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Abstract

Boolean delay equations (BDESs) provide a mathematical framework to formulate and analyze conceptual models of complex
multi-component systems. This framework is used here to construct a simple conceptual model for the EI-Nifio/Southern
Oscillation (ENSO) phenomenon. ENSO involves the coupling of atmospheric and oceanic processes that are far from being
completely understood. Our BDE model ugmoleanvariables to represent key atmospheric and oceanic quantities and
equations that involvéogical operators to describe their evolution. Two distinct time-delay parameters, one for the local
atmosphere—ocean coupling effects and the other for oceanic wave propagation, are introduced.

Over a range of physically relevant delay values, this truly minimal model captures two essential features of ENSO'’s
interannual variability —its regularity and its tendency to phase-lock to the annual cycle. Oscillations with average cycle
length that is an integer multiple of the seasonal cycle are prevalent and range from 2 to 7 years. Transition zones —where
the average period lengths are noninteger rational multiples of the forcing period — exhibit Devil's staircases, a signature of
the quasi-periodic (QP) route to chaos. Our BDE model thus validates results from previous studies of the interaction of the
seasonal cycle with ENSQO’s “delayed oscillator”. It gives therewith support to the view that the observed irregularity results
predominantly from low-order chaotic processes rather than from stochastic weather noise.

Moreover, in the transition zone between the two integer periodicities of 2 and 3 years, a heretofore unsuspected, self-similar
“fractal sunburst” pattern emerges in phase-parameter space. This pattern provides a distinct and more complex scenario than
the QP route to chaos found in earlier, more detailed ENSO models. Period selection in this 2—3-year transitional region seems
to play a key role in ENSQO's irregularity, as well as in the appearance of the observed quasi-biennial mode of variability.
© 2001 Published by Elsevier Science B.V.

Keywords:Cellular automata; Delay equations; Devil's staircase; El Nifio; Frequency locking; Hierarchical modeling

1. Introduction nomenon was known for centuries to fishermen along
the west coast of South America, who witnessed &

The EI-Nifio/Southern Oscillation (ENSO) phe- seemingly sporadic and abrupt warming of the colds
nomenon is the most prominent signal of seasonal-to- nutrient-rich waters that caused havoc to their fistp
interannual climate variability and has been the focus harvests [1,2]. Its common occurrence shortly aften
of intense research in the last two decades. The phe-Christmas inspired them to name it El Nifio, after the:
“Christ child”. Starting in the 1970s, El Nifio’s cli- 42

"+ Corresponding author. Fax:1-310-206-5219. matic effects were found to be far broader than just its
E-mail addressamira@atmos.ucla.edu (A. Saunders). off-shore manifestations. Measurements have shown
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it to have spatial coherence spanning vast distancesogy [26,27], Ghil and co-workers [28,29] recognizedo
across the entire tropical Pacific Ocean [3,4]. Beyond the potential of BDEs for modeling the multiple feed-1
that, harder to document “teleconnections” [5] may backs between the components of the climate system.
cause increased storm activity and precipitation in They intended BDEs as a heuristic first step on the
some areas of the globe and drought in others [6], way to understanding problems too complex to modek
with effects reaching as far as Alaska and the Indian using systems of partial differential equations (PDES}
Ocean. These effects have led to a global awarenessat the present time. One hopes, of course, to be ablesto
of ENSO's significance, and an impetus to attempt eventually write down and solve the exact equations
and improve predictions [7]. that govern the most intricate phenomena. Still, in clies

Bjerknes [8] laid the foundation of modern ENSO mate dynamics and elsewhere in the natural sciences,
research by proposing that it arises as a natural much of the preliminary discourse is often conceptuado
intrinsic oscillation of the air—sea system in the BDEs offer a formal mathematical language that may
tropics. His ideas established the need ¢oupled help bridge the gap between qualitative and quantitez
atmosphere—ocean models. Thereafter, progress in extive reasoning. This study was motivated by the duat
ploring ENSO’s variability was made by employing aspiration of gaining further insight into the climaticos
an extensive hierarchy of dynamical models [9,10]. phenomena of interest, as well as into the modeling
Detailed ENSO simulations are mainly carried out by tool's mathematical properties. 106
coupled general circulation models (GCMs) of both The ENSO phenomenon has been extensively stud-
the atmosphere and the ocean [11,12], while extremely ied using a full hierarchy of climate models thabs
idealized conceptual models, sometimes dubbed “toy range from simple toy models, governed by one on@
models” [13-15], proved instrumental in understand- few ordinary or delay differential equations (DDEs);0
ing the basic underlying physical mechanisms that to fully coupled GCMs [9,10,20]. In such a framet11
drive the oscillation. These two ends of the modeling work, simple conceptual models are typically used
hierarchy are bridged by so-called intermediate mod- to present hypotheses and investigate isolated meah-
els that include some ad hoc assumptions [16—-18]. anisms, while more detailed models try to simulaties

ENSO variations are a part of the climate system’s the phenomena more realistically and test for the efs
seasonal-to-interannual variability and are dominated fect of the suggested mechanisms. Our BDE moded
by complex feedbacks between subsystems active onmay be the simplest representation so far of the
different time scales. ENSO exhibits some degree of “delayed-oscillator” concept in the tropical Pacific’'sis
periodicity and is phase-locked to the annual cycle to a coupled ocean—atmosphere system and of its intep
certain extent. It also possesses, however, an enigmaticaction with the seasonal cycle. In the true spirit afo
irregularity that renders it a modeling and forecasting advancing our knowledge by moving across a hieraz:
challenge [7,19,20]. Its complexity has inspired the in- chy of models, some of our results validate those disz
troduction of new types of models, such as neural net- covered using significantly more complex, smoothiys
works [21,22], and of new techniques for data analysis, differentiable models. At the same time, new results:
such as wavelets [23] and singular spectrum analysis obtained with our BDE model capture phenomenz
(SSA [24,25]) into climate dynamics. ENSO research not yet detected using more conventional tools. Thase
has thus become a frontier of climate studies, where results suggest a possible mechanism for ENS@s
results obtained by classical and by less traditional ap- period selection that may be investigated using mave
proaches can be usefully compared to each other.  complex models once its “blueprint” was seen inias

Boolean delay equations (BDEs) are a novel mod- simple conceptual model. 130
eling language especially tailored for the formal ex- The outline of this paper is as follows. In Section 231
pression of conceptual models of systems that exhibit we present a short introduction to BDES: their motis2
threshold behavior, multiple feedbacks and distinct vation, general form, and some theoretical results that
time delays. Originally inspired by theoretical biol- will be useful for understanding our ENSO model'sa
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behavior. We also mention some previous applications  In Section 5, we discuss our results more broadlyiirs
to climate problems on different time scales. the context of the intriguing complementarity betweam
In Section 3, we formulate a simple BDE model for the regularity and irregularity of the ENSO phenomzs
ENSO: we discuss first the feedback mechanisms thatena. We compare our results with other modeling arvd
are modeled, while at the same time reviewing a few observational studies that point to low-dimensionsd
analog toy models. We then present our model’s vari- chaos induced by resonances between the frequenciges
ables and the equations that determine their evolution, of ENSO'’s internal oscillator and the annual cyclezo
given two distinct delays: one associated with cross- This is followed by further remarks concerning theo
basin travel time of waves in the equatorial duct, new types of BDE behavior found in the present study:
the other with local ocean—atmosphere processes.We conclude by discussing future extensions of BRE
Appendix A discusses the numerical aspects of the theory and its applications to ENSO and to other clis
model's formulation: we outline the algorithm used mate problems. 184
to obtain time-evolving solutions for different delay-
parameter values and its numerical implementation.

