fields
can be obtained from Eqs. (32a) and (32b). Following
this procedure, we can solve the sequential reflections
and refractions for all the wavelets to obtain the total
surface electric and magnetic fields. For example, the
total surface electric field is given by

Etotalsrd



(
Eisrd 1 Ersrd 1 Etsrd, r [ silluminated surfaced,
Etsrd, r [ sshadowed surfaced .

(36)
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Since the total field may be regarded as a linear super-
position of the incident field and the induced (or scat-
tered) field that is due to the presence of a scatterer, it is
clear from Eq. (36) that the scattered field on the shad-
owed surface is Etsrd 2 Eisrd. The scattered waves on
the shadowed surface of the particle will produce a strong
forward-scattering peak that is due to phase interfer-
ences. We note that the surface field obtained from the
above procedure is the same as that from the Kirchhoff ap-
proximation, which was first presented by Jackson46 and
applied to a scattering problem by Muinonen.12 How-
ever, Muinonen simplified the Kirchhoff approximation
in which the scalar Fraunhofer diffraction formula was
used, and the phase interference was not accounted for in
the numerical computation.

In applying the procedure to obtain the surface field,
one must take into account appropriately the area illumi-
nated by the incident and internally reflected wavelets.
Let the width of the incident wavelet be si. Then, for
the external reflection, the area on the surface where the
wavelet makes a contribution is

sr  2siysn̂1 ? êid . (37)

For refraction after internal reflections of p 2 1 the area
can be proved to be

st
p  sifm2 2 1 1 sn̂1 ? êid2g1/2fmsn̂1 ? êidsn̂p11 ? êi

p11dg21 ,

P $ 1 . (38)

In Eqs. (37) and (38) all the unit vectors have the same
definitions as they did in Eqs. (31).

After the surface fields are obtained, the equivalent
surface tangential electric current J and the equivalent
tangential magnetic current M can be defined as23

Jsrd  n̂ 3 Hsrd , (39a)

Msrd  2n̂ 3 Esrd . (39b)

Using the equivalent currents, one can obtain the far field.
In the 2-D case the elements of the scattering matrix
denoted in Eq. (26) can be expressed by

FTMsŝd 
k
4

I
fJzsr0d 2 sxMysr0d 1 syMxsr0dg

3 exps2ikŝ ? r0ddr0


k
4

I
fnxHy sr0d 2 nyHxsr0d

2 sn̂ ? ŝdEzsr0dgexps2ikŝ ? r0ddr0 , (40a)

FTEsŝd 
k
4

I
f2Mzsr0d 2 sxJy sr0d 1 syJxsr0dg

3 exps2ikŝ ? r0ddr0


k
4

I
fnxEysr0d 2 nyExsr0d

1 sn̂ ? ŝdHzsr0dgexps2ikŝ ? r0ddr0 , (40b)

where the amplitude of the incident wave is set as unity,
nx and ny are the components of the surface normal vector,
and the integration is performed along the contour of the
scatterer surface. It should be pointed out that the new
method is completely different from the conventional ray-
tracing technique in the aspect of determining various
cross sections. For extinction, scattering, and absorbing
cross sections, only two of them are independent, and the
third can be obtained from the other two on the basis
of energy conservation. In the conventional ray-tracing
technique the extinction efficiency is assumed to be 2,
and the absorbing cross section is obtained by summation
of the absorption of individual rays inside the particle.
However, in the new method the extinction cross section
is given by Eqs. (29), and the scattering cross section is
determined by the fundamental expressions

ss
TM 

2
pk

Z 2p

0
jFTMsQdj2dQ , (41a)

ss
TE 

2
pk

Z 2p

0
jFTEsQdj2dQ . (41b)
Fig. 2. Geometry for the new geometric optics model: E&M, electric and magnetic.



P. Yang and K. N. Liou Vol. 12, No. 1 /January 1995 /J. Opt. Soc. Am. A 169
Fig. 3. Geometry for the inhomogeneity effect of the refracted
wave in the absorptive case.

In light of the above discussion, the approximation
in the improved geometric optics model comes from the
calculation of the surface field by means of the geomet-
ric ray tracing. However, the transformation of the sur-
face wave to the far field is exact. By the nature of the
method the improved geometric optics model may be re-
garded as a hybrid method.

