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Abstract

The double-gyre circulation induced by a symmetric wind-stress pattern in a quasi-geostrophic model of the mid-latitude
ocean is studied analytically and numerically. The model is discretized vertically by projection onto normal modes of the
mean stratification. Within its horizontally rectangular domain, the numerical model captures the wind-driven circulation’s
three dynamic regimes: (1) a basin-scale double-gyre circulation, cyclonic in the basin’s northern part and anticyclonic in the
south, which is dominated by Sverdrup balance; (2) a swift western boundary current in either gyre, with dissipation most
important near the coast and inertial balance further out; and (3) a strong recirculating dipole near the intersection of the
western boundary with the symmetry line of zero wind-stress curl. The flow inside this stationary dipole is highly nonlinear,
and equivalent-barotropic. An analytical solution to the potential vorticity equation with variable stratification describes the
dipole, and fits well the full numerical model’s steady-state solutions.

Changes in the numerical model’s solutions are investigated systematically as a function of changes in the strength of
the wind stress and the Rossby radius of deformatidg. The main changes occur in the recirculation region, while the
basin-scale gyres and the western boundary currents are affected but little. A unique symmetric dipole is observed for small
and agrees in its properties with the analytical solutionz Atcreases, multiple asymmetric equilibria arise due to pitchfork
bifurcation and are stable for large enoubh. The numerically obtained asymmetric equilibria also agree in their main
properties with the analytical ones, as well as with the corresponding solutions of a shallow-water model.

Increasingr further results in two successive Hopf bifurcations, that lead to limit cycles with periods near 10 and 1 years,
respectively. Both oscillatory instabilities have a strong baroclinic component. Above a certain threshteé isolutions
become chaotic. Flow pattern evolution in this chaotic regime resembles qualitatively the circulation found in the Gulf Stream
and Kuroshio current systems after their separation from the continent. © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction and motivation

The large-scale flow of the mid-latitude oceans is dominated by the presence of a larger, anticyclonic and a
smaller, cyclonic gyre. They are induced by the shear in the near-surface winds that cross the respective ocean
basins: eastward in mid-latitudes and westward in low, tropical and high, polar latitudes. The two gyres share the
eastward extension of western boundary currents, such as the Gulf Stream or Kuroshio. The oceanic boundary
currents and eastward jets carry substantial amounts of heat and momentum; the jets also contribute to mixing in
the oceans by their “whiplashing” oscillations and the detachment of eddies from them.

The mid-latitude ocean basins’ double-gyre wind-driven circulation is therefore a major research area in physical
oceanography [1-7]. Recent interest in the climate’s interannual and interdecadal variability [8,9] has stimulated
research into a new aspect of this classical problem. Jiang et al. [10,11] (the latter to be referred to as JJG hereafter)
showed, in a simple shallow-water model, that interannual variability can arise in the double-gyre circulation in
the presence of wind stress that is constant in time. An extensive review of earlier relevant work, observational
and theoretical, can be found in JJG and in [7]. We update these reviews here briefly and emphasize the broader
fluid-dynamical context.

Cessi and lerley [12] found multiple equilibria (up to seven) in their barotropic quasi-geostrophic (QG) model;
in geophysical fluid dynamics [6,13] barotropic refers to single-layer, homogeneous-density models, while quasi-
geostrophy refers to the dominant balance between the pressure gradient and the Coriolis force. Antisymmetric, as
well as asymmetric steady solutions were found in [12]. Some of these solutions fill the whole basin, while others
decay rapidly to zero away from the western shore of the ocean basin.

Jiang et al. [10], JJG, and Speich et al. [14] studied this problem with a reduced-gravity shallow-water model, in
which an active fluid layer of finite depth overlies an inert layer of infinite depth. They found multiple equilibria and,
more importantly, periodic and chaotic solutions for different, fairly realistic parameter regimes, when increasing
the wind stress or decreasing the lateral diffusivityy. The periodic solutions they found were of two types, with
periods of several years and several weeks, respectively. The interannual periods survived as broadened spectral
peaks in the chaotic regime (JJG) and compared favorably with those found in observed time series of the Gulf
Stream and Kuroshio axis [14].

McCalpin and Haidvogel [15] investigated the behavior of a reduced-gravity QG model, but found no steady-state
solutions for the problem, although they used the same wind stress and bottom friction as JJG and Speich et al.
did. The difference in results is probably due to the fact that McCalpin and Haidvogel applied a free-slip boundary
condition at the lateral boundaries, while the former authors used basically a no-slip boundary condition.

JJG showed (see their Appendix A and further references there) that one can consider a generalized, partial-slip
boundary condition that depends on a parametasy increases from 0 to 1, free-slip becomes no-slip. Partial slip
is, in fact, a more realistic boundary condition for simple, idealized models of this type, since the flow velocity in the
ocean goes to zero at the boundary over spatial scales that are not resolved by these models and thus involve unre-
solved variations in depth of the basin. Increasirttas a similar effect on the solutions as decreasiogncreasing
An. Thus, Cessiand lerley [12] found a steady state while using a free-slip boundary condition only when horizontal
diffusion was several orders of magnitude larger than that used by JJG and Speich et al. [14]; see also [16,17].

Dijkstra and Katsman [18] examined the bifurcation diagram of the double-gyre problem as a function of lateral
diffusion—measured by the inverse of a Reynolds nuniterfor two versions of a QG model: one similar to
McCalpin and Haidvogel's, with an upper active and a lower inert layer, the other with two active layers. In the basic
state of both model versions, the flow in the lower layer was motionless. Thus the main difference between the two
versions is that genuine baroclinic motions, with energy conversion between lateral shear and vertical stratification
[6,13], can occur only in the 2-layer one. The two types of wind-driven motions—barotropic and baroclinic—are
sufficiently different from each other to warrant two separate chapters in Pedlosky’s book [7].
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The bifurcation curves of Dijkstra and Katsman'’s two model versions differ qualitatively in that there are no stable
asymmetric steady states in the 2-layer version, while they do exist in the “1.5-layer”, reduced-gravity version. This
difference can be explained mathematically as follows: in the 1.5-layer version, the first Hopf bifurcation occurs
for largerRe (smaller diffusion) than the symmetry breaking due to pitchfork bifurcation. In the 2-layer version,
however, Hopf bifurcation occurs already for smaker(larger diffusion), at which the (anti)symmetric branch is
still stable, while the symmetry breaking due to pitchfork bifurcation occurs at I&gebijkstra and Katsman’s
study was carried out at a Rossby radius of deformatiohrot= 30 km; the deformation radius characterizes the
horizontal extent of the most energetic motions in a rotating fluid. We shall see that, for larger valugstod
conclusion of Dijkstra and Katsman [18] does not hold. Our study of solution dependence will thus shed further
light on the physical reasons for the above-noted difference between the ordering of instabilities in a 1.5-layer and
2-layer QG model.

In Dijkstra and Katsman'’s 2-layer model [18] two Hopf bifurcations were obtained: the first one, at smaller
Re, leads to a limit cycle with a period of 11 months, the second one, at IRsgdras a period of 1.5 years. The
perturbation in the lower layer leads to the one in the upper layer by approximately 1/4 period. This vertical structure
of the destabilizing perturbation demonstrates the baroclinic nature of the instability and adds weight to our interest
in the relative role of baroclinic and barotropic contributions to the ocean’s low-frequency variability.

Berloff and Meacham [19,20] examined the circulation in a small rectangular basin driven by wind forcing that
givesriseto a single gyre (see also Section 2.14 of [7]). They used a barotropic and a baroclinic QG model and studied
the role of the horizontal diffusion as a control parameter. Their low-frequency circulation has low-dimensional
behavior in phase space and is dominated by two flow patterns in physical space: (i) a single basin-scale gyre with
a strong peripheral current; and (ii) a set of recirculating gyres, from one to three, in the southwestern part of the
basin. These two flow patterns are similar in both the barotropic and baroclinic models. The most common route
from a single stable equilibrium to chaotic behavior in the work of these authors consists of three successive Hopf
bifurcations. The main difference between the two models is in the bifurcation threshold, which lies at smaller
Re-number in the baroclinic model, i.e., the latter is less stable than the barotropic one.

The purpose of the present paper is to examine the role of the baroclinic mode and of its interaction with the
barotropic mode in the low-frequency variability of the double-gyre ocean circulation for time-constant wind stress.
To do so, we select a model that provides a good balance between the wealth of fluid-dynamical processes it captures,
on the hand, and its numerical simplicity, on the other. The latter feature will permit an exhaustive exploration of
the model’s properties and an understanding of how qualitatively realistic behavior arises out of a minimal set of
fluid-dynamical ingredients.

The oceanographic problem at hand involves several competing physical processes: wind-stress forcing at the sea
surface, the strongly nonlinear dynamics in and near the western boundary currents, and the friction with the solid
lateral and bottom boundaries. Flierl [21] showed that the calibratior2dfger QG model needs to be different to
model correctly the role of wind stress, nonlinear advection in the ocean, and bottom friction, i.e., the depth of the
interface between the layers and the density of each layer has to be set differently for each case. We chose therefore
a QG model withtwo modes in the vertical, calibrated to study all three processes for the same set of parameters;
this allowed us to investigate their competition adequately over a full parameter range.

This range contains parameter values that are close to those believed to apply to the real ocean. We emphasize
the role of the deformation radiusg, besides that of the wind-stress intensityn affecting solution behavior.

The model is presented in Section 2. A systematic dimensional analysis of the problem appears in Section 3.1. The
dependence of numerical solutionsandLR is described in Section 3.2, while the energetics of the dynamical pro-
cesses most active in different parts of the basin is reported in Section 3.3. Analytic steady-state solutions for a contin-
uously stratified ocean are derived next, with symmetric solutions in Section 4.1 and asymmetric ones in Section 4.2;
details of this derivation are given in Appendix A. The properties of the analytic solutions are compared in detail with
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those of the steady-state solutions of our numerical QG modelin Section 5.1, and with those of a shallow-water model
in Section 5.2. Our results are summarized in Section 6.1 and oceanographic inferences are drawn in Section 6.2.

2. Themode

In this study, we use a QG rigid-lid model in which the vertical discretization is done by projection onto the
leading eigenmodes of the so-called vertical structure equation. Such a model, with up to four modes in the vertical,
has been used by Feliks [22] to study the evolution of isolated oceanic vortices and by Feliks and Ghil [23,24] to
study the meandering of and eddy detachment from baroclinic ocean jets.

The model equations are nondimensionalized by the following characteristic scales:

L
X,Y xL, Z x H, T(xv, ¥ o VL,

hereL is the horizontal length scale aitfl the vertical scale, whil& represents the particle speed at the base of
the permanent thermocline, i.e., at the fairly sharp interface between the ocean’s more active upper layer and less
active lower layer. The appropriate scales and physical parameters for the North Atlantic are listed in Table 1, with
L chosen as the characteristic length of the first baroclinic deformation radius at mid-latitudes (see Eq. (5) and the
paragraph that follows it).