In Section 4, we present and classify the solu- 2. Boolean delay equations 185
tions according to their complexity by using a novel
pattern recognition scheme. A “Devil's staircase” 2.1. Motivation 186

emerges when plotting the period against the wave
delay, while keeping the local-delay parameter =~ BDEs may be classified @a®mi-discrete dynamicalg,
fixed. Separate staircases can then be represented aSystemswhere the dependent variables are discretergg
“Devil's bleachers” or a “Devil's terrace” [30] in the  typically Boolean, i.e., taking the values 0 (“on”) or 1gg
three-dimensional space of the two parameters and (‘off’) only —while time is allowed to be continuous.,g,
the “period”. The universal quasi-periodic (QP) route As such they occupy the previously “missing entrys,
to chaos is thus present in our BDE model and we in Table 1 where dynamical systems are classified ag-
compare its results to the earlier ones obtained by us- cording to whether their timer( and state variables, g3
ing simple and intermediate models that are governed (¥) are continuous or discrete. 194
by differential, DDEs or PDEs. Systems in which both the variables and time ajg
Between the two broad integer steps at 2 and 3 years,continuous are calleflows[32,33] (upper left entry). 196
the BDE model diverges from the classical scenario Vector fields, ordinary differential equations (ODEs);,
as a telescoping, self-similar “fractal sunburst” pattern and PDEs, functional differential equations (FDEggg
appears embedded in the Devil's staircase. This newly and DDEs and stochastic differential equations (SDEg
found behavior is more complex than previously ob- belong to this category. 200
served. It points to a new, deterministic scenario for ~ Systems with continuous variables and discrete timg
the variations in ENSO’s period selection in this pa- (Upper right), are known asaps[34,35] and include g,
rameter region. A deeper understanding of this behav- Poincaré maps, as well as ordinary and partial diffggs
ior seems pivotal to explaining the coexistence of a €nce equations (OEs, PAEs). Automata(lower right 504
broad quasi-biennial peak in ENSO variability [24,25] €ntry) have discrete time and variables: cellular ajs

with the irregular occurrence of extreme events. tomata (CAs) and all Turing machines (including comgg
Table 1
Classification of dynamical systems
¢ continuous ¢ discrete
X continuous Flows: vector fields, ODEs, PDEs, FDEs, DDEs, SDEs Maps: Peintgs (QEs, PAES)

X discrete BDEs: kinetic logic conservative logic Automata: Turing machines, CAs
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puters) are part of this group [36,37]. BDEs and their The functionsf; : B" — B, 1 < i < n, are defined 242
predecessors, kinetic and conservative logic, com- via Boolean equations that involve logical operators
plete the table and occupy the remaining bottom left and delays. Each delay valdg; € R, where 1< i, 244

entry. Jj < n, is the length of time it takes for a change ims
The primary motivation that led Ghil and co-workers variablex; to affect the variable;. 246

[28,29] to formulate BDEs was their desire to analyze

in a more precise way the implications of descrip- 2 3 Some theoretical and numerical results 247

tive conceptual models prevalent in the interpretation
of paleoclimate records [38—40]. Further inspiration  \we summarize here a few basic theoretical results
came from advances in theoretical biology, following fom BDE theory that help understand our ENS@9

upon Jacob and Monod's discovery [26] of on-off  mqdel results. Their original form appears in Ghil aneo
interactions between genes, which had prompted the \jyjihaupt [29]. They are followed by some simples:

regulatory networks [42]. As the study of complex
systems garners increasing attention and is applied2.3.1. Existence and uniqueness of solutions 253

to diverse areas—from economics to the evolution  Gjven a BDE system (2) as above and initial datss
of civilizations, passing through physics—related that are piecewise-constant over an interval equakiéa
Boolean and other discrete models are being exploredjength to the longest delay, one can prove by constrogs

more and more [36,43,44]. tion the existence of a unique solution [28]. In essenes,
the time evolution can be traced arbitrarily far into thmss
2.2. General form future, by sliding the finite-length “memory windowse

of the system along the time axis. The existence praef
Given a system witle continuous real-valued state  hinges on a result that follows from the “pigeon-holess1

variablesi = (v1, v2, ..., v,) € R" forwhichnatural  lemma stated below. One obtains therefrom that only
thresholdsy; € R exist, one can associate with each a finite number of “jumps” (between 0 and 1) can oess
variablev; € R a Boolean-valued variable; € B = cur in any finite-time interval. 264
{0, 1}, i.e., a variable that is either “on” or “off,” by
letting 2.3.2. “Pigeon-hole” lemma 265
) All BDE systems withrational delays can be re-266
X = O vi=g,i=21l...n (1)  duced in effect to finite CAs; see Table 1. Commers7
1, vi>qi, i=1...,n. surability of the delays creates a partition of the tines

axis into segments over which state variables remasn
constant and whose length is an integer multiple of the
delays’ least common denominator. As there is onlya
finite number of possible assignments of two valuesza
these segments, repetition must occur. Hence the onty
asymptotic behavior possible is eventual constancyz2er
x1= fi(x1(t —601,1), x2(t —61.2), ... , x5 (t—611)), periodicity in time. 275

x2 = folxa(t —02,1), x2(t — 6022), ..., x,(t—=02,)),

We are interested in the evolution of the Boolean vec-
tor X = (x1, x2, ..., x,) € B" due to time-delayed in-
teractions between the Boolean variableg B. This
evolution can be described by a set equations that take
the form

2.3.3. Classification 276

Based on Section 2.3.2, Ghil and Mullhaupt [29}7

classified BDE systems into two types. All systemss

with solutions that are immediately periodic for ab7e

Xn = fu(xX2(t = Op,1), x2(1 = 04.2), ..., Xn (£ =0y 0)). rational delays areonservativeAny system that for 2s0
(2) some rational delays exhibits transient behavior be:
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fore settling into eventual periodicity idissipative
The obvious analogy with differentiable dynamical
systems is with conservative (e.g., Hamiltonian) sys-

For all BDE systems that are not amenable to the
delay-lattice method of [29], the above approximazs
tion theorem allows one to investigate their behavies

tems [45] versus forced-dissipative systems (e.g., the when the delays are not rationally related. The thev

well-known Lorenz [46] system).

2.3.4. Asymptotic behavior
The following types of asymptotic behavior were

observed in BDE systems prior to this study: (a) fixed
point—the solution reaches one of a finite nhumber
of possible states and remains there; (b) limit cy-
cle —the solution becomes periodic after a finite-time
elapses; (c) growing complexity — certain classes of
BDEs with incommensurable delays were shown to
have solutions with growing complexity, as measured
by the number of jumps per unit time. Examples were
shown where the growth in complexity is essentially
log-periodic [28,29].

2.3.5. Approximation theorem

All solutions to systems of BDEs can be approxi-
mated (with respect to afiz-norm) for a given finite
time by the periodic solutions of a nearby system hav-
ing rational delays only.

2.3.6. Numerical considerations

The details of the forward-stepping algorithm
for obtaining solutions are provided in Appendix
A.1. In actuality, the solutions may be sensitive to
round-off errors, as a reordering of jump points
may alter a solution’s qualitative behavior. A nu-
merical implementation of the algorithm especially
designed to circumvent this obstacle is outlined in
Appendix A.2.

A related numerical difficulty arises as irrational
delays cannot be represented on finite-precision dig-
ital computers. Ghil and Mullhaupt [29] developed
a method that was particularly suitable for certain
classes of BDE systems. In their method, computa-
tions were carried on a delay lattice constructed of all
possible jump points, and an analytical criterion was
used to determine which lattice points correspond to
an actual jump. Those lattice points were then pro-
jected onto the time axis to yield the correct order of
jumps.

orem ensures that, even aperiodic solutions cansbe
captured to within arbitrary precision and for an agzo
bitrary (but finite) length of time. This is done byzo
using easily computable periodic solutions of syss1
tems that have rational delays, close to the irrationad
ones that are being approximated. As the rationad
approximation of the irrational delays improves, thes4
period of the computed solution increases and =8
does the time interval for which the approximation iss
valid. 337

2.4. Applications to climate problems 338

The climate system presents a complex challerge
to modelers as it consists of a number of subsyse
tems with multiple feedbacks that act on different.
time scales [47-49]. The exact physical nature @b
many of these processes and the relevant values4ef
the parameters involved are in many cases unknowsa;
it is often difficult, therefore, to construct approprizss
ate models based on differential equations [41,564s
Arguably, it is most important to determine whicha7
components and feedbacks are crucial for the ums
derstanding of a specific problem and to obtainza
rough estimate of the thresholds and time delays
associated with them. This information suffices te1
construct a BDE model of the problem. A theoreticad2
investigation of this model then yields qualitative areds
semi-quantitative results on the possible outcomessgf
the above assumptions and approximate determiga-
tions [51-53]. 356

BDEs were first applied to the paleoclimate probs?
lem of Quartenary glaciation cycleand their relation- 3ss
ship to changes in the deep ocean’s overturning Gie
culation onmulti-millennialtime scales [51,52]. Next,3s0
Darby and Mysak [53] constructed a model for the:
evolution of the North Atlantic ocean’s Great Salinitys2
Anomaly as part of ainterdecadalArctic climate cy- 363
cle. In the following section, we present a BDE moded4
for ENSO —thus applying BDEs tmterannualcli-
mate variability.

