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ABSTRACT

Global sea surface temperature (SST) evolution is analyzed by constructing predictive models that best
describe the dataset’s statistics. These inverse models assume that the system’s variability is driven by
spatially coherent, additive noise that is white in time and are constructed in the phase space of the dataset’s
leading empirical orthogonal functions. Multiple linear regression has been widely used to obtain inverse
stochastic models; it is generalized here in two ways. First, the dynamics is allowed to be nonlinear by using
polynomial regression. Second, a multilevel extension of classic regression allows the additive noise to be
correlated in time; to do so, the residual stochastic forcing at a given level is modeled as a function of
variables at this level and the preceding ones. The number of variables, as well as the order of nonlinearity,
is determined by optimizing model performance.

The two-level linear and quadratic models have a better El Nifio-Southern Oscillation (ENSO) hindcast
skill than their one-level counterparts. Estimates of skewness and kurtosis of the models’ simulated Nifio-3
index reveal that the quadratic model reproduces better the observed asymmetry between the positive El
Nifo and negative La Nifia events. The benefits of the quadratic model are less clear in terms of its overall,
cross-validated hindcast skill; this model outperforms, however, the linear one in predicting the magnitude
of extreme SST anomalies.

Seasonal ENSO dependence is captured by incorporating additive, as well as multiplicative forcing with
a 12-month period into the first level of each model. The quasi-quadrennial ENSO oscillatory mode is
robustly simulated by all models. The “spring barrier” of ENSO forecast skill is explained by Floquet and
singular vector analysis, which show that the leading ENSO mode becomes strongly damped in summer,
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while nonnormal optimum growth has a strong peak in December.

1. Introduction

a. Motivation

The El Nifio-Southern Oscillation (ENSO) phenom-
enon dominates interannual climate signals and has
great economic and societal impacts. It originates in the
coupled ocean—atmosphere dynamics of the tropical
Pacific (Philander 1990), but has a large influence on
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atmospheric circulation and air-sea interaction outside
the tropical belt through associated teleconnections
(Alexander et al. 2002; Lau and Nath 2001).

An important aspect of ENSO is that its positive-
phase El Nifio events are generally characterized by a
larger magnitude than its negative La Nifia counter-
parts (Burgers and Stephenson 1999; Hoerling et al.
1997; Sardeshmukh et al. 2000). This statistical skew-
ness is but one of the indicators suggesting that, at least
to some extent, the dynamics of ENSO involves non-
linear processes (Ghil and Robertson 2000; Neelin et al.
1994, 1998). At the same time, most detailed numerical
models used for operational ENSO prediction signifi-
cantly underestimate this nonlinearity (Hannachi et al.
2003), and the quality of their forecasts is still far from
satisfactory (Barnston et al. 1994, 1999; Landsea and
Knaff 2000).

Ghil and Jiang (1998) and Mason and Mimmack
(2001) reviewed a variety of statistical models that pos-
sess useful ENSO forecast skill; most of these models
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are still linear. Nonlinear models are getting more at-
tention lately: Timmermann et al. (2001) have applied
multiple nonparametric regression analysis to derive a
set of low-order ENSO empirical dynamical models,
while neural-network models (Grieger and Latif 1994;
Tangang et al. 1998) have been used to reconstruct the
attractor of ENSO dynamics and make extended
ENSO forecasts. The complex structure of multilayer
neural-network models, however, makes their results
difficult to interpret (Hsieh and Tang 1998), and they
did not provide significant improvements in skill over
linear methods (Tang et al. 2000).

In this paper, we construct a hierarchy of statistical
models for ENSO forecasts. This hierarchy includes a
nonlinear model that is easy to interpret, accurately
represents both linear and nonlinear aspects of the as-
sociated dynamics, and is validated out to 12 months.

b. Linear inverse models

As a starting point in developing our ENSO model
hierarchy, we use the concept of inverse stochastic
models. If X is the climate-state vector, X its time mean,
and x = X — X the vector of anomalies, then the evo-
lution of x can be expressed as

% = Lx + N(x). 1)

Here the dot denotes a time derivative, L is a linear
operator, and N represents nonlinear terms; both L and
N may be function of X, but this dependence is not
taken into consideration here.