The nondimensional potential vorticity (PV) equation with this scaling is

dq | 3¢

—+ B+ (Y. q) =V, (1a)

ot 0x
where the relative PV is given by

0 [(1oy
=vV? — (===, 1b

1 ey (S 8z> (10)

and the nondimensional paramet&rg andry by
N2H?
S = W’ (1C)
12
= Bo—, 1d
B =po v (1d)
Ey AH
= - = —, 1e

= e TWL (1e)
Table 1
Characteristic scales for the North Atlantic
V (cmst) 5
L (km) 50
H (m) 4000
T (days) 11.574
Bo (cm1s1) 1.8 x 10713
&111 1.8
$1(0) 4
¢1(—H) —-0.5
Ay (cmsh) 107
Ay (cm?s™h) 0.09

f(sh 8.37x 10°°
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f is the value of the Coriolis parameter at a central latitudéN35N = N (z) the mean Brunt-Vaisala frequency,
Bo the meridional gradient of at the central latituded y the dimensional horizontal diffusion coefficieat= V /fL
the Rossby number, arity = 24 /fL2 the horizontal Ekman number.

To compare the choice of nondimensional parameters in our model with other models that deal with the single- or
double-gyre circulation, we introduce the nondimensional widthands, of the frictional and inertial boundary
layer, respectively. With the parameter values given in Tabbg 1= [An/BL«]Y3 = 1.48 x 1072, whereL, =
2570 km is the meridional extent of the integration domain, wé)ile- 2nro/po/32H*Lf, whereH, = 400m is
the typical depth of the upper layer in the models cited below. In our experimghts 803 < § < 7.7 x 103
or 0.32 < §;/8m < 0.52. This choice of nondimensional parameters lies in the parameter region explored by Cessi
and lerley [12], Speich et al. [14], Dijkstra and Katsman [18] and Chang et al. [25]. With the horizontal diffusion
Ap chosen here, the typical Gulf Stream eddies that have a diameter of 200—300 km [26] are well resolved.

The upper boundary condition is

1d /oy 70
=0,)==-—(— = curlzy, 2a
wix, y,2=0.0 S dr (81) pofVe ure (2a)

wheret = 1o/ pofVe is the nondimensional amplitude of the wind stress and its meridional ptefie . (y) is
given by

Ty = COS <271yL> . (2b)
La

Heretg is the dimensional amplitude, whilke; = L, the meridional length scale of the domain and corresponds
to the characteristic scale of atmospheric wind shear. The lower boundary condition is impe$eg af or
z = z*/H = 1, with dimensional variables denoted by an asterisk. It is given by
1d /9
wi,y. z=10=<— <_w) = -V = 1), 3)
9z z=1
wherery = (2Ay f/H?)Y2L/V,andAy is the dimensional vertical diffusion coefficient. Itis important to note that,
in our model, the wind stress acts only through the upper boundary condition (2a) and (2b) and not as a body force,
like in JJG and Speich et al. [14]. A vertical Ekman numbBeris defined analogous By, with Ay replacingAy.
The lateral boundary conditions are chosen to be of partial slip,
dq

WZO, %ZOV (4)

wheren is the normal to the boundary, pointing east, west, north or south (i.e., in the, y or —y direction). The
reasons for the choice of partial-slip boundary conditions have been discussed in Section 1; in shallow-water models
they take a different form (see Appendix A of JJG). This boundary condition implies that there is no vorticity flux
through the sidewalls. The vorticity loss near the sidewalls, in the recirculation zone and other interior regions, such
as the eastward jet, where the flow is intense, arises from the vorticity flux through the bottom (see Eq. (3)).

The vertical structure of our model is based on the orthonormal eigenfungtionsof the eigenvalue problem

3 (1agy )
(=) = ) 5
0z (S 0z ) g 5)
with the boundary conditiof¢y /dz = 0 at the sea surfage= 0 and at the mean depth= 1. HereS is the Burgers
number defined in Eq. (1c); notice th}étw 1/S. We designate by = 0 the barotropic mode and lay=1, 2, .. .,

the successive baroclinic modes. Téxternal Rossby radius of deformatiot,/Ao, is infinite, according to the
rigid-lid assumption; thé&th internal Rossby radius of deformation is/A;, k = 1, 2, ..., and we shall retain in
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our main analysis onl¥ = 0 and 1. This limited vertical resolution still allows us to capture the main barotropic
and baroclinic processes of interest, as well as the interactions between the two. It also permits the fairly complete
investigation of phase-parameter space that will help us to elucidate the connections between the numerical solutions
of Section 3 and the analytic solutions of Section 4.

We decompose the streamfunctigrand the P\y into vertical normal modes:

Y,y ) =Y Pr(x, y, D), (6a)
k
gy, 2,0 = D qe(x, y, DOk (2). (6b)
k
The equations for the modal amplitudes are [21]:
88% + ﬁ% + DGk (Vi 4;) = rV Y+ Oz = 0) = ge(Dw(z = D), (7
L]

where we retain here only= 0, 1, and

1
g = V20— 020, Eik= fo 61 0. ®)

&jk are the triple interaction coefficients and the only one that is not zero or one hereéftgr(&ee Table 1).

The numerical scheme is the same as in [22,24]. Key features include fourth-order accurate discretization by finite
elements in the horizontal (cf. [27]), a second-order Adams—Bashforth scheme in time, and use of a fourth-order
Shapiro [28] filter at every time step. A uniform grid of 257129 points in the horizontal was used throughout
most of the numerical study, with a spatial and temporal resolutidinvof = LAy = 10km, andl"Ar = 2700s.

Marshall and Marshall [29] showed that a 10 km resolution suffices to obtain the correct eastward penetration
scale of mid-latitude jets like the Gulf Stream, while a coarser resolution of 25 km dramatically reduces the pene-
tration length. Dijkstra and Katsman [18] also examined the convergence in phase-parameter space of the pitchfork
bifurcation point for their 1.5-layer model, as a function of grid resolution; they found that sufficiently accurate
results are obtained when the mesh size is no larger than 15 km.

At our 10 km resolution, the effect of the additional dissipation introduced by the Shapiro filter is quite small.
As we shall see in the next section, the typical diameter of the recirculation vortices is about 200 km, i.e., about
20L Ax, while the filter acts to removel2Ax wave components. The smallness of the filter’s effect on solution
behavior was tested and the results are reported in Section 3.2.

3. Numerical results
3.1. Dimensional analysis

The continuously stratified model (1a)—(4) has the dependent varialdesly and the independent variables
v, z andt. All the variables in the problem, dependent and independent, have dimensions that can be expressed in
terms of lengthl. and timeT . The vertically discretized model involves projection onto the eigenfunctions of the
problem (5). There are = 11 governing parameters of the discretized problem (1a)£()L /11, H, V, 0, Bo,
AH, Av, £112, ¢(0) and¢ (— H).

A simple consequence of the principle of scale invariance (or generalized homogeneity) of physical laws is the
fundamental theorem of scale analysis, often called (Buckinghamtheorem (e.g., [30]): given a problem that
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depends om governing parameters in dimensional form and whose variableschiméependent dimensions, the
results can be presented as a function of a minimal set-ef/ nondimensional parameters. Hete= 2 and thus
n —d = 9; a reasonable choice of the corresponding minimal setdsEy, Ev, S, 8, the aspect ratio&l /L and
La/L, and the normalized Rossby radiys.1.

In this paper, we only examine the role of the wind streard the deformation radiuss = 1/A1 inthe dynamics.
The role ofry ~ Ey (see Eq. (1e)) was studied by JJG and Speich et al. [14], thtabotl of the horizontal aspect
ratio L, /Ly by Speich et al., and that & ~ r 1 and of the aspect ratid between the thickness of their two
layers by Dijkstra and Katsman [18]. Moro [16,17], JJG and Dijkstra and Katsman [18] studied the effect of the
degree of partial slip (or no-slip vs. free-slip) at the lateral boundaries, which inotdasé in the count above.
Asymmetries in the wind-stress profile and smaller valueBipivere studied by Berloff and McWilliams [31] and
Simonnet et al. [32,33].

A more exhaustive study of the other parameters’ effect on the model solutions is left for subsequent work. As
we shall see, however, in Section 6.1, the same basic bifurcation structure emerges, whichever parameter is varied
while the others are being kept fixed.

3.2. Solution dependence on r and Lr

The steady-state numerical solutions for different values of the wind strasd nondimensional deformation
radius JA1 are shown in Fig. 1, with the barotropic and baroclinic streamfunction in the left and right panels,
respectively. The features of the corresponding left and right panels are aligned almost perfectly with each other,
and are stronger in the first baroclinic mode. This mode is strongest near the surface, where the wind-stress forcing
is applied (see Eq. (2a)).

The spatial features of these circulations fall into three major patterns: (1) The basin-scale double-gyre cir-
culation, with its cyclonic gyre in the northern (or subpolar) part and the anticyclonic one in its southern (or
subtropical) part. (2) A strong western boundary current exists in each gyre, flowing towards the symmetry axis
of the wind stress, where the two currents merge into an eastward jet. (3) An intense mesoscale recirculation
occurs on either side of this axis, adjacent to the western boundary, for strong enough forcing. Thus our ide-
alized model captures the main features of the mid-latitude oceans’ wind-driven circulation [7, and references
therein].

In the barotropic mode (left panels) the dipole structure formed by the two recirculation cells dominates, while
in the baroclinic mode this structure is embedded in the large-scale gyres; in other words, the barotropic mode is
confined, by-and-large, close to the separation points of the two western boundary currents. The circulation becomes
more vigorous as eitheror Lr increases (see Table 2). We define the two poles of the dipole as the points where
Y reaches its largest relative values, i.e., its maximum and minimum. TheRgalahe dipole is then defined as
the east—west distance between the more intense one of the two poles and the point to the “east” (i.e.xpt larger
whereys is equal to 1/3 of that extreme value. For giverihe scaleRy increases roughly by.PL asLg increases
by 0.4L (see Table 3).