365
366
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3. A BDE model for ENSO thermocline-shoaling effect. Over time, the arrival abs
this signal erodes the warm event, ultimately causing

3.1. Conceptual ingredients a switch to a cold, La Nifia phase. 410

The interplay of local air—sea interaction in the eagt
The following conceptual elements are incorporated ern tropical Pacific with wave propagation across the
into the logical equations of our BDE model for ENSO basin was originally introduced by Schopf and Suarez

variability. [13] and Battisti and Hirst [14] into their “toy models” 414
The latter were devised to help explain the results
3.1.1. The Bjerknes hypothesis of their respective more realistic and detailed ENS@

Bjerknes [8] suggested positive feedbaclas a models. These toy models were formulated as a scalar
mechanism for the growth of an internal instability differential-delay equation [54] for a variable that 41s
in the tropicalair—seasystem. The “chain reaction” denotes sea-surface temperature anomalies (SSTAg)dn
starts with an initial warming of sea-surface temper- the eastern part of the tropical Pacific, and were of the

atures (SSTs) in the “cold tongue” that occupies the form 421
eastern part of the equatorial Pacific [1]. This warming
causes a weakening of the thermally driven, East-West — = o7 — §(t — 7) — y T°. 3) 4

oriented Walker-cell circulation. As the trade winds
blowing from the east subside, they give way to west- The termaT on the right-hand side stands for growties
erly (i.e., eastward blowing) wind anomalies; in me- or decay of the anomaly due to local processes that

teorological parlance, aanomalyis simply the dif- carry out the Bjerknes positive feedback. The term
ference between the instantaneous value or short-term—§(t — 1) represents the weighted wave-delayed efs
mean of a given field and its long-term olimato- fects and the term-y T3 represents limiting nonlinear-427

logical mean. The ensuing local changes in the ocean ities. Similar differential-delay models had been fosss
circulation encourage further SST increase. Thus the mulated for paleoclimate problems by Bhattacharya

“loop” is closed and further amplification of the insta- et al. [55]. 430
bility is “triggered”. Schopf and Suarez [13] examined the region in tha

parameter space where> § and thus local effects aress2
3.1.2. Delayed oceanic wave adjustments stronger than wave effects. They found that— whiles

Compensating for Bjerknes’s positive feedback is a the wave delayr is small—there is but one stabless
negative feedbadk the system that allows areturnto  splution, 7 = 0, and it corresponds to the systems
colder conditions in the basin’s eastern part. During “climate”. As the wave delay is increased, this soluss
the peak of the cold-tongue warming, called the warm tjon loses its stability and two other stable steady-state
or El Nifio phase of ENSO, westerly wind anomalies solutions emerge; they correspond, in principle, to Bk
prevail in the central part of the basin. As part of Nifio and La Nifia. 439
the ocean’s adjustment to this atmospheric forcing, a  Battisti and Hirst [14], on the other hand, concenso
Kelvin wave is set up and carries a warming signal trated on the regiom < § and found that a Hopf4a1
eastward. This signal deepens the thermocline— pjfurcation occurs when the initially stable solutiom:
i.e., the interface that separates the near-surfacer = 0 loses its stability to periodic solutions, as:3
well-mixed, warmer waters from the colder, more the wave delay is increased. Later, Jin and Neelin
stratified waters underneath —in the eastern portion [18,56] used a simplified version of the intermediates
of the basin and contributes to the positive feedback Coup|ed model of Cane and Zebiak [16] to show that
described above. Concurrently, slower Rossby waves ENSO does indeed arise in that model as the first Hapf
propagate westward, and are reflected at the basin’spifurcation from the climate steady state. Thus the
western boundary. This reflection gives rise to an “multiple-equilibria” hypothesis was eliminated ands
eastward-propagating Kelvin wave that has a cooling, parameter regimes where wave effects dominate local
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processes were established as the relevant ones for th@able 2
above differential-delay models. Truth table for SSTAs

Since this wave delay mechanism was first formu- 7 2 SSTA conditions
lated, it became clear that it describes but one limit o Extremely cold SSTA—La Nifia
of interest in the coupled ocean—atmosphere system’s® Mild cold SSTA

.1 Mild warm SSTA
parameter space, whereas a more complete descrip- Extremely warm SSTA—EI Nifio
tion should include surface-layer oceanic adjustments
as well [18,56-58]. Jin [59] has suggested a wider
interpretation of the “delayed action” to include other scribing Nifio-3 SSTAsT: equals 0 or 1 when cold oras3
oceanic processes that may be contributing to the warm anomalies are present, and thus correspondssto
system’s memory, such as replenishment of heat con-the sign of the anomalie§s equalsT if the anomaly 495
tent in the warm pOOl of the western tI’OpiCEl| Pacific. on hand is extreme, or takes on the opposite valueod
We rely, in that vein, on the basic delayed-oscillator the event is mild, and thus indicates the amplitude «f
concept, essential for understanding ENSO cyclicity, the anomalies. The resulting “extended truth table” fam
and bear in mind that the wave-packet propagation Nifio-3 SSTA is given in Table 2. 499
[13,14] described above is but a crude yet useful
metaphor for a more general delay mechanism. 3.2.2. Atmospheric variables 500
The relevant anomalous atmospheric conditionssin

3.1.3. Seasonal forcing the Equatorial Pacific basin are represented by binning

A growing body of work [30,60-64] points to res-  the near-surface wind-stress anomalies in the cenral
onances between the Pacific basin’s air—sea oscillatorequatorial Pacifiq5°S-5N, 175-140W) also into so4
and the annual cycle as a possible cause for the ten-four levels, described by the variabl&s andU,: Uy sos
dency of warm events to peak in boreal winter, as well corresponds to the direction of the winds and is equed
as for ENSO's intriguing mix of temporal regularities  to 1 when the wind anomalies are westerly and 0 when
and irregularities. The mechanisms by which this in- they are easterlyt/, is equal toU1; when the wind sos
teraction takes place are numerous and intricate andconditions are extreme arldy # U, when they are soo
their relative importance is not yet fully understood mild. Thus zonal wind-stress anomalies in the centeab
[17,64]. We assume, therefore, in the present simple Pacific are classified in Table 3 as being in one of thg

R ORFr O

BDE model that the climatological annual cycle pro- four discrete states. 512
vides for a seasonally varying potential of event am-

plification. 3.2.3. Seasonal-cycle variable 513

The seasonal cycle’s external forcing is representggl

3.2. Model variables by a two-level Boolean variablg. This variable as- 5;5

sumes the value 0 or 1 according to whether it is thg

3.2.1. Oceanic variables amplification of a cold or a warm event that is favoreg,,

The state of the ocean is depicted by SSTAs aver- Unlike the oceanic and atmospheric variables that afg
aged over the Nifio-3 region in the eastern equatorial internal, S is able to affect the evolution of the syss;q
Pacific (5°S—5'N, 150-90W) [1]. The mean SSTA
in this region is often used to characterize the phase tapie 3
of the ENSO oscillation [1,31,67]. The formulation of  Truth table for surface winds
a minimal BDE system rich enough to describe the v, Uz wind conditions
above conceptual interactions requires us to differen-
tiate, at least, between mild and extreme conditions. 0
To that end, a combination of two Boolean variables, 1
T1 and Ty, is used to create four possible states de- !