B. Absorption Effect in Geometric Optics
The geometric optics approach that has been used in the
past generally assumes that the effect of absorption in
the particle on the propagating direction of a ray can be
neglected, so that the refracted angle and the ray path
length can be computed from Snell’s law and the geom-
etry of the particle. This is a correct approach if the
absorptions are small, such as those of ice and water
in most of the solar wavelengths. For large-absorption
cases rays refracted in the particle are almost totally ab-
sorbed. The geometric optics method can also be used in
the computation of diffraction and external reflection as
long as the particle size is much larger than the incident
wavelength. Although the above argument is physically
correct for small- and large-absorption cases, we shall con-
sider the absorption effect in the context of geometric
optics based on the fundamental electromagnetic wave
theory and assess its relative importance in the ray-
tracing calculation. Note that the effect of the complex
refractive index on light beams has been formulated only
in the Fresnel coefficients (see Born and Wolf44).

Consider the propagation of the incident wave from
air to ice, as shown in Fig. 3. The wave vectors associ-
ated with the incident and reflected waves are real be-
cause these waves, which are outside the ice medium,
must have the same properties. However, the wave vec-
tor of the refracted wave is complex; this is referred to
as the inhomogeneity effect. These wave vectors can be
represented by
ki  k0êi, kr  k0êr , kt  ktêt 1 ika êa , (42)

where êi, êr , êt, and êa are unit vectors defined in Fig. 3;
the subscripts i, r, and t denote the incident, reflected,
and refracted waves, respectively; k0  2pyl, where l

is the wavelength in air; and kt and ka are two real
parameters that determine the complex wave vector of
the refracted wave. For nonabsorptive cases ka is zero.
The corresponding electric vectors can be expressed by

Eisr, td  Ai expfisk0r ? êi 2 vtdg , (43a)

Ersr, td  Ar expfisk0r ? êr 2 vtdg , (43b)

Etsr, td  At exphifsktêt 1 ika êad ? r 2 vtgj , (43c)

where Ai, Ar, and At are the amplitudes of these electric
vectors, v is the angular frequency, and r is a position
vector. Further, we define the following parameters:

Nr  ktyk0, Np
i  kayk0 . (44)

At the interface of the two media, at which the position
vector is denoted as rs, the phases of the wave vibration
must be the same for the incident, reflected, and refracted
waves. Thus, from Eqs. (43) and (44), we obtain

êi ? rs  êr ? rs  Nrsêt ? rsd 1 iNp
i sêa ? rsd . (45)

Since the wave vectors for the incident and reflected
waves are real, we must have

êi ? rs  êr ? rs  Nrsêt ? rsd , (46a)

êa ? rs  0 . (46b)

Based on the geometry illustrated in Fig. 3, Eq. (46a)
represents a generalized form for the Snell law such that

sin Qi  sin Qr , sin Qt  sin QiyNr , (47)

where Qi, Qr , and Qt denote the incident, reflected, and
refracted angles, respectively, and Eq. (46b) implies that
the vector êa is normal to the interface of the two media.
Therefore it is clear from Eq. (43c) that the planes of
constant amplitude of the refractive wave are parallel to
the interface.

To determine Nr , we use the electric field of the re-
fracted wave, which must satisfy the wave equation in
the form

=2Etsr, td 2
smr 1 imid2

c2

≠2Etsr, td
≠t2

 0 , (48)

where c is the speed of light in vacuum. Substituting
Eq. (43c) into Eq. (48) and using Eqs. (44), we obtain

Nr
2 2 Np2

i  mr
2 2 mi

2, NrNp
i cos Qt  mrmi . (49)

Let Ni  Np
i cos Qt; then we obtain from Eqs. (46) and

(49) the following expressions:
Nr 

(
mr

2 2 mi
2 1 sin2 Qi 1 fsmr

2 2 mi
2 2 sin2 Qid2 1 4mr

2mi
2g1/2

2

)1/2

, (50a)
Ni  mrmiyNr . (50b)

These two parameters are referred to as the adjusted
real and imaginary refractive indices. After determining
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Nr and Ni, one can write the refractive wave given in
Eq. (43c) in the form