For /11 = 7/5 andt < 0.0525 a single (anti)symmetric solution branch is stable. Fa62b < r < 0.0627
asymmetric multiple equilibria appear through pitchfork bifurcation, as already shown by JJG and Dijkstra and
Katsman, due to the problem’s symmetry. In Fig. 2, the bifurcation diagram is plottad/fpe= |maxir; +min yr |
as a function ofc for bothk = 0 and 1; the quantity\v;, measures the deviation of a given solution from being
(anti)symmetric. The parabola

T = Ar(AY)? + ¢ 9)

was fitted to the pairs of numerical results fo& 0, 1.
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0 510152025 0 510152025 0 510152025 0 510152025
min=-287 max=2.87 min=-6.60 max=6.60 min=-325 max=324 min=-7.75 max=7.75

(a) (b)

20 20,7 ~~_
|~

10 107 )

of 0 B

-20 } -20 L

U 1

0 510152025 0 510152025 0 510152025 0 510152025
min=-325 max=324 min=-7.75 max=7.75 min =-3.26 max=4.30 min=-7.69 max=10.60

(© (d)

N L L L B
0 510152025 0 510152025
min=-3.26 max=4.30 min=-7.69 max=10.60

(e)

Fig. 1. The streamfunction of the model's steady-state solutions; the left panels show the barotropic mode, while the right panels show the
baroclinic mode: (a) 1 = 3/5, (b) /A1 = 1 and (c) ¥11 = 7/5, all three forr = 0.051; (d) A1 = 7/5 and (e) ¥»1 = 3, both for

7 = 0.0588. Contour intervals are 0.7 for the left and 1.0 for the right panels; minimum and maximum values appear as legends below each
panel

255 The critical pointz is the point where the parabola intersectsthaxis passing through; = 0. This point
256 is independent of, i.e., the two parabolas—for the barotropic and baroclinic modes—interseetdRis in the
257 same point. From (9) we find that the ratio

2
A A
(ﬂ> =21 _012 (10)
Ay Ao

259 is a constant. For alt, |Ayy| for k = 1 is larger by a factor of 2.9 than fér = 0. These results represent an

260 important confirmation of the crucial role played by the pitchfork bifurcation in the double-gyre problem, whether
261 baroclinic processes are present or not. #or 0.0627 a periodic solution arises by Hopf bifurcation from either

258
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Table 2
Dependence of the circulation’s intensfiy |max and symmetryAy; on inverse deformation radiug and wind-stress intensity for k = 0
(left column) andc = 1 (right column)

1 T [ ¥k Imax A

3/5 0.0398 1.77 4.52 0 0
3/5 0.051 2.87 6.60 0 0

1 0.0398 1.95 4.88 0 0

1 0.051 3.25 7.75 0.01 0
6/5 0.0548 3.87 9.45 0.61 1.74
715 0.051 3.29 8.02 0 0
7/5 0.053 3.66 8.99 0.39 1.14
715 0.0548 3.90 9.64 0.66 1.93
715 0.0588 4.30 10.6 1.04 291
9/5 0.0588 4.32 10.8 1.08 3.08
3 0.051 3.49 8.73 0.27 0.79
3 0.0588 4.33 11.0 1.13 3.26
Table 3

Comparison of the key solution properties between the analytical solution and the numerical QG solution for a few values of the main parameters
A1 andt; ¥max is the maximum within the numerical dipole of the flow pattern at the surface, givefty, y) + ¢1(0)1(x, y)| (see text for
details)

Control parameters Numerical solution Analytical solution
1/ T o Ymax Rqg R((ja)
3/5 0.0398 —1.59 19.85 3.8 4.0
3/5 0.051 —1.08 29.27 4.6 45
1 0.0398 —1.42 21.47 4.0 4.2
1 0.051 -1.01 34.25 4.8 5.1
7/5 0.051 -1.0 35.37 5.0 5.3
4T T T T T T T T T T T T T T T T

7 I U S RS S E NS TR R
0.050 0.052 0.054 0.056 0.058 0.060
T
Fig. 2. Computed pitchfork bifurcation diagram as a function of the wind-stress intendity 1/11 = 7/5. Values on the ordinate represent

the solution’s degree of asymmetry (i.e., its deviation from exact antisymmetry), as measukefd byarotropic modek = 0), solid line;
baroclinic modek = 1), dashed line. The fitted parabola is given by Eq. (9), wWigh= 6.17 x 1073, A; = 7.22x 1074, andr. = 5.2 x 1072,
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Fig. 3. The catastrophe diagram with respeat on the ordinate) and the nondimensional Rossby radius of deformatigr{dn the abscissa).

steady-state branch. This solution is characterized by a liberation [34]—i.e., a rocking back and forth—of the dipole
around the intersection of the straight line that connects its two poles (that is, the two opposite extrema of the
streamfunction)) with the axis of symmetry of the wind stress; we shall refer to the former straight line as the
centerline of the dipole. The liberation of the periodic solution that arises from the upper equilibrium branch is a
mirror image of that observed in the lower-branch periodic solutionzFer0.0675 the solutions become chaotic.

For 1/A1 < 1, a single steady-state branch of symmetric solutions is obtained as lang<af.051. Ast
increases past this point, periodic solutions appear due to Hopf bifurcation. No stable asymmetric equilibria are
found, indicating that the pitchfork bifurcation stage is skipped for small deformation radii. Hog &lilues larger
than (nondimensional) unity that we have investigated, the transition to chaos is as described above for the particular
valuer1 = 5/7. Increase in i1 or T result in increased v, (Table 2).

In Fig. 3 the catastrophe diagram of the solutions is shown as a functioarad 1/)1. At low values of the two
parameters, the (anti)symmetric steady-state solution is unique and stable. Multiple asymmetric stable equilibria
prevail for values of between the full and dashed lines. Periodic solutions were obtained for valuabote the
dashed line.

These results are consistent with those of Dijkstra and Katsman, who examined the bifurcation of their 2-layer
QG model forLg = 30km (i.e., Y11 = 3/5) as a function oRe ~ r,]l. They found a situation that is equivalent to
our results for A1 < 1, with Hopf bifurcation to limit cycles from the unigue stable branch preceding the pitchfork
bifurcation to multiple stable equilibria.

We examine in greater detail the periodic solution fok{l= 3/5 and 0059 < 7 < 0.067. Fort = 0.059 the
dominant period is 10.4 years (see Fig. 4). There is a phase shift of one quarter period between the two modes,
with the baroclinic mode (dashed line) leading the barotropic one (solid line).iAsreases to 0.067, the period
decreasesto 1.7 years, while th& shift between modes persists, indicating the baroclinic nature of the instability;

a similar phase shift between their two layers was found by Dijkstra and Katsman [18].

We see thatthe relative role of baroclinic and barotropic processes in breaking the spatial and temporal symmetry of
the unique steady-state solution that obtains at low forcing depends on the Rossby radius of deformation: the smaller
this radius, the more decisive the role of the baroclinic processes. The dimensional vajue-af /A1 = 50 km,
at which the two bifurcations in Fig. 3 coincide, corresponds roughly to that prevailing at mid-latitudes in the North
Atlantic [22—24].
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0.4 ————r———————1—————————r

0 200 400 600 800 1000 1200
time

Fig. 4. Periodic solution for = 0.059 and ¥A; = 3/5: the evolution in time of the streamfunction field’s asymmetny; ; k = O (solid line),
k = 1 (dashed line). The nondimensional time unit corresponds to 11.574 days.

The period of 1.7 years found here is close to that found in [18], i.e. 1.5 years; Dijkstra and Katsman found no
longer periods, since they kepfixed. In our periodic regime, the amplitude of the anomaly streamfunction—i.e.,
of the difference between the instantaneous field and the mean field—in the barotropic mode is about 10% of the
mean (not shown) and it is about 1% in the baroclinic mode. The periodic solutions’ barotropic mode amplitude is
itself substantial only in the highly nonlinear recirculation zone. In the next section we show that the double-gyre
circulation’s key instability does arise, in fact, in the recirculation region.

As T increases, the amplitude of the anomalies and the liberation angle of the dipole’s centerline also increase.
When t crosses a critical value that also depends ¢k I(not shown), the solution becomes chaotic, i.e. the
evolution of the dipole is no longer periodic. The flow-field evolution is shown faf &= 3/5 andr = 0.078—just
after the transition to chaos—in Fig. 5a for the barotropic mode and in (b) for the baroclinic mode. At this value
of the Rosshy deformation radius, the actual transition occurs=a0.069. Between this value and the one shown
in Fig. 5, the solutions exhibit essentially the same sequence of flow patterns, but the amplitude and period of this
sequence changes from one cycle to the next, at the sarakie. Thus, although the solution is aperiodic, Fig. 5
corresponds roughly to one half of the life cycle of this variable sequence.

The dipole’s centerline starts by being perpendicular to the symmetryyaxisO and dips NE-SW as the
stronger recirculating vortex, south of the axis, pulls the weaker one clockwise. The downstream meander is
weakened in the process and the cyclonic vortex, elongated along the eastern portion of the anticyclonic one,
breaks into two smaller vortices that occupy positions north and south of the major, negative-vorticity feature.
Next, the eastern tip of the dipole’s cyclonic vortex begins to wrap around the anticyclonic pole. Further east-
ward, outside the dipole region, a new meander begins to develop in the eastward-flowing jet. The dimensional
wavelength of the meander is about 400 km; this equals the length of the most unstable wave found by Feliks
and Ghil [24]. Finally, an eddy detaches from the cyclonic vortex, which has wrapped by now around half the
periphery of the anticyclonic one (Fig. 5a); in the baroclinic mode, this eddy detachment occurs slightly later and is
not shown.

The amplitude and structure of the barotropic component of the basin-scale gyres changes but little with time.
Since all the streamlines in these two gyres are condensed and pass through the small-area dipole, weak changes in
the former are associated with strong changes in the latter.

We carried out a simple test to ascertain the robustness of our bifurcation results to the numerical dissipation
introduced by the Shapiro filter (see Section 2), and turned the filter off altogether in a number of cases. Haidvogel
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(b)

Fig. 5. The evolution of the streamfunction field in time for= 0.078 and ¥A; = 3/5: (a) barotropic mode; (b) baroclinic mode; contour
intervals as in Fig. 1.



ARTICLE IN PRESS

M. Ghil et al./Physica D 2889 (2002) 1-35 13

319 etal. [27] showed, in fact, that the filter's damping of wavelengths beydmihsis quite small; since our smallest

320 subgyres are about 2Q\x in size, we expect the filter's effect on the flow patterns to be fairly minimal.

321 The numerical experiments without the filter were carried out at deformation radii+ 3/5, 1 and 7/5. The

322 largest differences between the steady-state solutions obtained with and without filter occurred in the dipole region;
323 they never exceeded 8% in the streamfunctijoand 5% in the relative PV. As is increased for fixed /i1, the

324 Hopf bifurcation points move very little: the critical valug is 0.049 for Y11 = 3/5 and 0.051 for 1Ay = 1

325 without the filter vs. 0.055 for both deformation radii with the filter. Recall that for thesertwalues, the Hopf

326 bifurcation point precedes the pitchfork bifurcation (see again Fig. 3). Por £ 7/5, the pitchfork bifurcation

327 occurs ate = 0.052 and the Hopf bifurcation at 0.063, whether the filter is turned on or off.

328 These small effects support the analysis of Feliks and Ghil [24], who showed (see Eq. (26) there) that the
329 fourth-order Shapiro (1970) filter is equivalent to adding another fourth-order diffusion term to the right-hand side
330 (RHS) of Eq. (27) for the modal amplitudes. This is the same as adding a coeffigienthe coefficienty already

331 present in the equation, with, = (1/16)(Ax)*/Atr. For the resolution used here, afc = Ay = 10kmi/L and

332 At = 2700sI, r{, = 7.4 x 10~% in nondimensional units or A = 2.3 x 10°cnt*s71, in the notation of Feliks

333 and Ghil (the minus sign here corrects the typographic error in Eq. (26) of the earlier paper). The slight lowering of
334 the bifurcation point as the effective dissipation is reduced—due to the filter's removal—is entirely consistent with
335 the rest of our numerical results.

336 3.3. Physical properties of the solutions

337 The three major spatial patterns mentioned in the previous section—basin-scale double-gyres, western boundary
338 currents, and mesoscale dipole—are present in all the (anti)symmetric and asymmetric equilibria, as well as in the
339 periodic and chaotic solutions. In this section, we study in detail the balance between the different terms of the
340 modal PV equation (7) in each one of the three subdomains. This balance is presented here for the stable steady-state
341 (anti)symmetric solution that is obtained foyf = 1 andt = 0.051.