Extreme easterly anomalies
Mild easterly anomalies
Mild westerly anomalies
Extreme westerly anomalies

= OPFr O
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tem, but is not affected by it, and thus is considered  gravest Rossby-wave mode. Idealized models Ek]
external. This represents an innovation in the study yield a value for this travel time that equals approxs2
of BDEs, where only autonomous systems, without imately 6 months. We may however adopt Jinkss

time-varying forcing, had been considered before. [59] broader view of the delayed-oscillator mechsa
anism and letr represent the time that elapsesss
3.3. Model equations while combined processes of oceanic adjustmesd
occur. In that case; should be allowed a broadegs?
The atmospheric variablgg; and U2 encapsulate range and can also be assumed to be subject to slewv
the atmospheric response to the ocean’s SSTAs. This  changes in time. 569

response is known to be quite rapid when compared 2. In the second set of circumstances, whgin) = 570
to the ocean’s evolution. Therefore, as appropriate 0, and thus no significant wave signal is presest;

for a first approximation{/; and U, are modeled as we assume thdf; (¢ + 7) responds directly to locals72
“slaved” to the ocean: atmospheric conditions, after a del@lyaccording 573
UL(t) = Tult — ). () to Bjerknes’s hypothesis. 574
The two mechanisms (1) and (2) are combined 4@
Ua(t) = To(r — ﬂ) (5) yleld 576
This type of slaving was also used in more detailed
and realistic ENSO models [9,30]. The changes in 71(1) = {(R A —~UD( — 1)} 578
wind conditions are assumed to lag the SSTA vari- V{=R(t — 1) AU2(t — B)}, (6) s79
ables by a short dela§, of the order of days to weeks.
For simplicity, all other time lags associated with where the symbols’ and A represent the binary log-sgo
cal coupled adjustment processes are also assumed tdcal operator OR and AND, respectively. 581
equalB. We model next the evolution of the sigh The seasonal-cycle forcirfjis allowed to evolve by 582
of SSTAs by letting one of the two possible sets of Mandating simply that the climatic information suses
delayed interactions play a role: plied in the initial data is carried forward by from 584
) » year to year. The time unit is taken to equal one yesay
1. Extremely anomalous wind-stress conditions are thus yielding 536

assumed to be necessary to generate a significant

Rossby-wave signak(z); this signal takes on the  §() = S — 1). (7) se87
value 1 when wind conditions are extreme at the

time and 0 otherwise. By definition, strong wind The forcing represented by affects the SSTA ampli-sss
anomalies (either easterly or westerly) prevail when tude 7> through an enhancement of events when fas

Ui = Uy and thusR(r) = Ui(r) A Ux(t); here vorable seasonal conditions prevail: 599
A is the binary Boolean operator that takes on the

value 1 if and only if both operands have the same 72(t) = {[S A T1](t — B)} 592
value. A wave signaR(s) = 1 that is elicited at V{[=(S A T1) A T2](r — B)}. (8) 593

timer is assumed to re-enter the model system after
a delayt, associated with the wave’s travel time  Fig. 1a presents a schematic diagram of system vasi-
across the basin. Upon arrival of the signal in the ables and their interactions. It also depicts a mappiug
eastern equatorial Pacific at time+ t, the wave of the SSTA states represented by the two-variabbe
signal affects the thermocline-depth anomaly there Boolean vecto(Tx, T>) into a single, four-level scalarsez
and thus reverses the sign of SSTAs representedvariable. We named this scalar “ENSO” to signify exes
by Ti. treme and mild La Nifia, mild and extreme EI Nifigoo
The length of the delay is in the order of conditions, in this order, with values-2, —1, 1, 2} s00
months, if one interprets it as the travel time of the respectively, cf. [65,66]; see also Fig. 1b. 601
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Atmosphere: Wind anomalies Lyr
udu, ~ .
strong westerlies
mild westerlies n n i
mild easterlies n
strong easterlies
r- 4
’J Ocean: Nino-3 afiomalies
Delays
T-wave adjustment
[-local feedbacks

(a)

4 4
SOl =SLP SLP

Tahiti Darwin

1940 1950 1960 1970 1980 1990 0 20 40 60 80 10
Time Count

(b)

Fig. 1. Model formulation. (a) A schematic diagram of our BDEs model for ENSO. An arrow that points from vasiaiolevariable

B indicates that a jump i may cause a jump irB after the time delay indicated on the shaft of the arrow. (b) Why four levels?

The Southern Oscillation index (SOI) is defined as the difference between the time series of monthly mean sea level pressure at Tahiti
and Darwin. These two time series are each centered and normalized by its standard deviation, respectively. The SOI is widely used to
represent the conditions in the Equatorial Pacific. It is strongly anti-correlated with the other index that is widely used to characterize the
tropical Pacific’s overall state and is called “Nifio-3" (see text and Fig. 1la for details): when SSTAs in the Nifio-3 region of the eastern
equatorial Pacific are positive, the SOI is negative, and vice-versa. The SOI time series in this panel, together with the accompanying
histogram (courtesy of P. Yiou), support the existence of four natural discrete levels, as used in panel (a). The four discrete the Nifio-3
region of the eastern equatorial Pacific are positive, the SOI is negative, and vice-versa. The SOI time series in this panel, together with the
accompanying histogram (courtesy of P. Yiou), support the existence of four natural discrete levels, as used in panel (a). The four discrete
states are separated by gaps in the histogram that are located near zerd statidard deviation. The position of these gaps motivates the
association of the four states with the2, —1, 1, 2} levels of strong and mild La Nifia and mild and strong El Nifio used in the BDE model.
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3.4. Initial data and parameter values 4.1. Classification of solutions 643

We prescribe initial data for our BDE model over Given the above initial data that describe a canana4
a 2-year interval that describes the early part of a ical ENSO scenario [67] and plausible time delayss
“canonical” ENSO scenario, according to the com- we find that in the region where > 8, the BDE s46
posite event that was constructed by Rasmusson andsystem given by Egs. (4)—(8) produces oscillatosy:
Carpenter [67] based on six warm events between thesolutions with realistic periods. This is consistesis
years 1953 and 1973. with the results of Schopf and Suarez [13] and Bato

We have also used as initial data certain observa- tisti and Hirst [14], as described in Section 3.1 hergo
tional data segments, prior to selected warm events, In the regiont < B, the solutions are also osciles1
that were discretized by setting threshold values de- latory, but their periods are extremely short are
termined by the standard deviations. We assume thathence unrealistic. Almost all the solutions exhibits
late boreal summer and fall are the most conducive initial transients. This numerical result confirms thats
to processes that encourage peaking of Nifio-3 SSTA, our BDE model for ENSO is dissipative, as sugss

and prescribe the external forcing accordingly. gested by the presence of the dissipative Booleas

As mentioned above, all delays associated with lo- operatorsa and v in Egs. (6) and (8) (see Sectioms?
cal coupling processes are assumed, for the sake 0f2.3). 658
simplicity, to be equal t@. We explore the region in The period P of a simple oscillatory solution ises9

the parameter space that goes from a minimal value defined here as the time between the onset of teso
of B (0.01 years) up to about 4 months (0.3 years). consecutive extreme warm everi& = 7> = 1 or e61
In accordance with the broader view of the ENSO = 2). We use this definition to classify thes2

delayed-oscillator concept adopted here, we allow the different solutions as follows. 663
“wave delay”t that represents the ocean adjustment

time to vary from about 1 month in the fast-wave 4.1.1. Periodic solutions where the period 664
limit [18,56,58] up to about 2 years. For reference consists of a single cycle 665

purposes, we recall that the calculated travel time In many cases, after the transients die down, twe
for the gravest Rossby wave mode is in the order of solution settles into a simple periodic behavior. Ovesr
one-and-a-half year [1]. whole t-intervals, while the local delay remains ees
fixed, what happens is that a simple cycle containisg
one warm event followed by a cold one repeats itseifo