Etsr, td  At exps2k0Nildexpfisk0Nrêt ? r 2 vtdg , (51)

where l  sêa ? rdycos Qt is the distance for the propa-
gation of the refractive wave along the direction êt. It is
clear that the direction of the phase propagation for the in-
homogeneous wave inside the medium can be determined
by Nr through Snell’s law, and the attenuation of the wave
amplitude during the wave propagation is determined by
Ni. Consequently, the refracted wave can be traced pre-
cisely. In what follows, we shall derive the approximate
Fresnel formula in conjunction with the inhomogeneous
refracted wave. By letting Etsrd  At exps2k0Nild, we
can rewrite Eq. (51) in the form

Etsr, td  EtsrdexpfisNrk0êt ? r 2 vtdg . (52)

The corresponding magnetic vector is given by

Htsr, td  HtsrdexpfisNrk0êt ? r 2 vtdg . (53)

Substituting Eqs. (52) and (53) into the Maxwell equa-
tions, we obtain

Nrêt 3 Htsrd 1 eEtsrd 
i

k0
= 3 Htsrd , (54a)

Nrêt 3 Etsrd 2 eHtsrd 
i

k0
= 3 Etsrd , (54b)

Nrêt ? Etsrd 
i

k0
= ? Etsrd , (54c)

Nrêt ? Htsrd 
i

k0
= ? Htsrd , (54d)

where the permeability has been taken as unity and
p

e 
mr 1 imi. From Eqs. (54c) and (54d) it is noted that the
refracted wave is no longer a transverse wave with respect
to the direction êt. The method of geometric optics is
applicable to high-frequency waves.44 In this case k0 is
very large, so that the terms on the right-hand sides
of Eqs. (54) are much smaller than those on the left-
hand sides. As a result, these imaginary terms may be
neglected. However, in order to ensure that Eq. (54a) is
a well-posed equation after the term on the right-hand
side is neglected, we may take e ø Nr

2, where
p

e 
mr 1 imi. Thus we have

êt 3 Htsrd 1 NrEtsrd ø 0 , (55a)

Nrêt 3 Etsrd 2 Htsrd ø 0 , (55b)

êt ? Etsrd ø 0 , (55c)

êt ? Htsrd ø 0 , (55d)

where relations (55c) and (55d) are the transverse
wave conditions that permit tracing of the electromag-
netic fields associated with the rays. With the use of
relations (55) the Fresnel reflection and refraction coeffi-
cients can be derived and are given by
Rl 
Nr cos ui 2 cos ut

Nr cos u 1 cos ut

, Tl 
2 cos ui

Nr cos ui 1 cos ut

,

(56a)

Rr 
cos ui 2 Nr cos ut

cos ui 1 Nr cos ut

, Tr 
2 cos ui

cos ui 1 Nr cos ut

,

(56b)

where the subscripts l and r denote the horizontally and
vertically polarized cases, respectively. Thus the inho-
mogeneity effect of the refracted wave may be accounted
for approximately by adjustment of the refractive index.
The simplification from Eqs. (54) to relations (55) implies
that the inhomogeneous refracted wave can be approxi-
mated by a localized homogeneous plane wave whose
wave front wsrd is determined by =2wsrd  Nr

2, which
is the well-known eikonal equation in geometric optics,44

and that the energy propagation of the localized wave is
along the direction of f̂  =wyj=wj  êt.

4. NUMERICAL RESULTS
AND DISCUSSION
Light scattering by infinite circular cylinders with normal
illumination can be solved analytically in terms of a series
of cylindrical wave functions and computed by numerical
means (referred to as the exact method). In order to ver-
ify the feasibility and the accuracy of the FDTD method,
we have carried out numerical computations for the scat-
tering of light by circular cylinders, using the FDTD and
the exact methods. Comparisons are made for the phase
matrix elements and the scattering efficiencies for the two
polarization configurations.

Figure 4 shows the normalized phase function and
three phase matrix elements for a size parameter of 20
and a refractive index of 1.31. For this size parame-
ter the differences for the phase matrix elements com-
puted from the two methods are within 0.3%. The total
scattered energy computed by the FDTD method is ap-
proximately 0.9% less than that computed by the exact so-
lution. The error in the FDTD method is caused mainly
by a small amount of residual energy that, at the termi-
nation of the time-stepping iteration for the near field,
remains inside the spatial domain enclosed by the curve
on which the integration for the far field is defined. As
we discussed in Section 2 above, the convergence of the
near-field computation requires that the field inside the
closed domain approach zero. However, a sufficiently
long time period is required for exact convergence of
the solution.