342 We label the three subdomains W for thiestern boundary currents, D for thedipole, and G for the remainder of

343 the domain, where the basin-scale portion ofgizes completes the circulation. The dominant terms in the largest

344 subdomain, the G region, are theterm, 8(dv;/0x), and the wind-stress curl tergi (O)w(z = 0); all other terms

345 in Eq. (7) are smaller by an order of magnitude. Thus the curl of the wind stress is balance@kgthe and the

346 G region is dominated by the Sverdrup relation, in both the barotropic and baroclinic modes (see Chapters 2 and 3,
347 respectively, of [7]).

348 In the W region the dominant terms are fhermp 3y /dx), lateral diffusion-y V4y and nonlinear advection

349 &r11J (Y1, q1), for bothk = 0 and 1. Off the coast and up to a distance of 3/5 from it,Afterm is balanced by

350 the horizontal friction in a Munk [2] layery = 3/5 is the nondimensional width of the frictional boundary layer

351 obtained fory as given by the dimensiondly in Table 1. Further eastward the role of the nonlinear advection term

352 increases and that of the friction decreases (not shown). So, at unit distance off the coagerthés balanced

353 by the nonlinear advection term in an inertial boundary layer [6]. Where either boundary current separates from the
354 coast, the nonlinear advection term has a role equal to the horizontal friction at a distance smaller than 3/5 off the
355 coast as well.

356 In this paper we are mainly interested in the recirculating dipole region D. In this region the dominant terms in
357 the barotropic mode-Jv1, ¢1), B(dyo/dx), andry V4yo—are shown in Fig. 6a—c, respectively. Thaerm has

358 the same sign as the vorticity for either pole of the dipole, hence it tends to intensify it. This term is larger in the
359 western than in the eastern part of the dipole (compare Fig. 6b with Fig. 1b) and thus it tends to propagate the dipole
360 westward. The nonlinear advection tery (1, g1) has the opposite sign and a similar west-to-east amplitude

361 gradient, so that it tends to weaken the dipole and propagate it eastward. This type of balance also holds for modon
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Fig. 6. The tendency terms in the PV equation (7) for the (anti)symmetric steady state obtained 051 andr; = 1; shown for the dipole
region D and in the barotropic mode: (&)1, q1); (b) Bdv0/dx; (C) rh V*o; contour intervals are equal to 0.1.

and dipole solutions in the open ocean (e.g., [22,23,25]). In the dipole’s western part, where the eastward jet enters
it (see Fig. 1), nonlinear advection is balanced by horizontal friction and-sfect.

The dominant terms in the baroclinic mode for region D&ko, g1) + J (Y1, 90), £111J (¥1, 1), B(0Y¥1/0x),
andry V4yr1—are shown in Fig. 7a—d, respectively. The last three of these (Fig. 7b—d) have the same role here as the
corresponding terms of Fig. 6a—c for the barotropic mode. In the baroclinic mode, the “mixed” barotropic—baroclinic
advection term of Fig. 7a plays the same role as the “pure” baroclinic—baroclinic term of Fig. 7b, since they have
the same sign, although the former is considerably weaker.

As the above analysis shows, nonlinear advection terms are important in the dipole region D and slightly less soin
the western boundary region W. The curl of the wind stress plays a key role within the basin-scale region of the double-
gyre circulation G, but can be neglected inside the D and W regions. Horizontal friction is important in the western

100F~~
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(d)
10777
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Fig. 7. Same as Fig. 6 for the baroclinic mode: (&0, q1) + J (¥1. q0); (b) £1117 (1, q1); (€) BdY1/dx; (d) ry VHa; contour intervals are
equal to 0.2.



372
373
374
375
376
377
378
379
380

381

382
383
384
385
386
387
388
389
390
391
392
393

394

395
396

397

398
399
400
401
402
403
404
405

406

407

ARTICLE IN PRESS

M. Ghil et al./Physica D 2889 (2002) 1-35 15

boundary currents, and in the dipole’s western part. Atterm is crucial throughout all three subdomains, while
bottom friction—which enters through the boundary conditions, via Egs. (3) and (7)—has only a secondary effect.
Because of the nonlinear terms’ importance in the dipole region D, this region is often referred to as the “inertial
recirculation zone” in the oceanographic literature [7,36—38]. The importance of the inertial nonlinearity in this
region emphasizes its key role in the successive bifurcations undergone by the entire basin’s double-gyre circulation,
and the circulation’s ultimate transition to chaos. It is thus not surprising to see most of the “action”, i.e. the changes
in flow patterns, occur in the dipole region. The unstable oscillatory mode that gives rise to the Hopf bifurcation in the
model hasits largest amplitude in the dipole region and decays away from itin concentric ellipses (not shown here, but
see [14] for anillustration of this behavior in a shallow-water model and [18] for the same behavior in a QG model).

4. Dipole solutionsin a stratified ocean

Given the obvious importance of the dipole region D in the more or less regular behavior of the entire basin’s
double-gyre circulation, we examine here the dipole-shaped analytical solutions to the steady-state PV equation in
a continuously stratified ocean. We saw, indeed, in Section 3.3 that the main dynamic balance in the dipole region is
between the advective terms and gyerm and so we seek an appropriate three-dimensional (3D) generalization
of ‘free modes,’ such as Stern’s [39] modon or Larichev and Reznik’s [40] solitary Rossby waves.

The nonlinear free modes obtained below can be resonantly excited by the confluence and eastward extension
of the western boundary currents. Greatbatch [37,38] discusses the potential importance of such free modes for the
wind-driven, laterally dissipated ocean circulation, while Branstator and Opsteegh [41] and Marshall and So [42]
discuss the analogous importance of exciting such free modes in the low-frequency variability of atmospheric flows.
The key properties of the analytic solutions derived in Sections 4.1 and 4.2 will be compared in Section 5.1 with
those of our QG model’s dipole region (see Section 3) and in Section 5.2 with those of the same region in JJGs
shallow-water model.

4.1. Antisymmetric analytical solution

The analytical free modes obtained in this section and the next one are solutions of the steady-state inviscid PV
equation in a continuously stratified ocean:

0 (10
J [1/1, V2 + 7 (Ea%) + ﬁy} =0. (11)

Their origin is co-located with the center of the numerical dipole, i.e. the point where the straight line segment
connecting the poles of the numerical dipole intersectscthgis. Eqg. (11) is a more restricted form of Eqgs. (1a)
and (1b) in two ways: it governs steady-state solutions of (1a)—(1e) and it represents its limit for weak forcing and
dissipation [43—45]. Conditions under which solutions of (11) may be good approximations of those of (1a)—(1e)
in our case are discussed at the end of Sections 5.1 and 6.1.
Because the Jacobian in (11) vanishes, there is an arbitrary functional dependence between the absolute PV,
defined ag) = g + By, and the streamfunctiofr. Following Bretherton and Haidvogel [46] and McWilliams and
Flierl [35], among others, assume that this function is piecewise linear, i.e.,
) 3 (lay
VYt (ga_z

] ) + By = ay + qo. (12)
Z

herex andgg can be a constant or a functionpfsee [37]) and have different values in different regions.
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The barotropic case of (12) was examined by Fofonoff [3], who found two types of solutions. ¥Vhehthe
solution has two large gyres: cyclonic in the northern part of the b@gsin 0) and anticyclonic in its southern
part(y < 0), with an inertial boundary layer along the solid boundaries. This solution will be call€dtgze (for
Fofonoff). Whena < 0 no inertial boundary layer exists and the solution has small-scale eddy structure ([3]; see
also the discussion in [38]).

Marshall and Nurser [47] examined both the barotropic and baroclinic case of Eq. (12) in a multi-layer model
with go = B(La/2) f (z) for y >0 andgo = —B(La/2) f (z) for y < 0, where

1, < hl,

f@)= {07 sy 13)
andh is the depth of their upper layer. They obtained two large gyres, with a strong jet flowing eastward between
the gyres and a weak flow along the southern and northern boundaries. This solution resembles the double-gyre
structure of our numerical solutions and such a free mode can be resonantly excited by the wind stress. In our
results, however, the dynamic balance of the G region is betweesitidnien and the curl of the wind stress, while
the nonlinear advection terms are quite small (see Section 3.3).

Marshall and Marshall [29] examined the seaward-flowing inertial jet along the northern rim of a subtropical gyre
in a barotropic QG model. They showed that, when the jet profile at the inflow has a linear functional dependence
betweenQ andyr, witha > 0, the jet penetrates all the way to the eastern boundary, i.e. it resembles the equatorward
part of an F-type solution. Wham < 0 they obtained the lower partr < 6 < 0, of Stern’s [39] modon as a
solution:

Bro
- , r <ro,
Yo = k2[(J1(kr)/ J1(kro)) — (r/ro)]sin6 (14)
0, r > ro,
wherekrg = 5.136,k%2 = —a for r < rg ande — oo for r > ro, i.e. the jet recirculates rather than extending
further eastward. The zonal scale of the jet's penetration into the basin is (see also [38]):
ro = 5.136/a| /2. (15)

Marshall and Marshall [29] also applied their analysis to a 2-layer baroclinic ocean model. For this model, their
analytical solution is the sum of a pseudo-barotropic mode A and a pseudo-baroclinic mode B. Mode A is still
the lower part of Stern’s modon, while mode B is a zonal flow given by a streamfunction that is lineartieir
derivation seems to suffer, however, from a technical difficulty: for each layer, the vorticity is discontinuous on
r = rg due to the use of the Stern modon solution in their mode A. Fhusg has to be a streamline in each layer,

but, in their solution for each layer, the streamfunction is not constant alengy due to their mode B.

Fora < 0, no solution for a multi-level or truncated-mode model seems to be free of this conceptual problem
when following the approach of these authors. Greatbatch [37,38] explored, in fact, the continuously stratified case
by the traditional separation of variables [6] into vertical and horizontal modes. He found that only solutions that
have a finite number of modes in the vertical were compatible withO; they were thus the only ones that could
have closed, recirculating streamlines. We looked therefore for an analytical solution to the continuous 3D problem
governed by Eq. (12) and used a different type of vertical stratification than that of the previous authors, as well as
spherical rather than Cartesian or cylindrical coordinates.

Taking the stratification paramet&y as defined in Eq. (1c), to be of the form

N2
=8 s5>0 (16)

2
N® = , >
72
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allows Eq. (12) to be solved analytically in closed-form, rather than by separation of variables. The pr¥file of
in (16) has qualitative similarity with that found in the real ocean wNéris the value ofN2 near the bottom of
the sea, at 4 km, say: this value is about four orders of magnitude smaller than that at the bottom of the mixed layer,
40 m below the sea surface, say; see [48,49] and further references there for the goodness-of-fit between analytic
profiles like (16) and the actual stability profile for the North Atlantic.