4. Mode solutions For all such single-cycle solutions, the period is am
integer multiple of the seasonal cycle’s peria;, 672
We are now ready to present and discuss our BDE taken equal to D (see Eq. (7)). 673

model’s solutions, and compare their behavior with  Each succession of events, orternal cycle is 674
that of other ENSO models. Numerical solutions were thus completely phase-locked to the seasonal cyete,
obtained by the constructive algorithm presented in j.e., the warm events always peak at the same time
Appendix A.1. This algorithm generalizes the one of year. The internal cycles follow the same sequenoe
of Dee and Ghil [28] to nonautonomous systems of states—ENSO= —2,1,2, —1 (see Fig. 2)— 678
of BDEs, like Egs. (4)—(8) here. To avoid difficul- although the residence time within each state changes
ties with sensitivity of solutions to the ordering of asr changes. At the lowest values of the wave delasp
jump points in time, our numerical implementa- t and coupled-processes deldysuch solutions havess:
tion relies on the object-oriented language--€: a the same periodicity as the forcing, i.e., 1 year. Fep
special class was created to represent real numberseach fixeds, ast is increased, intervals where thess
as strings of characters with arbitrary length (see solution has a simple period equal to 2, 3, 4, 5, 6, asd
Appendix A.2). 7 years arise consecutively. Clearly, for solutions efs
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Simple periodic behavior (B=0.17) Complex periodic behavior: integer P
i) P=2 (t=031) i) P=3.0 (P=9, n=3, 1=0.69)
2 2
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4 6 8 10121416 1820222426 2830 32 34 36 38 40 42 44 46 48 50 4 6 810121416 18202224 262830 32 34 36 33 40 42 44 46 48 50
i) P=3 (t=0.77) i) P=3.0 (P=15, n=5, 7=0.95)
1) 0 1) 0 . N N O O N
S VU VYUY YUY Y 5]
4 6 8 10121416 182022 2426 28 30 32 34 36 38 40 42 44 46 48 50 4 6 810121416 182022242628 30 32 34 36 38 40 42 44 46 48 50
iii) P=4 (t=1.27) iii) P=3.0 (P=51, n=17, 1=1.1)
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sl U yu gy U uyy
4 6 8 10121416 1820222426 2830 32 34 36 3840 42 44 46 48 50 4 6 8 10121416 18202224 26 2830 32 34 36 38 40 42 44 46 48 50
iv) P=5 (t=14) iv) P=5.0 (P=25,n =5, T=1.95)
o AT A A | e s
% o [l ?
s IRV VRV IR a1 T T
4 6 8 10121416 182022242628 30 32 34 36 33 40 42 44 46.48 50 4 6 8 10121416 18202224 26 2830 32 34 36 38 4042 44 46 48 50
Time (years) Time (years)
(a) (b)

Fig. 2. The temporal evolution of BDE model solutions for a fixed local dgday 0.17, and several wave-delay valuesdemonstrates

the different types of behavior encountered. (a) Solutions that exhibit simple periodicity: after the transients die down, a cycle of a fixed
integer-length period® repeats. Perfect phase-locking with the warming peak always taking place around the beginning of the calendar
year. ()t =0.3L P =2; (i) r =0.77, P = 3; (iii) = = 1.27, P = 4; (iv) = = 1.4, P = 5. (b) Solutions that exhibit more complex
periodicity: a sequence of cycles with different lengths repeats itself evatyyears. In these panels the average cycle lenBth; P/n,

is an integer multiple of the annual cycle. The solutions are ordered according to the value@)af = 0.69: the period is 9 years long

and is comprised of = 3 distinct cycles; (i)t = 0.95: the period is 15 years long and is comprised:ef 5 cycles; (iii)) r = 1.1: the

period is 51 years and it is comprisedof= 17 cycles; (iv)t = 1.952: the period is 25 years long and is comprised ef 5 cycles. The
average cycle length i® = 3 for panels (i)—(iii) andP =5 for panel (iv). (c) Solutions that exhibit complex periodicity and noninteger
average period. A sequence ofdifferent cycles repeats itself eve®y years; the average cycle lengthis now arational rather than

an integer multiple of the annual forcing period. () = 0.47, P =5 andn = 2; (ii) t = 0.489, P = 67 andn = 29; (iii) t = 0.565,

P =22 andn = 9; (iv) r = 1.188334,P = 10 andr = 3. (d) A sequence of different cycles unfolds, but no cyclical recurrence pattern

is discerned during this finite computation: ()= 0.474891,P = 2.212907579..; (i) T = 0.519593782,P = 2.4008526252. .; (iii)

7 =0.53331, P = 2.593307599..; (iv) r = 0.579563,P = 2.838877471...

this type, P is a piecewise-constant, monotonically points are organized as prominent plateaus at eagh

nondecreasing function af. integer. 694
In Fig. 2a, a few solutions with an integer period

of 2-5 years are presented for a fixed valuggaind 4.1.2. Periodic solutions where each period consistss

increasing values of. The blue-colored dots in Fig. 3  of several cycles 696

represent points in the, P)-plane where the solution A slightly more complex type of behavior arisess?

has such a simple, one-cycle integer perdthese in t-intervals adjacent to the single-cycle ones. Sw®s
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Aperiodic behavior: no periodicity captured
C(_)mpllex periodic behavior: noninteger P ) i) P =2.212907579... (1=0.474891)
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Fig. 2. Continueq.

guences of events with different temporal details un-
fold and eventually repeat (Fig. 2b). As the finiteness
of the number representation renders all delays ratio-
nal, we do expect all computed solutions to be even-
tually periodic. A pattern recognition algorithm was
devised to identify sequences that repeat. Such a se-
guence is assumed to be periodic after it has been ob-
served to repeat more than a predetermined number
of times. Once that is the case, we compute the aver-
age lengthP = P/n of the cycles that the periodic
sequence is comprised of; hePeis the length of the

sequence and is the number of cycles. The solutions 2.

whose complete period is made up of several distinct
internal cycles are shown as orange dots in Fig. 3.
There are two types of composite-period solutions:

1. P is an integer Over substantiat-intervals, av-
erage cycle lengths that equal a constant integer

are still preferred. The length of the individual cyze
cles that comprise the periodic sequence straddie
the integer value of?, as each cycle attempts tois
satisfy the phase-locking “inducement” built inteis
Eqg. (8). Ast is increased, combinations of cycle®o
with lengths that are further and further removed:
from P arise; their temporal details consequenthyz
feature weaker and weaker phase-locking (Fig. 2k
Then, at a certain-value, a threshold is crossedz4
and a new average peridt} not necessarily an in-72s
teger, is selected. 726
P is a noninteger rational numbeAs the transi- 727
tion from one broad step associated with an integes
period to another occurs is no longer arinte- 729
ger, but instead aational multiple of the annual 730
period. As we transition from a period of 3 yearg:1
to a period of 4 years (hereafter Region R3-4; sex
inset of Fig. 3),P becomes a nondecreasing steps
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Fig. 3. The Devil's staircase: a bifurcation diagram showing the average cycle Iéngtirsus the wave delay for a fixed 8 = 0.17.

Blue dots indicate purely periodic solutions, like those shown in Fig. 2a; orange dots are for complex periodic solutions, like those shown
in Fig. 2b and c; small black dots denote aperiodic solutions, like in Fig. 2d. The inset shows a blow-up of the Devil's staircase between
periodicities of 3 and 4 years.