Figure 5 is the same as Fig. 4, except that the size pa-
rameter used is increased to 60. Again, the results com-
puted by the FDTD method agree closely with those from
the exact solution. Minor deviations occur in a number
of side-scattering and backscattering directions at which
the scattered energy is small. The errors for the phase
matrix elements computed by the FDTD method are of
the order of 1% with respect to the exact solution, ex-
cept for the several directions mentioned above. In terms
of the total scattered energy or the scattering efficiency,
the FDTD results are approximately 3% less than the
exact result. It is clear that the results for the size pa-
rameter 20 are better than those for the size parameter
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Fig. 4. Nonzero elements of the phase matrix for light scattering by a circular cylinder with a size parameter of 20.

Fig. 5. Same as Fig. 4, except for a size parameter of 60.
60 because of the convergence requirement of the near-
field computation.

In Fig. 6 are shown the scattering efficiencies as func-
tions of the size parameter. A maximum error of ap-
proximately 5% is found for the size parameter 54. The
fluctuating magnitude of the absolute error decreases
as the size parameter decreases. The pattern of the
error distribution may be understood from the fact
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that the wavelength of the wave mode given by the
Fourier transform of the pulse is inversely proportional
to the size parameter, since the size of the particle is
fixed in the computation. Also, the numerical disper-
sion and the error produced by the staircasing effect
are smaller for longer wavelengths. Based on the re-
sults presented in Figs. 4–6, we conclude that FDTD
is an accurate method for solving the scattering prob-
lem. In what follows, we use the FDTD results as
references to investigate the accuracy of the geometric
optics models.

In order to provide some quantitative knowledge of the
accuracy and the applicable region of size parameters for
the geometric ray-tracing technique, we have carried out
the computations for the scattering of randomly oriented
2-D ice columns by using FDTD and geometric optics
models. Figure 7 displays the normalized phase func-
tion computed by the convectional geometric ray-tracing
method (GOM1), the new method (GOM2), and the FDTD
method for the size parameters 20 and 40. Significant
discrepancies are shown for the results computed by the
GOM1 and the FDTD methods. For both size param-
eters the characteristics of the scattering patterns com-
puted by the conventional ray-tracing technique do not
agree with those produced by the FDTD method. In par-
ticular, the GOM1 method does not produce fluctuation
patterns noted in the FDTD results that are associated
with the phase configuration of the scattered wave. The
assumption in the GOM1 method that one may smooth
out the phase interference by averaging the particle orien-
tations is not valid for the present cases. In comparison
with the FDTD results, the relative error in the forward
scattering computed by the GOM1 approach is approxi-
mately 98% for the size parameter 20 and 33% for the size
parameter 40. It is clear that the Fraunhofer diffraction
theory used in the GOM1 method is not a good approxi-
mation for size parameters smaller than 40.

For the size parameter 20 the results for the GOM2
method have similar fluctuating ripple structures to those
for the FDTD method in the scattering region 0±–50±,
although slightly larger values are produced by the
GOM2 method. This implies that the phase configu-
ration of the scattered wave determined by the GOM2
method is approximately correct in this region. It should
be pointed out, however, that errors in the calculation of
the wave amplitude cannot be avoided in the GOM2
approach because the Fresnel reflection and refraction
coefficients are determined from the unbounded wave
and interface. The relative difference for the forward
scattering by the FDTD and GOM2 methods is approxi-
mately 10%. In terms of the total scattering energy, the
relative error in the GOM2 method as compared with
that of the FDTD method is also approximately 10%.
When the size parameter increases to 40, the accuracy
in the GOM2 method is much improved. The scattering
patterns computed by the GOM2 method are very close
to those computed by the FDTD method in the scatter-
ing region 0±–80±. The relative errors in the forward-
scattering and the total scattering efficiency determined
by the GOM2 method in this case are approximately
3% compared with those of the FDTD method. Thus,
if the phase effect and the vector properties of the elec-
tromagnetic wave are accounted for, geometric optics
can be accurately applied to the scattering by particles
with size parameters larger than approximately 40. The
GOM2 method is less accurate in the region around the
backscattering direction. Although the cause of this is
not entirely clear at this point, it is noted that the higher-
order terms in the multipole expansion of the scattered
field make significant contributions to the field in the
Fig. 6. Scattering efficiencies for the circular cylinders computed by the FDTD and the exact methods. Also shown are differences
between the two.
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Fig. 7. Normalized phase functions computed by the FDTD, GOM1, and GOM2 methods for light scattering by randomly oriented
2-D hexagonal ice crystals.
backscattering direction that cannot be accounted for in
geometric optics.47