We introduce a new vertical coordinate

r
ze = —7, (17)
n

wherel” = NgH/fL and
n=1-58>0, (18)

so that boths andn lie between 0 and 1. In this coordinate,

a(}%) § oy 3%y

_ N (19)

0z \S 9z ) nze 0z 022’
and Eq. (12) takes the form:
32 s 9
vey+ S0 2 gy (20)

022 nzy 024

The boundary conditions for Eq. (11) in a horizontally infinite domain are the homogeneous counterparts of
Egs. (2a)—(3), i.e.,

1d /oy
w0 =55 ()

atz=0,1,i.e,at, =0,I/n.
A solution to Eq. (20) in spherical coordinates
x = rsiné cosy, y = rsing sing, Zx = r COSH (22)

with these boundary conditions, is given by

Jy(kr) B . .
v = [AW — pr] sind sing, r <ro, (22a)
Y=— [B{;:)—(j)i)l — %r] sinfsing, r > rop. (22b)

Here J, and K, are the Bessel and modified Bessel functions of the first kind and of oredel3 + §/1)/2, as
explained in Appendix A. Given the relation (18) betwdeandr, v = v(8) is a monotonically increasing function
of § for § > 0 and
3—-25
=——>0. 23
YT oa—9 " (23)
The parameters-k2 and p? are the coefficients of proportionality betwe@randy inside and outside the dipole,
respectively. There is no connection between the paramédiere and the index of the vertical modes used as a
subscript in Eq. (5) and throughout Sections 2 and 3 thereafter.
The constantdl andB are given by Eq. (A.5). The particular case of a 3D modon for constant stratification, i.e.,
8 = 0 and thusy = 3/2, was first obtained by Berestov [50].
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The conditions for the absolute PY¥ and the velocity to be continuous an= ro—the outermost closed
streamline at the fluid’'s surface—are also derived in Appendix A. They yield a range

a = min(krg) < krg < maxkrg) = b (24)

within which the key solution parametlrg must lie.

The interval (24) is a function of the parameterand is found as follows. When the bracketed term in Eq. (A.6a)
is negative, the spatial pattern of the analytic solution resembles the dipole of the numerical solution, i.e. a cyclonic
eddy lies north of the-axis and an anticyclonic one lies to the south. Thisis sdf¢kro) < 0; J,,(a) = Othusyields
a in (24) as the first node of,. The RHS of (A.8) is always nonnegative. Thus one must bigye(krg) > 0, for
the left-hand side of (A.8) to be nonnegative. Equality with the RHS of (A.8) can be fulfilled providadh) = 0,
whereb is the first node of/,,, 1 and thush > a. SinceK, (pr) decays exponentially to zero in the outer domain
r > ro, ¥ tends exponentially 3/ p?) y there, i.e. to a barotropic mode, antpiis thee-folding length of this decay.

Consider next some properties of the analytical solution (22a) and (22b) or, more precisely, (A.6a) and (A.6b)
subject to the continuity condition (A.8), for valueswofjiven by (23). These properties will help us later to compare
the analytical and numerical solutions. For a constant stratificatien0, we obtainu = 3/2 and thus: = 4.49
andb = 5.76 in Eq. (24), while for the stratification used in the numerical solutions of Sectiba-3; = 1/2 and
thusv = 2, which yieldsa = 5.13 andb = 6.38.

When J,+1(b)=0, pro — oo according to the RHS of (A.8). In this casg,= 0 for r > rg and the special
solution so obtained can be considered as an extension of Stern’s [39] modon into three dimensions. A generalization
of the classical modon solution from a QG to a shallow-water model in two dimensions has been outlined by Sakuma
and Ghil [51].

In Fig. 8,pro is shown as a function drg for two cases of Eq. (23)y = 3/2 and 2. The first one corresponds
to the lower bound> = 3/2 that is attained fo8 = 0 in Eq. (16), i.e. for a constant and very weak stratification
N? = NBZ; the second one corresponds to the intermediate stratification givka-by= 1/2 in Eq. (18) and thus
N2 = Né/z in Eq. (16). The latter one matches, as mentioned already, the stratification profile used in the results
of Section 3. The nonlinear “dispersion relation” of Fig. 8 is obtained from the continuity condition (A.8). Clearly,
pro — 0 askrg — a, andpro — oo askro — b.

50F" T
40F

303‘

Pr,

20 F

10F

4.0 6.5

Fig. 8. Nonlinear dispersion relation for the analytic-solution parametgrandkro, for v = 3/2 (solid line) andv = 2 (dashed line).
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Fig. 9. The streamfunctio@ (x, y, z) of the three-dimensional analytic solutions at the sea sutfac@: (a) the (anti)symmetric modon solution
forv = 3/2,krg = 4.77,pro = 2.78 andrg = 4.77; (b) a combined modon-rider solution, in which an axisymmetric rider with amplitude
A =10 and ordetw = 1/2 has been added to the modon of panel (a). The range of values is symmetric in panel{@)ai.€.,— ¥min, While

itis asymmetric in panel (b), withmax = —¥min + A. Contour interval is 7.7 and the dotted line corresponds to the zero contour.

In Fig. 9a, the surface features of the generalized modon just described are shawe=f8y/2, ro = 4.77,
kro = 4.77, andpro = 2.78. A cross-section of the modon whose surface features appear in Fig. 9a is shown in
Fig. 10. The analytical surface pattern in Fig. 9a clearly resembles that of both the barotropic (left panels) and
baroclinic (right panels) mode’s dipole in Fig. la—c.

In Fig. 11 the maximum amplitudegmax/Brok 2 of the modon at the sea surface are shown as a function of
kro for the same twa values as in Fig. 8, i.ey = 3/2 and 2. Askrg — a, ¥max — 00, while for krg — b,
Vmax/Brok—2 tends to 3 forv = 3/2 and to 4.2 forn = 2. Thus, the modon solution is clearly a free mode, i.e.
increasing the strength of the forcing that excites it will increase the mode’s amplitude by decreasing the value of
kro towardsa.
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Fig. 10. Vertical cross-sectiotr (0, y, z,) of the symmetric modon solution whose plan view from above appears in Fig. 9a. The stretched
vertical coordinate, is given by Eq. (17).
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Fig. 11. The maximum amplitude of the three-dimensional modon’s streamfungtigrk2/Bro, as a function okrg for v = 3/2 (solid line)
andv = 2 (dashed line).

4.2. Asymmetric solutions

Our numerical results show that the asymmetric steady solutions also have their most pronounced features in the
dipole region D. The free nonlinear mode found in the previous section is antisymmetric; hence it cannot explain
the numerically obtained multiple equilibria that arise due to pitchfork bifurcation (asreases ok, decreases).

To obtain asymmetric free-mode solutions we add a symmetric rider to the antisymmetric dipole.

The equation for a 3D symmetric rid¢r = yr(x, y, z) can be found from Eq. (12); it is

3 10yRr
V2r+ o (22R) Zayr+q. (25)
S 8
In the interior region < ro, « = —k% andq = E, say; in the exterior > rg, « = p? andg = 0. Sinceyr is

symmetric, i.e. is a function of only, Eq. (25) in spherical coordinates (21) can be written as follows:

YR 2+8/n YR
2 - OHPR =dq, (26)
or r ar

a particular solution/ry) of (26) exists only i < rg and is given by

E
2 =D. (27)

The solutiomyrty = frh) SiNO to the homogeneous equation depends on the sign ldke that of Eq. (A.3),
and can also be found on p. 362, Eg. (9.1.53) of [52]. In the recirculating region:

r<ro, a=-k2<0  frk)= J“’(kr) (28)

VR(p) =

while in the exterior region:
w(pr)

r > ro, a=p?>0, Sr(pr) = (29)

the order of the Bessel functiods and K, is noww = (1+ 38/n)/2.
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Thus the complete solution to (25) is

(K
IpR:AJ(r)+D, r < ro, (30a)
rCl)
K,
Yr=B (pr), r > ro, (30b)
r(l.)

i.e. the rider tends exponentially to zerorin- rg, andw > 1/2 due to the values @&fandy in Eq. (18).

The constantsi, B and D in Egs. (30a) and (30b) are derived in Appendix A from the continuity conditions
atr = ro. It follows from Eqgs. (A.9)—-(A.11) thaB and D are proportional tA4; thus A is a free parameter and
determines the amplitude of the rider. For the case of constant stratificatien8;-v = 0 andN = Ng—Kizner
[53] found a different symmetric rider that is characterized by its vorticity being continuous across the streamline
r =ro.

The superposition of the modon and the rider is a free asymmetric nonlinear mode. We interpret the asymmetric
numerical dipoles that arise from the pitchfork bifurcation of the antisymmetric steady state as follows: the eastward
extension of the separated western boundary currents excites the modon—rider free mode. For moderate jet strength,
the rider's amplitude is weak relative to that of the antisymmetric modon and the solution is close to antisymmetry.
As the jet intensifies due to an increase in the wind strese relative amplitude of the rider increases and the
solution becomes more asymmetric.

We noted already in the previous section that the surface features of the modon solution (A.6a) and (A.6b), as
shown in Fig. 9a, resemble quite well with the features of the baroclinic mode in the dipole region of the nearly
symmetric numerical solutions in Fig. 1a—c. An asymmetric modon—rider combination is shown in Fig. 9b, where a
riderwithA = 10 andw = 1/2 has been added to the antisymmetric modon of Fig. 9a. The deviation from symmetry
of this solution is clearly observed in both the relative sizes of the two recirculating vortices—the cyclonic one is
smaller than the anticyclonic one—and their relative amplitude, Withx > |¥minl-

Both the surface features and amplitude of the modon-rider solution shown in Fig. 9b resemble those of the
baroclinic mode of the asymmetric numerical dipole shown in Fig. 1d. More precisely, the surface features of the
numerical dipole are given by (x, y, 0) = vo(x, y) + ¢1(0)¥1(x, y) (not shown); it is the later that should be
directly compared with Fig. 9b. This interpretation of the numerical solutions in terms of the analytical ones is
clearly heuristic, since the rider is passive in the free-mode solution, i.e. the conservative dynamics of the combined
modon-rider system does not depend on the rider's amplitudenlike in the full, forced-dissipative system
(1a)—(4).

5. Comparison of analytical and numerical results

We are interested now in comparing the key properties of the analytical solutions—symmetric and asymmetric,
as obtained in Sections 4.1 and 4.2, respectively—with the corresponding properties of the numerical solutions’
dipole region D. Greatbatch [38] carried out such a comparison between Stern’s [39] modon and the recirculating
subgyres of the multi-layer eddy-resolving models of Boning [54] and Holland and Schmitz [55]. He found that the
match was imperfect, but reasonable, in the dependence of the subgyres’ longitudinal (east—west) and latitudinal
(north—south) extent on the inertial length scaky/8)/2 (in our notation here), as long as he concentrated on
Boning’s steady-state solutions. The eastward jet's penetration depth, however, was much larger than that sug-
gested by the steady-state experiments—and did not depend in a simple way on the inertial length scale—for those
numerical experiments in which only a statistical equilibrium was obtained. This was the case for some of Boning’s
and all of Holland and Schmitz’s experiments.
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Greatbatch [38] attributed the latter discrepancy to the fact that, in the fully turbulent solutions, PV homogenization
[7, Section 3.8; 56] occurs inside the recirculation zone. Thus the linear relation between PV and streamfunction
tends to hold there with a proportionality constant= 0, rather than witw < 0, as it does for the interior of
Stern’s modon or of our three-dimensional generalization thereof. We shall restrict, therefore, our comparisons
to the steady-state solutions of our QG model, but extend them, on the other hand, to steady-state solutions of
a reduced-gravity shallow-water model (JJG; [14]) as well. The relevance of the multiple equilibria and periodic
solutions of such simple models to multi-layer models at higher Reynolds number has been discussed recently by
Berloff and McWilliams [31] and Simonnet et al. [32,33]. We shall comment further on this matter in Section 6.2.