734 function of ¢ that takes only rational values, ar- ceptable sequences are exhausted, a jump to7he
735 ranged on a Devil’s staircase. The length of individ- next value ofP — a newfrequency-lockingtep — 742
736 ual cycles no longer straddles a single integer; in- occurs. 743
737 stead, different combinations of values —bounded

738 between the two bracketing integers —are chosen, 4.1 3. “Aperiodic” solutions 744
739 while the individual cycles still “struggle” to re- As explained above, we know that all the solutionss

740 main phase-locked (Fig. 2c). When all such ac- that are generated by the time-marching algorithm des
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747 Scribed in Appendix A.1 must be eventually periodic, by points of type Sections 4.1.1 and 4.1.2 that aig
745 as the only delays we can represent in this frame- more frequently encountered in our phase-parametgr
749 Work are rational. We did, however, encounter solu- space. 761
s50 tions with a period that was too long to be captured in

s51  our finite-length simulations. From BDE theory (see 4.2. The “classic” QP route to chaos in the BDE 4,
750 Section 2.3), we suspect that such solutions are ap-model 763
+53  proximations to solutions of the system for irrational

s, delays that may be QP or aperiodic. For such points, The frequency-locking behavior observed for oug,
755 We defineP = }3(-[) to be the Simp|e average of Cyc|e BDE solutions above is a signature of the univers;@,!;
.56 length over the whole simulation performed for that QP route to chaos. Its mathematical prototype is thg

.5, delay valuer. The corresponding points are plotted in Arnol'd circle map [33], given by the equation 767
s58  black in Fig. 3, and complement the picture portrayed Oust = 6p + 2 + 27K Sin(276,) mod 1 ©) 68
2.0

Figure 4: First level of a Farey tree

in the phase-parameter space (} = 0.17)

(2+3)/(1+2)=(5/3)

Average Period (yrs)
&
1

(3+4)/(2+3)=(7/5)

1.3

12 3 (4+5)/(3+4)=(9/7)
S (546)/(4+5)=(11/9)
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(7+8)/(6+7)=(15/13)
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Fig. 4. The first level of Farey-tree ordering as revealed in our model results in the transition region between the periods of 1 and 2 years;
B =0.17. The widest step between two rationalgg andr/s corresponds tdp +r)/(q + s).
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Eq. (9) describes the motion of a point denoted by being more probable due to the irrationals’ pervasivg;
the angle of its location on a unit circle that under- ness. As the nonlinearitX is increased, “Arnol'd .4,
goes repeated shifts by a fixed angle along the circle’s tongues”—where the winding numbes locks to ;55
circumference. The point is also subject to nonlinear a constant rational over whole intervals —form arés
sinusoidal “corrections,” with the size of the nonlin- widen. At a critical parameter value, only rationaks

earity controlled by a parametéf. winding numbers are left and a complete Devil'gg

We look at the winding numbep = w (2, K) = staircase crystallizes. Beyond this value, chaos reiggs
lim,,— o[ (6, —60)/n], which can be described roughly as the system jumps irregularly between resonanggs
as the average shift of the point per iteration. When the [68,69]. 789
nonlinearity’s influence is small, this average shit—  The average cycle length defined for our ENSO ;4o

and hence the average period —is determined largely system of BDEs is clearly analogous to the circlg;
by £2; it may be rational or irrational, with the latter map’s winding number in both its definition andg,
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Fig. 5. A blow-up of the transition zone from average periodicity 2-3 yearss 0.4-058 g = 0.17. The inset is a zoom on
0.49 < r < 0.504. A complex mini-staircase structure reveals self-similar features, with a focal pairre&5.
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793 behavior. The transition to chaos along this route dering of the “stairs” of a Devil's staircase is anothggg
794 [70] depends on the two parametefz and K, signature of the QP scenario [68,69]. 807
795 Which determine the approximate period and de- The jumps between steps are densely clustered ngar
796 gree of irregularity of the system’s behavior, respec- the bottom of each ladder, while the steps grow broadgy
797 tively. and further apart as the system ascends towardsgthe
798 A closer look at the unfolding of the route to chaos next integer period. Our numerous and systematic, pyt
799 In our BDE model (Fig. 3) shows that most transition still finite, computations indicate that some intermedjr,
goo Zones resemble region R3-4 in exhibiting “orderly” ate steps might be skipped altogether or are so mingte
so1 Devil's meso-staircases, or “ladders”. The fractional as not to be resolved by our discrete sampling pf g14
g0z Parts of the averaged periodiciti®sin each ladder are  this suggests that the system is below criticality, in thjg
goz arranged in a Farey tree ordering (see Fig. 4) where t-interval, for the giverg-value. 816
goa the widest step between two rationajlgig andr/s, Several physical systems — such as the periodicgly
gos corresponds tdp + r)/(g + s). This Farey tree or-  forced pendulum, Josephson junctions, and Ising megs
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Fig. 6. A plot of the unaveraged period length versusz. The high-density strips around~ 0.5 andt = 1 exhibit numerous points
where finite-length computations did not capture a recurring sequence of cycles of finite period.
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g19  €ls [71,72] —exhibit this QP route to chaos as their smaller scale. The sequences of events in the car-
g20 honlinearity is increased. Its relevance to ENSO dy- responding solutions become increasingly complgx
g21 hamics has been previously demonstrated by Changand require longer and longer computations befqgg
g2 €tal [60,61], Jin et al. [30,62], and Tziperman et al. repetition is captured (Fig. 6). Within this fractglg
s23 [63,64]. We will discuss the connection between the sunburst pattern, when repetition does eventually @gr
20 results of these authors using differentiable dynamical cur, the average periodicity is always between 2g,,

go5 Systems and ours using BDEs in Section 5. and 3. 843
As previously stated (see Section 2.3), all the s,
s 4.3. The fractal sunburst—a “bizarre attractor” lutions that are numerically computed areentually gss

periodic Theoretical results [29] indicate, howeveg,g
827 A much more complex, and heretofore unsuspected, that truly aperiodic solutions for irrational delays —g;7
a2s “fractal sunburst” structure emerges as the system in the neighborhood of this critical delay value —argg
a0 Undergoes the transition from an averaged period of being approximated by such long-periodic solutiongg
a0 2-3 years (Fig. 5). As the wave delayis increased, ~ The mechanism by which aperiodicity is generated, dg
g31 Mini-ladders build up, collapse or descend, only to our BDE framework, is due to a clustering of solutiog;
e3> Start climbing up again. The pattern’s focal point jump points in a given time interval. Slight changes,
g33 OCCUrs near a critical value af = 0.5 years. In the in delay values (or alternatively initial data) cause rgs;
g3 Vicinity of this focal point, the mini-ladders rapidly ~ ordering of these jump points, thus enabling differeg,
g3s condense and the structure becomes self-similar, feedbacks to take precedence and change the solytign
g3s With each zoom revealing the pattern repeated on a qualitatively. 856

5
4
'g 3
1
2
1
0

Fig. 7. The Devil's bleachers: a three-dimensional regime diagram showing the average cyclePlepgttrayed in both height and color,
versus the two delayg andz. Oscillations are produced even for very small valuegoés long as8 < r. Variations int determine the
oscillation’s period, while changing establishes the bottom step of the staircase, shifts the location of the steps, and determines their width.



857
858
859
860
861
862
863
864
865
866
867
868
869

ARTICLE IN PRESS

18 A. Saunders, M. Ghil/Physica D 2801 (2001) 1-25

The fractal sunburst pattern found here in the BDE  The influence of the local-processes defayalong g7
system’s phase-parameter space could be dubbed awith that of the wave-dynamics delay is shown in g;;
“bizarre attractor” for lack of a better word. It bears the three-dimensional “Devil’s bleachers” (or “Devil'g7,
a loose analogy to the “strange attractor” seen in the terrace” according to Jin et al. [30]) of Fig. 7. Wg,;
phase space of dissipative ODEs. This is the first de- see that oscillations are produced even for very smal
scription, to the best of our knowledge, of the ability values of8, as long a8 < . 875
of BDE systems to capture complex behavior on the ~ While our model ventures away from the classjgg
“edge of chaos”. The presence of such a bizzare at- Devil's staircase associated with the QP route to chags,
tractor between periods 2 and 3 suggests a heretoforeFig. 8 provides finer fingerprints as evidence that thg
unexplored mechanism that affects the irregularity of scenario is still relevant. In this figure, we plot thgg
ENSO occurrences and, more particularly, the width step widths that are associated with each rational vajye
of the quasi-biennial, 2-3-year peak of ENSO vari- p/q of the average cycle lengti®. The emerging gg;

ability. self-similar pattern bears a striking resemblance 4g
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Fig. 8. Devil's-staircase step widths associated with each average cycle enéh 2.2 < P < 2.4. The inset shows a zoom of the small
gray rectangular area,2125< P < 2.3575, and highlights the self-similar nature of the pattern.
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the one obtained when plotting step widths associated completely regular—constant or periodic—or exz4
with the winding numbers for the circle map and for hibited a power-law growth in complexity. This studyzs
Josephson junctions [72]. In this particutainterval, provides the first evidence of BDEs capturing “obze
our system is clearly just above criticality as it jumps der on the edge of chaos” behavior, with boundedy;
in an erratic yet structured manner between competing rather than growing complexity. This type of bess
frequencies. havior is illustrated here by the universal QP routes
to chaos. This route is present in our model in itso
classic form of the Devil's staircase, as well as i1
the more complex, self-similar version of the fractat.
sunburst. 933