In Fig. 8 we present that scattering efficiencies of
randomly oriented 2-D hexagonal ice crystals for size
parameters 10–40, using the FDTD, GOM1, and GOM2
methods. Deviations of the geometric optics results from
FDTD solutions are also shown. The results obtained by
the GOM1 method show large deviations because the
conventional geometric optics is the asymptotic form of
the rigorous electromagnetic theory for large size param-
eters. The assumption that the scattered energy in the
nonabsorbing case contains two times the energy inter-
cepted by the geometric cross section of the particle is not
entirely correct for moderate size parameters. The new
geometric optics method (GOM2) developed in this paper
improves the accuracy of scattering efficiencies. The os-
cillating patterns in the scattering efficiency computed by
the GOM2 method closely follow those computed by the
FDTD method. The GOM2 results have relative errors of
the order of 3% for the size parameter regions 23–28 and
35–40 and 10% for the size parameter regions 18–22
and 29–34. The maxima and minima errors approxi-
mately correspond to the scattering minima and maxima,
respectively. We also note that the scattering maxima
and minima computed by the GOM2 method slightly shift
toward smaller size parameters with respect to the FDTD
solution, but this shifting decreases with increasing size
parameter. Significant GOM2 errors occur when size
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Fig. 8. Scattering efficiencies for randomly oriented 2-D hexagonal ice crystals and differences between GOM2 (GOM1) and
FDTD results.
Table 1. Effect of Inhomogeneity of Refraction on the
Single-Scattering Parameters for Size Parameters 40 and 100a

Ka  40 Ka  100

l (mm) mr mi Qe Qe
p ṽ ṽp g gp Qe Qe

p ṽ ṽp g gp

0.1757 1.4511
1.0

3 1025 1.6001 1.6001 0.97457 0.97457 0.77887 0.77887 2.2968 2.2968 0.98933 0.98933 0.84330 0.84330

2.22 1.2604
2.21

3 1024 1.4433 1.4433 0.96949 0.96950 0.87711 0.87711 2.0567 2.0567 0.96862 0.96862 0.92079 0.92079

3.077 1.3251
6.25

3 1021 2.0000 2.0000 0.51384 0.51616 0.96377 0.96108 2.0000 2.0000 0.51828 0.52072 0.96708 0.96440

3.345 1.5413
6.68

3 1022 1.9955 1.9955 0.52739 0.52742 0.93031 0.93029 2.0000 2.0000 0.53306 0.53308 0.93406 0.93404

3.775 1.3873
6.6

3 1023 2.1574 2.1574 0.71380 0.71381 0.92525 0.92526 1.9755 1.9755 0.57082 0.57082 0.94598 0.94598

10.75 1.0908
1.68

3 1021 1.9787 1.9898 0.49747 0.49990 0.99054 0.98963 1.9915 1.9955 0.50231 0.50411 0.99376 0.99301

15.15 1.5667 1.64
3 1021

2.0000 2.0000 0.53017 0.53028 0.92657 0.92643 2.0000 2.0000 0.53483 0.53483 0.92998 0.92984

aThe computations are carried out with GOM2. Asterisks denote that the adjusted refractive indices are used in the computations.
parameters are smaller than approximately 15, mainly
because of the computation of the surface field by means
of the geometric optics technique. In the GOM2 method
we postulate that only the portion of the incident wave
front that is in the region of the projected area of the par-
ticle interacts with the particle. This leads to a sharp
division of the illuminated and shadowed sides of the
particle surface. In a real situation variation of the field
intensity on the particle surface from the illuminated
side to the shadowed side is continuous because of the
contribution of the part of the incident wave front outside
the projected area of the particle. The effect of this phe-
nomenon is significant for small particles and cannot be
correctly handled by the GOM2 method. Nevertheless,
the GOM2 method may be applied to size parameters
larger than approximately 15 with acceptable accuracy.
The improved accuracy of the GOM2 method in the com-
putation of the scattering efficiency is significant for
many practical applications, particularly for ice clouds
that contain small ice crystals. Limited to the computer
resources available at the time when the present inves-
tigation was conducted, we were able to carry out the
FDTD computation for size parameters less than 40.