The simplest type of inverse stochastic model is the
so-called linear inverse model (LIM; Penland 1989,
1996). LIMs are obtained by assuming, in Eq. (1), that
N(x) dt =~ Tx dt + dr'®, where T is the matrix describing
linear feedbacks of unresolved processes on x, and dr®
is a white-noise process that can be spatially correlated.
With this assumption Eq. (1) becomes

dx =B%dt + d&r'”, B?=L+T. 2
The matrix B and the covariance matrix of the noise
Q = @®OrOTy can be directly estimated from the ob-
served statistics of x by multiple linear regression
(MLR; Wetherill 1986). LIMs have shown some success
in predicting ENSO (Penland and Sardeshmukh 1995;
Johnson et al. 2000a,b), tropical Atlantic variability
(Penland and Matrosova 1998), as well as extratropical
atmospheric variability (Winkler et al. 2001). These
models are typically constructed in the phase space of
the system’s leading empirical orthogonal functions
(EOFs; Preisendorfer 1998). The state vector x, or pre-
dictor-variable vector, consists of amplitudes of the cor-
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responding principal components (PCs), while the vec-
tor of response variables contains their tendencies x.

c. This paper

In the study of most geophysical phenomena, includ-
ing ENSO, the assumptions of linear, stable dynamics,
and of additive white noise used to construct LIMs are
only valid to a certain degree of approximation. In par-
ticular, the stochastic forcing r® in Eq. (2) typically
involves serial correlations. In addition, when the non-
linearity is strong, the matrices B and Q obtained
from the data can exhibit substantial dependence on
the lag used to fit them (Penland and Ghil 1993).

In the present paper, we consider generalizations of
LIMs that use additional statistical information to ac-
count for both nonlinearity and serial correlations in
the additive noise. Kravtsov et al. (2005, hereafter
KKG) first demonstrated the performance of the pro-
posed approach by using three simple, but geophysi-
cally relevant examples, namely the deterministic
Lorenz (1963) model and two stochastically forced po-
tential-well systems. Next, the methodology was ap-
plied to a very long simulation of the Marshall and
Molteni (1993) three-layer quasigeostrophic atmo-
spheric model, which has been performed and analyzed
by Kondrashov et al. (2004), and finally to a 44-yr set of
Northern Hemisphere geopotential heights. In the
present paper, the methodology of KKG is applied to a
global SST dataset, and the resulting inverse models are
used for the analysis and prediction of seasonal-to-
interannual climate variability.

One major modification of LIMs is obtained by as-
suming a polynomial, rather than linear form of N(x) in
Eq. (1), in particular, a quadratic dependence. The ith
component Ny(x) of N can then be written as

Ni(x) dt ~ (x"Ax + tx + V) dt + dr'l”. (3)

The matrices A, represent the blocks of a third-order
tensor, while the vectors b{” = I, + t; are the rows of the
matrix B® = L + T [compare with Eq. (2)]. These
objects, as well as the components of the vector ¢, are
estimated here by multiple polynomial regression
(MPR; McCullagh and Nelder 1989).

In section 2, we briefly describe a multilevel, qua-
dratic inverse model that deals with the problem of
serial correlations in r”). The global sea-surface tem-
perature (SST) dataset, as well as our analysis proce-
dure, are described in section 3. In section 4, the linear
and nonlinear models are compared in terms of their
statistical and spectral properties relative to those ob-
served, and we evaluate their forecast potential, with an
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emphasis on central Pacific SST anomalies. We apply in
section 5 month-by-month eigenspectrum analysis, as
well as Floquet and singular-vector analysis to explain
several features of the modeled and observed data pre-
sented in section 4; these features include the quasi-
biennial and low-frequency peaks in the power spectra,
changes in seasonal variance, and the “spring barrier”
in prediction skill. The results are summarized in sec-
tion 6.

2. Nonlinear multilevel model

We construct inverse stochastic models in the phase
space of the leading EOFs of the SST field. The qua-
dratic model that we will use below has the general
form

dx; = (XTA,X + bﬁ»mx + cﬁo)) dt + drﬁo); i=1,...,1,
)

where x = {x;} is the state vector of dimension /. The
matrices A,, the vectors b{”), and the components c{* of
the vector ¢, as well as the components #” of the
residual forcing r”’, are determined by least squares. If
the inverse model contains a large number of variables,
the statistical distribution of r”’ at a given instant is
nearly Gaussian, according to the central limit theorem
(Von Mises 1964).