5. Summary and discussion

5.1. Summary of results
5.2. Physical interpretation 934
In this study, we have used the modeling frame-

work of BDEs to formulate a highly idealized ENSO In the context of ENSO theory, the results obtainesh

model that embodies the critical elements of the
delayed-oscillator concept and its interaction with
the annual cycle. Our semi-discrete BDE model is
comprised of continuous-time evolution equations
in terms of logical operations on discrete variables

from our minimal model reinforce the view that the insss
teraction between the inherent ENSO oscillator and the
seasonal cycle plays a significant dual role in ENS&»
dynamics. According to this view, the interaction ireso
troduces a degree of regularity by modifying the peso

(see Table 1). Internal variables that describe the riod length to accommodate the preference for sear
oceanic and atmospheric anomalies have four levels sonal phase locking. It also introduces irregularity, e
each, with the extreme values designating El Nifio or a result of a low-order, deterministically chaotic pr@us
La Nifa conditions, respectively, while an external cess. In this section, we place our results in the context
seasonal-forcing variable has two levels (see Fig. 1a). of other models and data analyses that support this
The BDE framework has thus been extended to in- view. We also mention studies that attribute ENSOdgs

clude: (i) the possibility omulti-levelvariables when

irregularity to other effects and discuss briefly theds?

more than two states are necessary, while retaining therelative merits. A more detailed comparative discuss

simplicity of a few discrete levels; and (i) modeling
of periodically forceddynamical systems in addition
to autonomousystems.

In spite of its extreme simplicity, our BDE model

sion of ENSO theories can be found in Neelin et aho
[9,20] and Ghil and Robertson [10]. 950

Tziperman et al. [63] have added a sinusoidal forg:
ing term to a differential-delajtoy model” similar to 952

displays a wealth of temporal behavior that captures Eq. (3). As the coupling strength between atmosphesig
key features apparent in more traditional models based and oceanic effects is increased, the system progresses
on PDEs, DDEs or FDEs. It also reveals a complex from complete frequency locking to the seasonal ags
“bizarre attractor” that takes the form of a “fractal cle, through having a few dominant spectral peas
sunburst” in the model's phase-parameter space. This(with no apparent frequency locking), and on to @7
behavior was not observed before, to the best of our frequency-locked quasi-quadrennial regime. For even
knowledge, in any type of dynamical system. In the larger values of the coupling parameter chaos reigss,
ENSO application at hand, it may provide a clue to as the model leaps between different “overlappinggbo
the irregularity revealed by the observational data, in resonances. 961
general, and to the width of the quasi-biennial peak, Jinetal.[30,62] have addedeescribedannual cy- 962
in particular. cle to a more realistic yet stdimple mode]18,56,58], 963
A puzzling gap that had existed in BDE theory based on a stripped-down version of the Cane and Z&-
is bridged by the discovery of this bizarre attrac- biak [16] model. Their model shows a prevalence ofs
tor. The only solutions obtained so far were either subcritical frequency-locking regimes in its paramess



974

999
1000
1001
1002
1003
1004
1005
1006
1007
1008
1009
1010
1011

ARTICLE IN PRESS

20 A. Saunders, M. Ghil/Physica D 2801 (2001) 1-25

ter space, with Devil's staircase signatures in narrow the (%)—peak is consistent with the QP route to chaas?
transition regions between integer periodicities. as it completes the sequence of periodiciéeé, % 1013
Chang et al. [60] constructed a more sophisticated and% years exhibited clearly by Jin et al. [30,62] and4
intermediatecoupled model that could develop its our BDE model. 1015
own seasonal cycle. As the forcing amplitude is in-  The model results and data analyses reviewed heaxein
creased, the model’s initially stable 40-month oscil- thus support the hypothesis that the interaction of #he
lation undergoes “period-doubling” bifurcations. For annual cycle with the ENSO oscillator sends the syss
even higher values of the forcing frequency locking tem on the QP route to chaos [9,10]. This determinigs
is achieved. At a realistic forcing level, their model’s tic chaos then causes the observed irregularity, evident
ENSO cycle falls into its most chaotic regime. Thisoc- in the broad spectral background. The observatianal
curs in the same frequency band in which the “bizarre analyses also help reject the “period-doubling” sce2
attractor” is located in our BDE model. nario as a culprit, since it would entail a quasi-biennia:
Low-order chaotic processes are also sometimes de-peak that is more prominent than the quasi-quadrerninial
tected via calculations of geometric phase-space di- peak, while the observations exhibit the opposite [253s
mensions. To perform such calculations on the obser- The mostimportant alternative hypothesis attributes
vational data would be meaningless, given the short- the cause of ENSO irregularity to stochastic weatlwer
ness—only about a 100 years — of the instrumental “noise”, such as westerly wind bursts over the ceses
record (see Ghil et al. [73] and references therein). tral Pacific, with decorrelation times that are shortiins
Chang et al. [60] and Tziperman et al. [63] have calcu- comparison with other ENSO timescales [76,77]. Tihs
lated, however, these dimensions in their much longer relative importance of weather noise versus determip:
models’ simulations, while verifying that the latter can istically chaotic dynamics is an actively debated topie
be distinguished reliably from purely random “surro- [78,79]. At present, most detailed three-dimensionat
gate data”. They have arrived at fractal dimensions of deterministic models show a strong preference for ppes
5.2 and 3.5, in their respective models, both of which riodic or QP behavior, thus failing to explain the iress
indicate low-dimensional deterministic chaos. regularity evident in the observations. Linear stochass
Finally, spectral analyses of the time series of var- tically driven models, on the other hand, do not cam
ious ENSO-relatedbbservedquantities cannot yield  ture many of the observed features of ENSO variahits
conclusive evidence on the mechanisms for ENSO ity, in particular, the tendency for phase locking tuzo
regularity and irregularity, due again to the shortness the boreal winter. Stochastically perturbednlinear 1040
of the record. A number of significant pointers do models, however, seem to be more successful and may
arise, however. First, classical power spectrum anal- provide a possible synthesis of the two approaches
ysis indicates a broad peak around 3-5 years super-[30,78]. 1043
imposed on a broad-band background [67]. Second, High-frequency stochastic processes, as wellias
Rasmusson et al. [24] have analyzed the Compre- low-frequency deterministic processes on the time
hensive Ocean Atmosphere Data Set (COADS) for scale of decades [80,81] may provide explanations
the Indo-Pacific basin using single-channel SSA—a for two questions whose importance is highlightedr
data-adaptive technique that is especially suited for and yet unanswered by the above simple modeils:
short and noisy time series [74]—and found a sepa- (i) how are the relevant parameter regions, i.e., iw
rate quasi-biennial peak, as well as a lower-frequency oceanic and atmospheric response time scales;ofor
one between 4 and 5 years. Third, Jiang et al. [25] the observed phenomena selected?; and (ii) whatate
applied a multi-channel version of SSA [75] to the processes that are responsible for the appavent
COADS data for 1950-1990 over the tropical Pa- substantial shifts in their values over time? 1053
cific and separated a quasi-biennial peak, a sharper For example, Ghil and Jiang [31] and Kirtmabes4
guasi-quadrennial peak, and yet another one that cor-and Schopf [82] independently, argued that thes
responds to ag)-year periodicity. The existence of delayed-oscillator mechanism has “failed” in thes
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1990s and that this failure lead to: (a) the long Appendix A. Numerical formulation of the 1099
mild event that lasted from 1990 to 1995 and BDE system 1100
(b) the resulting diminished predictive skill of all
ENSO-prediction models, relative to the preceding A.1l. The algorithm 1101