5.1. Comparison with the numerical QG results

We compare first the antisymmetric analytical solutions of Section 4.1 with the corresponding numerical QG
solutions of Section 3.2. The procedure is as follows. Conceptually, the stratification prefile/ (z) determines
the vertical modeg; = ¢ (z) and associated eigenvalugsk = 0, 1, in Eq. (5). In practice, for the numerical QG
model (7) we use the valdg1; = 1.8 for the only triple interaction coefficient thatis not equal to 0 or 141@) =
4, whilegg(z) = 1; furthermore, it is customary to s¢t(1) = —1/2 (see Table 1). These values &i1 andg1(0)
correspond to the North Atlantic’s stratification (see [21,24]). In our numerical model,id a control parameter.

The values of the triple interaction coefficients and the boundary values of the eigenmodes—along with those of
the control parameterg'1; andt—determine the numerical solutions of Eq. (7) with boundary conditions (2a)—(3)
and diagnostic relations (8). Three scalars that capture key characteristics of the numerical solutions in the dipole
region D are/max, the slopex of the linear regression relation between PV and the streamfungtiand the radial
scaleRy (see Table 3). We shall describe below hevs obtained in greater detail.

The analytical solution (22a) and (22b) that best matches a given numerical solution is determined as follows. To
obtain the analytical stratification profile (16), we need the valudgands. These are computed by trial-and-error,
solving Egs. (5) and (8) with different pait®/g, §) substituted intaS = S(z) until a good match is obtained for
£111, ¢1(0) and Y/ A1. It turns out thad = 1/2 and hence = 2 are very good matches for the valges, andg1(0)
in Table 1, over the entire range ofX; used in Section 3. The values &% we obtain are between2x 103
and 27 x 103 for 3/5 < 1/i1 < 7/5. Both thes-value and the range &g are close to those that can be directly
inferred from North Atlantic observations.

Having thus obtainedvg ands, & is selected to yield-k? = « and the analytical radiug is determined by
matching, at the surface= 0, the analyticalp,ﬁ%x = Ymax(k, ro) to the numerical one. Next, the scatéa) of the
analytical dipole is defined as the east—west distance between either pole and the point on the zero streamline due
east of it. Finally, the analyticd?éa) so defined (last column of Table 3) is compared with the numerical \i&jue
(in the preceding column).

The value ofx in the numerical solution is basically found by examining the functional relation (12) in the dipole
region. Due to the 3D structure of our analytical dipole solution (see Figadéhanges with depth: for any=#£ 0,

o« = —k? < 0 in the model’s upper ocean inside our generalized modon, while in the lower aceap? > 0
outside the modon. Thus, itis convenient to evaluaitgside the dipole at the equivalent-barotropic lexghwhere
¢1(zo0) = 0. At this level only the barotropic mode is present in (12), and thus

V20 + By = avo (1)

has to hold there.

Given (31), we findx by plotting V2,0 + B as a function off for each point within the circle of radiugq/2
around the center of the numerical dipole (see the first paragraph of Section 4.1), and fit a straight line to these points
by least squares. The slope of this lineviand the scatter of points about it is strikingly small (not shown here for
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the QG model, but see Section 5.2 for the appropriate plot based on the shallow-water model). The maximum of
the function|vyo(x, y) + ¢1(0)¥1(x, y)| within the numerical dipole then yieldgnax. Table 3 displays andymax
for the different numerical experiments, as identified by the valuegxf dndt used therein. In all cases< 0,
and so we can usgmax and the modon’s scale parameter ./—« to find g as a function ob from Eg. (A.6a).

In Table 3,Réa) is given for§ = n = 1/2 andv = 2. Comparing this analytical valtkéa) with the numerical
value Ry (Table 3), we find that the two agree quite well in all cases. The difference is at most about 5% for all the
symmetric steady states computed; the largest difference occurs close to the pitchfork bifurcation point.

For all the numerical experiments and values pthe best fit value dfrg is 5.6+ 0.1. Hence, the scaliy of the
numerical dipole does equal approximatejy= 5.6/ k = 5.6/./—«; it is thus determined by the linear functional
dependence between the PV and the streamfunction that prevails within the dipole.

It follows that—by a fairly broad set of quantitative measures, as well as by its overall qualitative similarity in
surface flow pattern—the analytical free-mode solution of Section 4.1 approximates well the steady state, forced-
dissipative solutions of Section 3.2 in the dipole region D. The numerical results on the mesoscale dipole’s flow
pattern may thus be interpreted as the result of a free-mode solution’s being resonantly excited by the seaward exten-
sion of the western boundary currents. The eastward jet's seaward profile has, indeed, a linear functional dependence
betweenQ andy—as given by (12), witle < 0 (not shown)—which is entirely consistent with this explanation.

Pierrehumbert and Malguzzi [43] introduced a solvability condition to select free-mode solutions of the barotropic
counterpart of Eq. (11) that approximate well with the solution of a barotropic QG problem with weak forcing and
dissipation. Given the good match between our 3D free mode and the numerical solutions of Section 3, we expect
a 3D generalization of their solvability condition to hold in the present situation. The basic idea of their condition
is that not every solution of the inviscid steady-state barotropic vorticity equation can approximate well with that
of the barotropic or equivalent-barotropic vorticity equation subject to weak forcing and dissipation. In fact, the
solutions to the former form a continuous, highly degenerate family of solutions, while the inclusion of forcing and
dissipation, however, weak, removes much of this degeneracy and can lead to a discrete set of solutions [45].

In the barotropic, two-dimensional (2D) case, Pierrehumbert and Malguzzi [43] explored two distinct cases, for
closed and open streamlines. For a closed streamline, the Lagrangian time average of the net forcing obtained by
following a fluid particle along the streamline must vanish identically. Otherwise, no matter how small the net
forcing, it would have a large effect on the solution, as the fluid particle keeps repeating its motion over and over
again. For an open streamline, a weaker condition suffices, i.e. the Lagrangian time average must merely be small,
as a fluid particle will only traverse once the region where the approximation should apply. This weaker condition
is still nontrivial for an open streamline of infinite length.

In our case, we compare the analytical inviscid solution with the corresponding numerical solution in the dipole
region D, within the area where the nonlinear terms are balanced [B/tiven. This area is mainly in the central
and eastern part of the recirculation region, as shown in Section 3.3 and Figs. 6 and 7. In the western part of D
the friction term cannot be neglected and so the inviscid solution is not appropriate near the western boundary.
Furthermore, we expect the solvability conditions [43] for both open and closed streamlines to apply roughly at the
equivalent-barotropic leveb. This is certainly the case for the open streamlines in the eastern part of D, since they
have finite length. It is approximately the case for the small-diameter closed streamlines in the central part of D, for
which we have not been able to derive the exact generalization to Eqgs. (7) and (11) of the appropriate condition of
Pierrehumbert and Malguzzi [43].

5.2. Comparison with shallow-water model results

To corroborate further the good description provided by the analytical solutions for steady-state recirculating
flows in a wind-driven rectangular ocean basin, we study in this section the relation between PV and streamfunction
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for the symmetric and asymmetric steady solutions of a reduced-gravity, 1.5-layer, shallow-water model. The model
follows the one used by JJG and Speich et al. [14]. The rectangular domain has an east—west extent of 1000 km
and north—south extent of 2000 km. The model’s fixed parameter values differ in certain details from those given in
Table 1 here; they are given in Table 1 of JJG. The system of equations (21) of JJG was nondimensionalized using
the characteristic scales given in Table 1 here, to be consistent with the QG model above.

The model equations are solved on a staggered C-grid with a meshAize- LAy = 12.5km and a time step
T Ar = 600 s, using no-slip boundary conditions. More details regarding the model can be found in JJG and [57].
The horizontal resolution used here is larger than in these two previous studies, to match approximately with that of
the QG model (see SectionRAx = LAy = 10 km for the QG model). The system’s behavior is determined, by
anday4, the coefficients that control the strength of the external wind forcing and the lateral viscosity, respectively;
the nonlinearity increases with increasimgand decreasing 4.

The streamfunctiony is obtained from the Cartesian velocity components of the shallow-water model’s active
upper layer, subject to the appropriate boundary conditions. The PV is given in this case by

0 = V%Y + By — A2y (32)

The Rossby radius of deformation given in dimensional unit€ by = (g’H)Y/?/f is equal to about 80 km in
the JJG model version used here. This corresponds=00.63 in nondimensional units, and is meant to match
A1 in the QG model. The stratification in this reduced-gravity, 1.5-layer model cannot be defined by a continuous
function S = S(z), as in our QG model (7). For the purposes of a match with the analytical solution, we select a
reasonably weak stratification 8= 0.1 and hences = 1.65.

We summarize briefly the JJG model’'s changes in behavior, for fixe@sc, is increased. These are captured
by its bifurcation diagram for the normalized transport difference (TD) between the two gyres, as a funation of
(not shown here, but see JJG and [14] for closely related bifurcation diagrams).

Following Chang et al. [25], TD is defined here as

5 _ 1ol = Y
max{y |

Y¥po andyry are the maximum transports of the subpolar and subtropical gyres, respectivelywith0 < v,

and maxy | the larger of{ypo| and |y |. An antisymmetric flow pattern, with subtropical and subpolar gyres of
equal strength, corresponds to BB 0, while a stronger subpolar gyre corresponds to ¥ and a stronger
subtropical gyre to TD< 0.

For very lowa,, the double-gyre circulation in this model is antisymmetric about the mid-axis of the basin, with
zero TD, as it is in the QG model. Upon increasing the subpolar gyre gains strength (ED0), and leads to
a positive branch, for which the northward western boundary current detaches later and the subtropical gyre has a
larger area, although it is weaker (see JJG and [14]); the TD increases with increasaiges along this branch.

As the parametes, increases further, a first bifurcation to multiple steady states occurs, i.e. a positive and a
negative branch coexist and are both stable. The negative branch has a stronger subtropical gyre, which increases
in strength faster witky, than the subpolar gyre along this branch, so tli@bd /de; < 0 along it. The bifurcation
giving rise in this model to the asymmetric multiple equilibria is of the perturbed pitchfork type; the perturbation
with respect to the QG model is due to the lack of mid-basin symmetry of the shallow-water model’s free surface.

Both steady-state branches then lose their stability to periodic solutions at slightly ditieneaities, in keeping
with the overall lack of symmetry between the positive and the negative branch. The two bifurcations that lead to the
periodic motion are both of Hopf type, as were the two mutually symmetric ones in the QG model. Upon increasing
the wind stress further, the periodic solutions give way to aperiodic ones.

: (33)
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Fig. 12. Scatter plot of PV vs. streamfunction in JJGs shallow-water model, for the entire basip an.62: (0, ) pairs taken from the
recirculation zone are red and those from the Sverdrup region are black, while the blue, yellow, purple and green points correspond to grid points
at OAx, 2Ax, 4Ax and 1Q\x from the western boundary; the seaward limit of the Munk layer istat &/ellow) and that of the inertial layer

at 4Ax (purple).

Irrespective of the flow regime, i.e., symmetric steady, asymmetric steady, periodic or aperiodic, three major
spatial patterns can be identified in the model’s rectangular basin. They resemble very well with those described
in Section 3.3 for the QG model. The dynamically different regions are noticeable on scatter pfdtgsof)s
(Fig. 12).