However, the stochastic forcing r'® in Eq. (4) typi-
cally involves serial correlations and might also depend
on the modeled process x. We include, therefore, in Eq.
(5) below, an additional model level to express the
known time increments dr(®’ as a linear function of an
extended state vector [x, 7] = (x", rPT)T. We esti-
mate this level’s residual forcing in turn by least
squares. More levels are added in the same way, until
the Lth level’s residual r“*" becomes white in time,
and its lag-0 correlation matrix converges to a constant
matrix:

dx; = (XTAI-X + bﬁ-o)x + CE;O)) dt + rE-O) dt,
dr® =b"[x, ¥ dt + " dt,

drﬁ” = bﬁ-z)[x, r?, r(l)] dt + rﬁ-z) dt,

dar® = b x, v Y, L kP dr + dri Y,
i=1,...,L (5)

Equation (5) describes a wide class of processes in a
fashion that explicitly accounts for the modeled process
x feeding back on the noise statistics: the vectors b{” are
the rows of matrices BY) that represent this “eddy feed-
back.” The multilevel linear inverse model is obtained
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by assuming, in Eq. (5), A, = 0 and ¢® = 0. The clas-
sical LIM is thus the one-level version of our multilevel
linear model. The details of the methodology and fur-
ther discussion appear in KKG.

It is well known that extreme ENSO events, both
positive (El Nifio) and negative (La Nifio), tend to oc-
cur in boreal winter. Several ways to simulate ENSO
phase locking to an annual cycle have been proposed in
empirical models. Penland and associates (Penland and
Sardeshmukh 1995; Penland 1996; Penland and Ma-
trosova 2001) argued that the dynamical operator in an
LIM model for ENSO should be independent of sea-
son, and that the phase locking is caused by the sea-
sonal dependence of the stochastic forcing. Johnson et
al. (2000a,b), however, suggest the opposite, namely
that the seasonality in the dynamical propagator of a
Markov model for ENSO cannot be neglected.

Thompson and Battisti (2000, 2001) demonstrated
that seasonal variations in the mean state of the linear,
dynamical, stochastically forced model help reproduce
qualitatively the observed seasonal patterns of variance
and lagged autocovariance in tropical Pacific SSTs.
Both Johnson et al. (2000b) and Xue et al. (2000) ob-
tained seasonally varying Markov transition matrices
for each calendar month. Seasonal-type models, how-
ever, have to be trained on much shorter records (i.e.,
12 times shorter than the original time series for annu-
ally averaged models); this shortcoming leads to larger
errors in estimating the regression parameters and, con-
sequently, to a lower prediction skill.

We suggest here an alternative approach to include
seasonal dependence in the dynamical part of the first
level of our linear and nonlinear models, namely we
assume the matrix B® and vector ¢® to be periodic
with period 7 = 12 months:

B” = B, + B, sin2mt/T) + B, cos2nt/T),

¢ = ¢, + ¢, sinmt/T) + ¢, cos2mt/T).

The complete time record is thus used to simulta-
neously estimate the four seasonal-dependence coeffi-
cients B, B, ¢, and ¢, which provides greater stability
in our regression parameter estimates. Specifying such
seasonal dependence only on the first model level gave
the best results in cross-validation forecasts, when com-
pared to alternative models (not shown), where the pe-
riodic form of Eq. (6) was used on both levels, or on the
second level only.

The optimal number of state-vector components, as
well as the degree of nonlinearity, has to be assessed, in
general, using cross validation. This test is carried out
by Monte Carlo simulations in which the inverse model,
trained on one part of the available data, is used to
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estimate the properties of the system evolution during
the validation interval that was not included in the
training interval. The measure chosen to assess the
model depends on the purpose at hand: if the model is
to be used for prediction, the cross-validated hindcast
skill, quantified by the correlation between the ob-
served and simulated fields, or the root-mean-square
(rms) distance between the two, at future times, is an
appropriate measure of model performance; in more
theoretical applications, certain statistical characteris-
tics of the observed and modeled evolution, such as
probability density functions (PDFs) of model variables
and their power spectra, have to be compared. We will
use both hindcast skill measures and overall statistical
behavior to compare the performance of several in-
verse stochastic models.

3. Data and analysis procedure

We construct our inverse stochastic models using a
645-month dataset (January 1950-September 2003) of
global, monthly SST anomalies, given on a 5° X 5° grid
over the 30°S-60°N latitude belt (Kaplan et al. 1998),
with the seasonal cycle removed. The spatial extent of
the dataset was chosen to maximize prediction skill of
the so-called Nifio-3 SST index. This index is defined as
the area-averaged SST anomaly over the rectangular
box (5°S-5°N, 150°-90°W), outlined by the dashed line
in Figs. 2a and 2b below.