decade. In the framework of the simple delay differ-

ential and BDE models discussed so far, this change A constructive algorithm yields the time-marchingp2
corresponds to the system shifting into a parame- solution to the periodically forced BDE systemos
ter range where local processes are boosted relative(4)—(8). The algorithm is an extension of the algorithm4
to the oceanic ones, so that the interannual oscil- first formulated by Dee and Ghil [28] f@utonomousiios
lations are not sustained. More light may be shed Systems and it permits the construction of solutians
on the validity and dynamical causes of such shifts for periodically forcedsystems as well. 1107
in the parameter space by currently active research To construct a solution, it is required that admissies
that focuses on the following areas: the role of ad- ble initial data be supplied over a time-interval whases
ditional feedbacks not previously modeled, e.g., the lengthb —a is greater or equal to the maximal derio
evaporative—convective feedback [83]; interaction lay value allowedfmax. Admissible initial data areii
with other tropical, but intraseasonal or seasonal phe- piecewise-constant, i.e., there are only a finite nums
nomena such as the Madden-Julian oscillation [84] ber of points where one or more of the Boolean stats
and the Indian monsoon [85,86]; and interdecadal Variablesx;, 1 <i < n, may “jump” from O to 1 ori114

variations due to interaction with the extratropical Vice-versa. 1115
oceans [87]. Y Y .
ENSO studies will undoubtedly continue to be nour- A-1.1. Initialization stedN = 0) 1116

ished by the interplay between models that range from Atfirst, we construct a séify that represents the init117
highly detailed to very simple ones [10]. It is our hope tial data, or 'memory of the system. Each element inis
that BDEs will prove to be a useful tool for prelimi- Mo is an ordered pair p, = (¢, X) with 0 < k < m. 1110
nary theoretical studies in this model hierarchy. In ad- The right coordinate is a time point, epochy; that is 1120
dition, the focus in ENSO and other climate studies theleft-end pointof a maximal subinterval[i+1) S 1121
is shifting to interdecadal variations and even longer [a.b) over which all of the system’s Boolean vatiz22
time scales that involve ever more subsystems, pro- ables remain constant. The left coordinate is a Booleas
cesses, and feedbacks. We expect nontraditional toolsVeCtor ¥k (1) = (x1(t), x2(t), - . . , xa () € B" that 1124
such as the one presented here to play an increasinegh0|d5 the constant values of the variables over the
important role in studying the complex systems that Subinterval f, zx11). The elementgy = (1, i) in 1126

are the object of these investigations. the setMy are ordered so that their epochs are in agr
cending ordera <t <--- <ty_1 <ty <b. 1128

Next, we create a sdty that contains alpotential 1129

Acknowledgements future jump points of the system’s variables, whereo

the equations will have to be solved. In addition to the:
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while Francoise Fleuriau helped with word processing €very variablex; that depends on past valuesxgfat 1135
and the bibliography. The plots were generated by the 7 — 0; j, add a possible jump poimnt + 6; ; to Po; (b) 1136
Generic Mapping Tools [88]. Our research was sup- if an externalvariable “jumped” at an epoch and 1137
ported by NSF grant ATM00-82131. This is publica- ¢y is the forcing period associated with that variabiess
tion number 5651 of UCLA'’s Institute of Geophysics addz + ¢ to Po. Naturally, Py is also arranged in amss
and Planetary Physics. ascending order. 1140
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A.1.2. General stepN =1,2,...) epochs, where that change may affect them. External
After the completion of stepy, the setMy holds the variables, on the other hand, contribute only epocizs

relevantpastmemory of the system, while the sBf; where their own value, that is never affected by thes

contains its potentiguture jump points. The solution  internal variables, may change. 1189

is then advanced in time as follows. A solution can thus be continued for any desiraco

Letry, be the first epoch itPy. The evolution equa-  length of time. For the ENSO model developed in See:
tions are used to evaluate the values of all state vari- tion 3, there is a unique forcing periogly = 1, while 1192
ables at that epoch. To achieve that, the pertinent in- g4 = max{8, t, 1}. The jumps in the periodic forciies
formation from the “past” has to be retrieved from the ing guarantee in our case that the £t of potential 1104
“memory” My. Specifically, to evaluate;(s3), one future jump points for this specific system is nevess

has to determine the value of(zy, —6; ;) for all state empty. 1196
variablesx; and delay®; ; that appear in théth evo-

lution equation. This is done using a search algorithm A.1.3. Numerical implementation 1197
that returns the elementy = (#, Xx) € My whose At any stepN of solving the BDE system, it is notios

epochy is the largest one that is smaller than or equal known how many points may be contained in eithesw
to the targeted epocti, — 6; ;. The values extracted the system’s memory/y or in its immediate futureizoo
are then substituted into the evolution equations and Py . Ghil and Mullhaupt [29] have shown the existence:
the Boolean expressions are evaluated. A new elementof BDE systems that exhibit polynomially growingo2
py = (13, x}) that consists of the time epoch to- complexity, as indicated by a power-law growth of thes

gether with the newly determined state vect{iry,) number of jumps per unit time. Thus the natural choiee:
is added to the solution and tdy as we begin form- is to use dynamic memory allocation and implemeznt
ing the new relevanmemorysetMy 1. the ordered set#fy and Py as linked lists. 1206

The memory is further updated as we remove a  The solutions are known to be sensitive to the an7
subsetDy of My that contains the elements no longer dering of jump points. As their numerical computatiozs
needed, since they now lie outside the “memory span” involves numerous additions of small numbers (the
of lengthfnax used to resolve the system’s “future”, delays), it is prone therewith to cumulative round-affo
where fmax < Omax is the maximal delay value for  errors. Moreover, a solution to a system may include
the specific case solved. We do so by discarding all jump points that are so close, that they would be conz
elementsp = (¢, x) such that there exists another sidered equal in floating-point representation, whiefe

elementp = (7, %) € Py, for whicht <7 < (ty — may result in a qualitative change in the solution’s he
Omax). The newly updated memory set My, 1 = havior. Therefore, we have carried out the computas
My U {py = (t}.X3)} — Dn. tions using an exact representation of the real numbers,

Finally, a new “future set’Py.y1 is constructed. rather than their usual floating-point representationz
First, the newly resolved epoafj is removed from This was achieved by writing the code in+G-, an 1218
Py. Then, new epochs are added according to essen-object-oriented language, and creating a special class

tially the same rules used in the constructionPgfin where real numbers are represented as strings of ahar-
the initialization step: (a) if amternal variablex; has acters. Arithmetic operations are performed on objeets
jumped at timery;, then for every variable; that de- of this class essentially as they would be by hand and
pends on past values of atr —0; ;, we add a possible  are exact, as long as only finite strings are used. 1223
jump point,t = 13, +6; ;; (b) if anexternalvariablex Two other viable representations of real humbers
jumped at the epoctf;, we addr = 1, +¢ 7 to Py 1. for computations of BDE solutions are the followingzs

These rules dictate, in effect, a more passive role for (i) a rational-number class—as all numbers repres
the forcing variables than that of internal variables. sentable on a finite computer are rational, each nuse
When an internal variable jumps, itdmmunicaté's ber may be stored as a pair of integers correspondivg
with the other variables by introducing all new future to the denominator and numerator, with operations des
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fined accordingly; (ii) an interval-number class —each
floating-point number represents + €, wheree is

the accuracy desired [89]. The former representation
may be useful if one wishes to approximate irrational
numbers by using, e.g., continued fractions (see the
approximation theorem in Section 2.3 here and Ghil
and Mullhaupt’s [29] use of these to approximate irra-
tional delays). The latter will render the computations
more rapid and require less memory, when exactness
of the solution is less crucial.

We have chosen the string-representation approach
as it allows exact computations, while being signifi-
cantly more efficient than the quotient-representation
class. Another advantage of our approach is that we are
not restricted by the bounds on integers representable
on the specific machine used if we wish to carry out
computations at very high resolution in the system'’s
parameter space. Moreover, in an object-oriented lan-
guage like G-+, a particular class can easily be re-
placed by any other class representing real numbers
and their operations, without changing the implemen-
tation of the actual solution algorithm.
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