For the dipole region, all the points (red in Fig. 12) fall very close to a straight line with a negative slope (Fig. 13).
Points outside the dipole region in Fig. 12 are spread over a larger area Of-iheplane: the Sverdrup region
(black) covers the two large curvilinear triangles between the dipole region and the blue nearly straight line along
the ordinate of the scatter plot#t= 0; these two black triangles, like the entire scatter plot, are mirror symmetric
in the plot’s origin(y, @) = (0, 0). The seaward boundary of the frictional layer is the yellow curve and that of the
inertial layer is the purple one.

We investigate now in detail the relation between PV gnih the dipole region for both antisymmetric and
asymmetric solutions. The points in the dipole region fall on a straight line, for all cases investigated. The slope
o of this line for some of the cases studied is given in Table 4 and is found to decrease in absolute value as the
wind-stress forcing increases.
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Fig. 13. Scatter plot of PV vs. streamfunction, restricted to the JJG model’s dipole regien £00.62; the regression coefficientis= —0.9977.

Table 4

Characteristic parameters of the least-square dipole for some valugsliudt yield symmetric (TD= 0) and asymmetric (TB# 0) steady
solutions in the JJG model, far= 0.63; the value oiRéa’ corresponds to = 1.65

o o max(y | D] Rq R{ P

0.41 —251 4.62 0 2.84 3.2 —0.9985
0.43 —242 5.03 0 2.89 3.3 —0.9984
0.47 —2.28 5.91 0 3.04 3.3 —0.9987
0.52 —2.18 7.81 0.17 3.20 3.3 —0.9984
0.54 —-2.15 8.48 0.18 3.39 3.2 —0.9982
0.55 —-2.13 8.84 0.21 3.34 3.2 —0.9975
0.56 —-2.10 9.22 0.23 3.41 3.15 —0.9980
0.58 —-2.09 9.98 0.27 3.43 3.15 —0.9981
0.60 —2.09 10.72 0.30 3.51 3.14 —0.9979
0.62 —2.06 11.48 0.33 3.61 3.14 —0.9977
0.80 —-1.76 15.64 0.32 3.84 3.45 —0.9908
0.82 -1.76 16.20 0.33 3.81 3.44 —0.9908
0.84 —-1.74 16.75 0.34 3.81 3.44 —0.9916

} aThe value of majy | is the larger ofyo| and| v |; see text for details. The regression coefficiefior the scatter of numerically obtained
(Q, ¥) pairs around the least-square straight line with slepegiven in the last column.
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Fig. 14. Streamfunction of the JJG model for the entire basirand 0.62.

The scale of the dipol®q, defined in the same way as for the QG model (see Section 3.2), is also shown in the
table. For the asymmetric cases, since the two vortices possess different strengths and sizes, the average of the two
is chosen. For both the antisymmetric and asymmetric steady solutions given in Table 4, the numerical model’s
scaleRq is within a relative error of less than 15% of the proposed analytical model’s Ré%‘tleThe agreement
between the numerical and analytical solution is quite good. This can also be seen from the very high values of the
regression coefficient in the last column of Table 4; the scatter of the numerically obtaiged)) points around
the least-square fit line is quite minimal.

As proposed in Section 4.2 forthe QG model, itis observed that the dipole region of all asymmetric steady solutions
of the shallow-water model can be obtained by superposing a symmetric monopole upon an antisymmetric dipole
as well. The streamfunction for the entire basin is plotted in Fig. 14 for the asymmetric case with.62, which
yields a fairly strong subpolar gyre. A zoom-in of the recirculation zone of the JJG model’s flow pattern in Fig.
14 is shown as Fig. 15a. This numerically obtained streamfunction field is decomposed into its antisymmetric part
(Fig. 15b) and its symmetric part (Fig. 15¢). The major aspects of this decomposition resemble well the surface
features of the asymmetric analytic solution shown in Fig. 9b, with its antisymmetric part (Fig. 15b) bearing the
dipole features of Fig. 9a and its symmetric part (Fig. 15c) bearing, even more surprisingly, the monopole features
of the corresponding analytic rider (not shown).

The amplitudes of the best fit antisymmetric dipole and symmetric monopole for a few values of the wind-stress
forcing are given in Table S| is the maximum of the analytical solution given by Eq. (22a) that best fits the
antisymmetric part of the numerical solution, as defined in the caption of Fig. 15b, ¥hile, the maximum of
the analytical solution of Eq. (30a) that best fits the symmetric part of the numerical solution, as defined in the



728
729
730
731

732

733

734
735
736
737
738
739
740
741
742

ARTICLE IN PRESS

28 M. Ghil et al./Physica D 2889 (2002) 1-35
(b)

2.5
\\_/ //l/I//
\\-/// /////
L\“’////// /
::I:::’/,//
_—_—_—_,:/// )

===

-2.5 -2.5 -25=
25 5 7.5 25 5 75 25 5 7.5

Fig. 15. Odd-even decomposition of the numerical solution’s streamfungtioa va(x, y): (a) dipole region of the asymmetric nu-
merical JJG solution fow; = 0.62 (blow-up of Fig. 14); (b) the antisymmetric pat, of the streamfunction field in panel (a),
Yo(x, ¥) = [Valx, ) — ¥alx, —¥)]/2; (c) the symmetric patf of the streamfunction in panel (afc(x, y) = [Ya(x, y) + Yalx, —y)]/2.

Table 5
Amplitudes of the antisymmetric dipole and symmetric monopole for semealues that yield asymmetric steady solutions with a strong
subpolar gyre foh = 0.63; see text for the exact definitions ¥fi andy¥mono

Qr [Vl Ymono
0.52 6.62 0.79
0.54 7.03 1.18
0.55 7.22 1.42
0.56 7.41 1.69
0.58 7.74 2.27
0.60 8.02 2.86
0.62 8.28 3.42

caption of Fig. 15c. The strength of the antisymmetric dipole increases slowlwwitlhile that of the symmetric
monopole increases rapidly away from the initial point of the perturbed pitchfork bifurcation, which occurs between
a; = 0.47 and 0.52 (see Table 4). This suggests that the system'’s stability decreases and its nonlinearity increases
as the rider becomes stronger.

6. Concluding remarks
6.1. Summary

We studied the problem of low-frequency variability in the double-gyre circulation induced by the wind stress in
a rectangular mid-latitude basin, using a QG two-mode model. This numerical QG study was complemented by the
analytical study of free-mode dipole and monopole solutions of the PV equation in a continuously stratified ocean,
and by a supporting numerical study of a shallow-water model for the double-gyre circulation.

The numerical solutions of the QG model were examined as a function of two key parameters—the wind-stress
intensityr and the Rossby radius of deformatibg—out of nine independent parameters which govern the problem.
For a time-constant wind-stress forcing that is antisymmetric about the rectangular basin’s zonal axis of symmetry,
we found symmetric and asymmetric multiple equilibria (Fig. 1), as well as periodic (Fig. 4) and chaotic (Fig. 5)
solutions.
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These results support and extend those obtained for both shallow-water and QG models in a number of recent
papers[10-12,14,18,25,32,33]. Severalamong these, in particular [14,32,33], emphasized that the overall bifurcation
structure of the problem does not depend on the exact governing equations, QG or shallow-water, the number of
layers, the parameter being varied and those being kept fixed, or the numerical resolution.

We clarified further the problem’s bifurcation structure in the following sense. Por % 1, transition to chaos
from a unigue (anti)symmetric solution happens via a pitchfork bifurcation (Fig. 2) followed by a Hopf bifurcation,
while for 1/11 < 1the pitchfork bifurcation stage is skipped. This resultis summarized in the “catastrophe diagram”
of Fig. 3. Two successive Hopf bifurcations excite first a dominant period of 10.4 years anithcasases further,

a second period of 1.7 years. The decadal period of the first Hopf bifurcation is associated with the baroclinic
character of the associated linear instability (see Fig. 4).

The numerical solutions are characterized—independent of their variability and degree of symmetry—by three
types of spatially circumscribed flow patterns: (1) a basin-scale double-gyre circulation, (2) a north- and a southward
flowing western boundary current and, near the confluence of the two, (3) a strong dipole. Our highly idealized QG
model captures therewith, in spite of its many simplifying assumptions, key features of the mid-latitude oceans’
wind-driven circulation. We have denoted the three subdomains which these characteristic flow patterns occupy by
G, W and D, respectively; G refers to the complement within the rectangular domain of the union of D and W.

The physical nature of the flow in each subdomain was examined by considering the relative importance of
the terms in the PV equations (1a)—(1e) that governs our model. As in the world’s mid-latitude ocean basins, the
double-gyre region G is governed by the Sverdrup relation, with the curl of the wind stress balancef-ejféue.

The flow in region G is relatively weak when compared to both D and W, and much stronger in the first baroclinic
modek = 1 than in the barotropic mode= 0 (see Fig. 1). In the boundary region W, theerm is balanced by
horizontal friction closest to the coast, and by nonlinear advection further out to sea. Thus, a thinner frictional layer
is embedded in a slightly wider inertial boundary layer.

The dipole region D exhibits prominent recirculation in both the barotropic and baroclinic modeg-t€ha
tends to propagate the dipole westward. This linear tendency is balanced by a nonlinear eastward-propagation
tendency, due to mutual advection of the dipole’s two eddies. Nonlinear interaction between the barotropic and
baroclinic modes is prominent in this region (see Figs. 6 and 7).

The key role of the dipole region in the double-gyre problem’s multiplicity and variability of solutions had already
been pointed out by JJG and Jiang and Ghil [58]. We concentrated therefore on casting further light on this region
by obtaining and studying analytical solutions that exhibit flow patterns resembling the symmetric or asymmetric
character of the flow there.

Exact solutions of the vorticity or PV equation in two dimensions, in the absence of forcing and dissipation, are
fairly well known [35,39,40]. These solutions are based on the steady-state form of the inviscid governing equation,
which imposes a functional relationship between the vorticity and the streamfunction. While actual oceanic flows
are forced and dissipative, as in the full numerical QG model we have been using, a straightding) is often
found to approximate well with the observed scatter plot of the two quantities.

A number of attempts to generalize Stern’s modon to multi-layer flows were undertaken by Greatbatch [37,38] and
Marshall and co-workers [29,47]. Berestov [50] and Kizner [53] also obtained truly 3D, closed-form modon-type
solutions for the case of constant stratification. We generalize this work by obtaining exact 3D, free-mode solu-
tions for a continuously stratified QG model ocean, in the presence of variable stratification. These solutions are
characterized by = —k? < 0 inside the recirculating region and= p? > 0 outside it (see Figs. 9a and 10).

A close relation between our analytic modon-type solution of Section 4 and our steady-state numerical solutions
of Section 3 is found in Section 5 for the parameter valles n = 1/2, v = 2 that correspond to the typical
stratification of the North Atlantic basin. This good match is essentially due to the fact that, in our rectangular
domain’s dipole region, the functional dependence betw@eand the streamfunctioty is almost linear, with
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a < 0 (see Table 3). After least-square fittingand the maximum amplitudénmax of the analytical modon’s
streamfunction (see Fig. 9a) to that of the numerical dipole (see Fig. 1a—c), we find excellent agreement between
their respective radial scaldgga) and Rq. The common horizontal scale of the analytical modon and numerical
dipole in the upper ocean is given y= 5.6/ k = 5.6/./—«, with a relative error of less than 3%.We also found

the negative slope of the least-square fit to decrease in absolute value as the wind-stress intehaitgenerates

the numerical solution increases (see again Table 3).