Trenberth and Hurrel (1994) have argued that the
Nifo-3 time series experiences an abrupt positive shift
after about 1976, when considering a mean of the rec-
ord before and after this date. Chao et al. (2000), how-
ever, showed that this shift is not unique, but represents
one of several phase shifts associated with a 15-20-yr
interdecadal oscillation. We find that our model’s per-
formance slightly improves at lead times of more than 8
months, as described in section 4 below, if the 1976/77
shift is removed pointwise from the data. The time in-
terval is divided into two subintervals, 1950-76 and
1977-2003, and the two distinct means of the time series
are subtracted from the respective subintervals; the re-
sulting corrected Nifio-3 SST index is shown as a solid
line in Fig. 1.

The resulting dataset is used in two different ways.
When considering long-term statistical properties or
computing in-sample hindcasts, we construct our in-
verse models in the subspace spanned by the leading
EOFs computed on the whole time series. On the other
hand, when we consider cross-validated hindcasts, we
use EOFs of the reduced dataset that leaves out seg-
ments of SST evolution, which are several years long
and which we subsequently predict (Penland and
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FI1G. 1. Time series of the Nifno-3 (5°S-5°N, 150°-90°W) SST
index. Dashed line: raw data (Kaplan et al. 1998); solid line: the
1950-76 and 1976-2003 portions of the time series have been
separately centered to have mean zero each.

Sardeshmukh 1995; Johnson et al. 2000a,b). We choose
these segments to span complete warm, as well as cold
ENSO phases, and thus divide the time series into 3-5-
yr-long intervals that start and end in January of the
following years: 1950, 1955, 1960, 1964, 1968, 1972,
1975, 1979, 1982, 1986, 1990, 1994, 1997, and 2002. If
5-yr-long segments of equal length are used, some of the
training periods include an incomplete large-amplitude
ENSO cycle; this inclusion generally results in a reduc-
tion of the cross-validated hindcast skill of up to 0.05 in
anomaly correlation at a 6-month lead time. This re-
duction is due to the small number of large ENSO
events in the relatively short observed record, which
hampers reliable estimates of the model coefficients.

Both in-sample hindcasts and cross-validated hind-
casts are evaluated by performing a set of integrations
of a given inverse model, initialized at each month in
the record, for a given number of months. The predic-
tion characteristics are computed by transforming the
model’s solution from EOF space back into physical
space, and comparing it against the total observed SST
anomaly.

The number of variables (i.e., of EOFs retained) and
the order of the regression polynomial used in the in-
verse models is chosen to maximize the models’ cross-
validated hindcast skill: 20 variables is the best choice
for all linear and quadratic models; the skill deterio-
rates if a smaller or larger number is used. A cubic
model was also tested, but did not perform as well as
the quadratic model in cross-validated hindcasts, and
will not be considered here any further. Although the
residual forcing at the first level of both linear and qua-
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dratic models does involve serial correlations, we con-
struct one-level (1-L) and two-level (2-L) versions of
these models for explicit comparison of model perfor-
mance. The residual forcing at the second level is fairly
white, and adding further levels does not improve the
hindcast skill. The stochastic forcing in the models is
spatially correlated according to the residual forcing’s
lag-0 covariance matrix.

The model coefficients, as well as the residual forc-
ing, are estimated for the linear models by ordinary
least squares (Press et al. 1994). When higher-order
polynomials are used for the inverse models, we have
many more parameters to estimate, and the regression
problem (see appendix A of KKG) can become ill-
conditioned for a short data record. This ill-condition-
ing is related to the collinearity phenomenon, in which
the vectors of predictor variables are close to linear
dependence (Wetherill 1986). To deal with this prob-
lem for our quadratic model, we use the partial least
squares (PLS) procedure (Wold et al. 1984; Hoskulds-
son 1996). PLS finds the so-called factors, or latent vari-
ables, that capture the maximum variance in the pre-
dictor variables, as well as achieving high correlation
with the response variables. The number of these vari-
ables to retain is found by using cross validation.