In Subsection 3.B we discussed the inhomogeneity of
the refracted wave inside an absorbing particle. To il-
lustrate this effect on the scattered field, we carried out
computations of the single-scattering parameters, includ-
ing extinction efficiency Qe, single-scattering albedo ṽ,
and asymmetry factor g, for the size parameters 40 and
100 for a number of wavelengths for which ice has weak-
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to-strong absorption, as shown in Table 1. For the cases
involving weak absorption at the wavelengths 0.1757,
2.22, and 3.775 mm there is no detectable effect of the
inhomogeneity on the scattered field. For the wave-
lengths 3.077, 3.345, 10.75, and 15.15 mm, in which large
absorption occurs, the inhomogeneity effect on the single-
scattering parameters is also negligible for both size
parameters 40 and 100. Deviations occur only in the
third to fourth digits. Although the inhomogeneity ef-
fect on the scattered field is insignificant for both cases,
the mechanisms involved are quite different. For weak
absorption the imaginary part of the refractive index is
extremely small, so that the inhomogeneity effect on the
refraction can be ignored. The inherent inhomogeneity
of the refracted wave may be significant for the moderate-
and strong-absorption cases. However, the wave that is
refracted into the particle is essentially absorbed in these
cases, and the absorption increases with the increase in
the particle size. As a result, the scattered field is con-
tributed mainly from the externally reflected wave. On
the basis of the above discussion and the results pre-
sented in Table 1, we conclude that the absorption effect
of ice on the calculation of the direction of refraction and
the path length of the refracted wave can be neglected for
wavelengths from 0.2 to 20 mm.

5. CONCLUSIONS
In this paper we have developed a finite-difference time
domain (FDTD) technique and a novel geometric optics
method for the calculation of light scattering by hexago-
nal ice crystals. We have also examined the effect of ab-
sorption on the refracted wave in the context of geometric
ray tracing. The accuracy of the FDTD technique is first
verified by a canonical problem involving the scattering of
light by infinite circular cylinders for which an exact solu-
tion is available. For size parameters 0–60 it is shown
that the errors produced by the FDTD technique are less
than 5% in terms of the total scattered energy. The er-
rors caused by the reflection of the artificial border and
by the staircasing representation of the particle shape on
a rectangular Cartesian grid appear to be negligible. As
a reliable method, FDTD can be used as a reference for
investigating the accuracy of the ray-tracing technique.

With respect to the geometric optics method, the con-
ventional ray-tracing technique requires the light rays
to be localized. Compared with the FDTD method, the
conventional ray-tracing approach can produce significant
errors for the scattering of light by ice crystals with size
parameters smaller than 40, especially in the scattering
angle regions near 22± and 154±, where the scattering
peaks predicted by ray optics do not appear in the FDTD
results. To circumvent the inherent problems in the
conventional ray-tracing technique for light-scattering
calculations, we have developed a novel hybrid method
based on the equivalent theorem to compute the far field.
For both phase functions and scattering efficiencies the
new geometric optics approach produces accurate results
for size parameters as small as 20. It is concluded that
the phase configuration of the localized waves and the
vector properties of the electromagnetic wave, which are
not accounted for in the Fraunhofer diffraction theory,
are important in determining the scattering by small ice
crystals. Further, we have also investigated the inho-
mogeneity associated with the refracted waves inside an
absorptive particle. The inhomogeneity effect on the
scattered field has been shown to be insignificant for the
cases of both weak and strong absorption.

The FDTD algorithm for light-scattering calculations
for relatively large size parameters is very expensive in
terms of both CPU time and memory requirement. It is
unlikely to be a practical method for many applications
at this point. For the scattering by randomly oriented
2-D hexagonal ice crystals with a size parameter of 40, we
find that a CPU time of approximately 10 days is required
by the FDTD method for a convergent solution on the
Apollo Domain Series 10000 computer. On the other
hand, the CPU time is less than 1 min for the GOM1
method and is approximately 0.5 h for the GOM2 method.
Since the GOM2 method is applicable for size parameters
larger than approximately 20, it will be a useful algorithm
for calculating the single-scattering properties of natu-
rally occurring ice crystals for most wavelengths in the
solar and thermal infrared wavelengths. Investigations
of the scattering of light by randomly oriented hexago-
nal ice crystals (3-D case) with the use of the FDTD and
GOM2 methods are currently ongoing, and the results will
be reported in a future paper.
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