Asymmetric analytical solutions were obtained by adding a symmetric, 3D, monopole rider to the antisymmetric
dipole. These solutions (Fig. 9b) resemble the asymmetric numerical dipoles in region D that are part of the
steady-state numerical solutions obtained through pitchfork bifurcation (Fig. 1d).

The good match between the antisymmetric and asymmetric numerical solutions, on the one hand, and the
corresponding analytic solutions on the other, encouraged us to broaden the comparison and introduce yet another
type of model into it. The model we chose is the primitive-equation, shallow-water model of JJG which incorporates
certain features of current ocean general circulation models (GCMs) not captured by our QG model.

For this model, too, we find good agreement between the analytical radialléﬁémwd the numerical ong&y.

The common horizontal scale of the analytical modon and numerical dipole in this case is giver&h§.3, with a

relative error of less than 6%.Moreover, the JJG model’s scatter around the regression line for PV vs. streamfunction
(Fig. 13) is very small in the dipole region, for both antisymmetric and asymmetric steady-state solutions (see
Table 4). In fact, we can match very well the numerical model’s increasingly asymmetric dipole as the wind-stress
intensity, denoted here hy;, increases; this match requires a slight increase in the amplitude of the analytical
dipole, accompanied by a pronounced increase in the amplitude of the monopole rider (see Table 5 and Fig. 15).

The slopex of the least-square straight line obtained from the scatter plot of PW \g.the dipole region
decreases markedly in absolute value as the wind stress increases and the solutions become therewith more skewed
and nonlinear (Table 4). Itis also clear thatin the rest of the primitive-equation model’s rectangular domain, the scatter
of the points(y, Q) obeys certain interesting and yet-to-be elucidated constraints; this scatter occupies a substantial
area of the two-dimensional surface available to it, between the positive and negative extreme of the streamfunction
and the positive maximum and minimum of PV (Fig. 12), rather than falling essentially along a straight line.

The exact dynamical connection between the analytic and numerical solutions remains an open question. The
former are free modes of the steady state, conservative PV equation (12), while the latter are solutions of the full,
forced-dissipative system (1a)—(4). Free modes and Hamiltonian dynamics have been playing an increasing role in
explaining fluid-dynamics phenomena in general [59] and in atmospheric applications in particular [41,42]. Still,
the specifics of each such application are not self-evident and we return to this matter in the discussion below.

6.2. Discussion

The main purpose of the present paper was to study certain fundamental aspects of the mid-latitude ocean’s
wind-driven circulation. This was done by using two numerical and one analytic model, all of which are highly
idealized. Still, there are some striking similarities, at least in the qualitative sense, between our model results and
observed features of the world oceans’ circulation, as well as with fairly detailed and presumably realistic model
simulations of these features. We point out one such similarity and also one fundamental difference between our
idealized model results and certain properties of the world oceans’ recirculation zones. The latter difference is, in
a sense, quite enlightening and points the way to future research.

Chao et al. [60] used a high-resolution ocean GCM to simulate the North Atlantic basin’s circulation. In this
simulation, the Gulf Stream separates at Cape Hatteras and has a fairly realistic mean path and temporal evolution
downstream, while in numerous earlier GCM simulations the Gulf Stream only separated further up the East Coast,
off Long Island. Near the separation point of Chao et al.’s simulation there is a strong anticyclonic cell and northeast
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of ita deep trough, whose axis lies at about@@Such a trough is also present, although somewhat less pronounced,

in [61] satellite observations of the Gulf Stream path &M88The radius of the anticyclonic cellin Chao etal.’s GCM

results is about 200 km, and the jet flow east of this cell is much weaker than to the west of it. From the deep trough in-
tense cyclonic eddies form; these eddies propagate westward and interact with the mean jet near the separation point.

We interpret this ocean GCM result as follows: the anticyclonic eddy and the cyclonic trough correspond to the
dipole found in all our model results. The flow’s being stronger to the west of the recirculation cell and weaker to the
east of itis consistent with the dipole description above. The deep trough is the cyclonic cell which wraps around the
anticyclonic cell, in agreement with the average of the states shown in Fig. 5b. Intensive cyclonic eddy formation is
also observed in Fig. 5b, while the eddies’ westward propagation and their interaction with the mean jet are apparent
in our QG simulation for later times (not shown here, but see Section 4 of [24]). The radius of the anticyclonic cell
in the GCM is similar to the radius of the recirculating dipole in our numerical simulations and analytical solutions.

So far the good news. On the face of it, however, there are also some not-so-good news. Indeed, Greatbatch
[38]—as mentioned already at the beginning of Section 5—carried out a direct comparison between the analytic
“free-mode” solutions available at that time and the eddy-resolving simulations of Holland and Schmitz [55] and
Boning [54]. He found areasonably good match between their GCM results and the analytical solutions as long as the
simulations reached steady state, but not when they were, in fact, fully turbulent. In the latter case, the recirculation
zone's east—-west extent exceeded considerably its north—south extent, while the ratio between the two was nearly
unity in the steady-state solutions. Discrepancies between characteristic flow patterns at high Reynolds number
and at lower Reynolds number were also pointed out in a 1.5- and 2-layer QG model with horizontal resolution
comparable to the present one by Berloff and McWilliams [31].

We emphasize again, as done already in Section 5, that all our comparisons were carried out for the steady-state
solutions of our QG and primitive-equation models, both antisymmetric and asymmetric. It was noticed that—as the
wind stress increases and the intensity of the recirculation with it—the negative proportionality cartstaneen
PV and streamfunction decreases rapidly in absolute value. We expect it to be still nonzero for the periodic solutions
but very close to zero for the chaotic ones, throughout the recirculation zone.

It is thus already the large-scale flow, in the absence of vigorous small-eddy activity, that tends to “homogenize”
PV to zero in the recirculation zone. The onset of the latter eddy activity—as the Reynolds number increases—
occurs therewith on a favorable background, where the spatial PV gradients, as well as the PV itself, are fairly small.
This situation greatly facilitates the work of the eddies that complete the homogenization by lateral PV diffusion.

We note, as a concluding remark, that the relative importance of the mainly barotropic large scales vs. the mainly
baroclinic smaller scales in atmospheric regime changes is a matter of active debate [62]. Itis quite possible that both
larger and smaller scales of motion, baroclinic as well as barotropic, might play an important role in understanding
the mid-latitude oceans’ low-frequency variability. To explore this issue further, a full hierarchy of ocean models—
from the relatively simple ones studied here to full ocean GCMs—will be required, see [63] for applications of this
approach to other fluid-dynamical problems, including the oceans’ thermohaline circulation.
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Appendix A. Derivation of analytic solutions

Using the spherical coordinates (21), Eq. (20) becomes

3%y 24+8/nd 1 %y 1% 19 8
v + 8/ —1’” v Ld _Iﬂ <cot9——tan9> —ayy = —fBrsing sing. (A.1)
n

or2 ror  r2sin20 9g2 ' 12 062 ' r2 90
A particular solutiorw )y = ) (r, 6, ¢) of (20) and (A.1) is
v = Ey = ér sing sing. (A.2)
o o

A solution ¢ to the homogeneous equation is obtained by separating the variglles: f(r) sind sing.
After substituting this solution into (A.1), we obtain with some mathematical manipulation:

2
r2H+(2+ é)r%—<ar2+2+§>f=0. (A.3)
ar? n ar n

The solution to this equation depends on the sigm ahd can be found in [52, p. 362, Eqg. (9.1.53)].

An anonymous reviewer pointed out that a broader class of homogeneous solutions to (A.1) can be found in terms
of hyper-geometric functiong (a, b; c; z), wherea depends om, b ony, § andv, ¢ ony ands, while z = cos?d
[64]; see also Eg. (21). We would have liked to pursue this interesting hint, but feel that the qualitative fit between
the surface patterns of the particular analytic solutions we have obtained and the numerical ones is rather striking
and that functions with a different set of nodal lines could hardly improve upon it.

In the recirculating region we obtain

Jy(k
r < ro, o =—k?< 0, fkr) = ( ?, (A.4a)
rv—
while in the exterior region:
Ky
r > ro, o= p2 >0, f(pr) = U(_plr). (A.4b)
r

HereJ, andK, are Bessel and modified Bessel functions of order (3+8/n)/2 and the first kind, withh > 3/2
according to Eqg. (23).

If ¥ # 0 onr = rg, the absolute vorticityQ is discontinuous, given the discontinuity @fin Eq. (20); thus
r = ro must be a streamline. if = 0 onr = rg, however, then the vorticit®) can be continuous—sina@ = 0
there as well, according to Eq. (20)—provided

pry pry
=20 B=_—-—-0 A5
k2, (kro) P?Ky(pro) -
In this case, Egs. (22a) and (22b) can be written as follows:
Bro| (kio\""t Sukey |
== - 2 , , A.6
v 12 [( i ) Tokio) 7o sindsing, r <rg (A.6a)

Bro pro\" ! K,(pr) r | .
_rPol_(Ho LT ) A.
v 2 { ( or ) X, (oro) + ro} sindsing, r >rg (A.6b)
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903 For the velocity to be continuous en= rg, 3¥/9r must be continuous there, too. Using the identities

Jy (kr Ky (pr
oo 00 =D g i, kg0 = PP, (A7)
905 we obtain the following condition for the latter to hold:
1 [ Josakro) zi Ky+1(pro) . (A8)
906 kro [ Ju(kro) pro [ Ku(pro)

907 Here the parametersk? and p? are the coefficients of proportionality betweénand inside and outside the
908 dipole, respectively. For O< pro < oo, the condition (A.8) yields a range:, b) for krg, given by (24). This

909 completes the derivation of the antisymmetric solution.

910 The continuity conditions on the rideéir are used next to determine the constant® and D in Egs. (30a) and
911 (30b). The rider/r has a streamline on= rg and has to be continuous there, so that
D—B Kw(ErO) )

To o

PRI (A.9)

912

913 The continuity of the velocity omg is obtained wherbyr/dr is continuous there. After some mathematical
914 manipulation, using the identities (A.7), we obtain the following relationship:

B— A (@) Jor1(ko) (A.10)
915 pro/ Ko+1(Pro)
916 and from (A.9) we get
A K, (pro)kro
D=—"|Jy (ki) —2T0 4 (ko) | A1l
017 P [1 +1(kro) o2 (Pro)DTG + Ju(kro) (A.11)

918 This completes the derivation of the symmetric free mode.

919 The appearance of oscillatory Bessel functions in our complete analytic solutions presents an additional interest.
920 Berloff and Meacham [19] and Primeau [65] found a variable number of meanders in the downstream direction
921 for a single- and double-gyre barotropic model’s equilibria, respectively. It is tempting, at least, to attribute this
922 increasing number of meanders, and of possible equilibria associated with them, to the Bessel functions that can be
923 “fitted” in the zonal direction within a rectangular basin of given size. To clarify further this connection requires

924 matching our analytic modon solutions, strictly valid in the D region only, to Fofonoff-type solutions valid in the G

925 region.
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