The resulting models (5) are integrated with Ar = 1
month, being forced at each time step by random real-
izations of the spatially correlated stochastic forcing at
the model’s last level. To produce cross-validated or
in-sample hindcasts we use “ensemble forecasting.” In-
stead of using just one model run, many runs with dif-
ferent random realizations of the stochastic forcing are
made. The ensemble mean of the different forecasts
(Kalnay 2003) provides a smoother and more reliable
seasonal-to-interannual forecast.

4. Model comparison and validation

In this section we show first that 2-L models are su-
perior to 1-L ones in terms of cross-validated hindcast
skill at long lead time (section 4a). In section 4b our
best 2-L linear and quadratic models are then com-
pared in terms of their statistical properties, such as the
PDF and seasonal variation [sections 4b(1) and 4b(2)]
and power spectra [section 4b(3)] of the observed and
modeled SSTs. Finally, the models are compared in sec-
tion 4c(1) in terms of their predictive skill, and the
“spring barrier” in this skill is discussed in section 4c¢(2).

a. Comparison between one-level and two-level
models

We compare the 1-L and 2-L quadratic models in
terms of their respective cross-validated hindcast skills
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in Fig. 2 (see also Fig. 9 in KKG). Figures 2a and 2b
display the spatial distribution of the SST anomaly cor-
relations in the cross-validated hindcasts at 9-month
lead, for the 1-L and 2-L model versions, respectively.
The hindcast time series represent each the mean of a
100-member ensemble, and they have been cross-
validated as described in section 3. Similar results have
been obtained when comparing 1-L and 2-L linear
models (not shown).

Both quadratic model versions have similar skill pat-
terns, with maximum values over the equatorial Pacific
and Indian Ocean; a stronger maximum in the Nifio-3
region (outlined by a solid black line in Figs. 2a,b) ap-
pears for shorter lead times (not shown). The 2-L mod-
el’s skill is higher practically everywhere; this superior
skill of the 2-L model is most marked south of the
Niflo-3 region, as well as in the Indian Ocean.

The correlation between the predicted and observed
area-averaged Nifio-3 SST anomalies is plotted in Fig.
2c: the 2-L model (solid line) is significantly more skill-
ful than the 1-L model (dotted line) at lead times longer
than 4 months; both 1-L and 2-L models beat the
damped persistence hindcast (dashed line). The latter
has been generated by fitting an AR(1) model to the
observed Nifio-3 SST time series, and then using this
model to damp persistence exponentially in lead time.
The 2-L model outperforms the 1-L model in rms error
as well, with improvement becoming significant at lead
times longer than 6 months (Fig. 2d).

b. Statistical properties

Given the better performance of the 2-L models, we
only consider henceforth their linear and quadratic ver-
sions; in this subsection, we examine the long-term sta-
tistical properties of these two model versions. Both
models were trained on the EOFs of the entire ob-
served SST time series, after which we performed 100
realizations for either model, each being 645 months
long, like the observed dataset.

1) HISTOGRAMS AND SEASONAL DEPENDENCE

The histograms of the observed and simulated
Nifio-3 SST index are plotted in the left column of Fig.
3; they have been normalized to have unit area. In each
panel, the corresponding normal distribution is plotted
as a heavy solid line. In the right column of Fig. 3 we
plot the monthly distribution of variance for the corre-
sponding SST indices.

Results for the observed data (1950-2003) are shown
in row (a), and results for the 100-member ensemble of
realizations of the quadratic and linear model in rows
(b) and (c), respectively. The histograms and variances
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FiG. 2. Comparison of model performance for the one-level (1-L) and two-level (2-L)
quadratic models. Anomaly correlation map for 9-month-lead cross-validated hindcasts using
(a) the 1-L model and (b) the 2-L model. Nifio-3 SST hindcast skill, as measured by (c)
anomaly correlation and (d) error variance for the 1-L. model (dash-dotted) and the 2-L model
(solid), with the damped-persistence forecast (dotted line with circles) being used as a refer-
ence skill. The Nifio-3 SST anomaly is defined as the area average over the rectangular box

shown in (a) and (b).

for the simulated data represent averaging over the
100-member ensemble.

The variance of the observed Nifio-3 index tends to
peak during the winter and drop in spring, which is
related to the so-called spring barrier in ENSO pre-

diction (e.g., Balmaseda et al. 1995; Weiss and Weiss
1999). This seasonal feature of ENSO is simulated rea-
sonably well by both the linear and the quadratic 2-L
model (right column of Figs. 3b,c); being averaged over
many integrations, the seasonal variation is not as large













































