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ABSTRACT

Density stratification and planetary rotation distinguish three-dimensional island wakes significantly from
a classical fluid dynamical flow around an obstacle. A numerical model is used to study the formation and
evolution of flow around an idealized island in deep water (i.e., with vertical island sides and surface-
intensified stratification and upstream flow), focusing on wake instability, coherent vortex formation, and
mesoscale and submesoscale eddy activity. In a baseline experiment with strong vorticity generation at the
island, three types of instability are evident: centrifugal, barotropic, and baroclinic. Sensitivities are shown
to three nondimensional parameters: the Reynolds number (Re), Rossby number (Ro), and Burger number
(Bu). The dependence on Re is similar to the classical wake in its transition to turbulence, but in contrast
the island wake contains coherent eddies no matter how large the Re value. When Re is large enough, the
shear layer at the island is so narrow that the vertical component of vorticity is larger than the Coriolis
frequency in the near wake, leading to centrifugal instability on the anticyclonic side. As Bu decreases the
eddy size shrinks from the island breadth to the baroclinic deformation radius, and the eddy generation
process shifts from barotropic to baroclinic instability. For small Ro values, the wake dynamics is symmetric
with respect to cyclonic and anticyclonic eddies. At intermediate Ro and Bu values, the anticyclonic eddies
are increasingly more robust than cyclonic ones as Ro/Bu increases, but for large Re and Ro values,
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centrifugal instability weakens the anticyclonic eddies while cyclonic eddies remain coherent.

1. Introduction

a. Background

Much research has been done to understand the
physical processes in the wakes of islands and head-
lands (e.g., Barkley 1972; Pattiaratchi et al. 1987,
Wolanski and Hamner 1988; Aristegui et al. 1994; Hey-
wood et al. 1996; Dietrich et al. 1996; Barton et al. 2000;
Aiken et al. 2002; Coutis and Middleton 2002; Harlan et
al. 2002; Neill and Elliott 2004; Doglioli et al. 2004;
Caldeira et al. 2005). Enhancement in productivity and
biomass around islands and the general biological im-
pact of wakes have received much attention (e.g., Ham-
ner and Hauri 1981; Hernandez-Leon 1991; Dower et
al. 1992; Martinez and Maamaatuaiahutapu 2004; Ha-
segawa et al. 2004). Environmental effects have also
been studied since the water is partially trapped and
particulates accumulate around islands (Rissik et al.
1997).
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The study of the wake behind an obstacle has a long
history in fluid dynamics (e.g., Batchelor 1967). In the
classical problem with horizontal flow and uniform den-
sity in a nonrotating frame, a flow passing an obstacle is
well characterized by the Reynolds number (Gerrard
1978),

Re =—, (1)

where U is the unperturbed upstream velocity, D is the
horizontal scale of the obstacle, and v is the molecular
kinematic viscosity. A series of photographs of the flow
regimes obtained at different Re values is presented in
Van Dyke (1982). If Re < 1, flow separation does not
occur, and the flow is symmetric upstream and down-
stream. If 1 < Re < 40, a laminar separation is obtained
with two steady vortices downstream from the obstacle.
At moderate Reynolds numbers, 40 < Re < 10°, the
steady vortices are replaced by a periodic “von Karman
vortex street,” and finally, for Re > 10°, the separated
flow becomes increasingly turbulent and temporally ir-
regular.

In the presence of stable density stratification and
rotation and with a very large Re value, oceanic and
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atmospheric wakes can differ significantly from homo-
geneous, nonrotating wakes with relatively low Re val-
ues (Boyer and Davies 2000). With large Re the flow is
expected a priori to be fully turbulent. The common use
of an eddy viscosity, v, >>v), in a numerical model
allows a possible comparison with the classical wake,
but it entails the important issue of how to estimate an
appropriate value for v,. A Reynolds number based on
the eddy viscosity,

Re, = , (2)

is thus an important nondimensional parameter for
modeling geophysical wakes.

In a homogeneous, rotating fluid, both the Reynolds
number and Rossby number (Ro) determine the eddy
shedding. Here Ro is defined by

U

Ro = E R 3)
where f is the Coriolis parameter. Laboratory experi-
ments and theoretical and numerical studies show that
increasing the rotation rate tends to inhibit the shed-
ding of eddies (e.g., Boyer and Davies 1982; Walker
and Stewartson 1972; Page 1985; Heywood et al. 1996).
With a differential background rotation frequency (i.e.,
B # 0), a wake can develop the structure of a standing
Rossby wave (McCartney 1975), and the flow separa-
tion and eddy formation are affected by the direction of
the incident current with respect to the wave propaga-
tion (e.g., Merkin 1980; Johnson and Page 1993; Tans-
ley and Marshall 2001). For eastward flow past an is-
land, the B effect inhibits the separation and formation
of an attached eddy, while in a westward flow it does
not have a significant influence.

For wakes in a stratified flow, the baroclinic Froude
number,

U

Fr = N—H, 4)

represents the ratio of inertial and buoyancy forces; H
is the vertical scale (e.g., set by the upstream flow and
density stratification profiles) and N is a characteristic
magnitude for the Brunt—Viisiléd frequency,

g ap

- 5)

N =
Po 92

(g is the gravitational acceleration, p is the upstream
density profile, p, is a mean density, and z is the upward
vertical coordinate). Lin and Pao (1979) reviewed
stratified, nonrotating wakes with the distinctive behav-
iors of wake collapse (i.e., a reduction of the vertical
extent of the wake behind the obstacle), internal wave
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radiation, and downstream emergence of vertically thin
(pancake) vortices when Fr < 1.

When both rotation and stratification are dynami-
cally influential, the scenario differs from that above.
For a flow past a submerged solid obstacle with mod-
erate values of Re, laboratory experiments by Boyer
and Chen (1987) indicate that increasing density strati-
fication (decreasing Fr) suppresses vertical motion, in-
hibits flow over the obstacle, and causes recurrent vor-
tex shedding to occur behind the obstacle at smaller
values of Re than in more weakly stratified flows. Their
data indicate that the Strouhal number,

D
- TUC
associated with recurrent eddy shedding at a time in-

terval T is not affected significantly by changes in the
Burger number,

St (6)

Ro)\? R,\?
w- () - () 7
where R, is the baroclinic deformation radius,
NH
R, = 7 . ®)

An oceanographically important distinction is be-
tween shallow and deep water wakes, depending upon
whether the dominant boundary stress is associated
with the nearshore bottom or the lateral side of the
island (Tomczak 1988). In the shallow-water case, bot-
tom drag is the primary source of vorticity generation
(Wolanski et al. 1984, 1996; Pingree and Maddock 1979;
Signell 1989; Signell and Geyer 1991; Furukawa and
Wolanski 1998; Alaee et al. 2004; Neill and Elliott
2004). Furthermore, lateral vorticity generated by bot-
tom stress can be tilted into vertical vorticity of signifi-
cance in the wake flow (Smolarkiewicz and Rotunno
1989). In the contrasting deep-water case, the influence
of bottom drag and vortex tilting are not important.
This latter circumstance can be obtained in a model
(e.g., in this paper) by the combination of vertical island
sides and a surface-intensified upstream flow. Using a
rotating, reduced-gravity model, Heywood et al. (1996)
shows eddy shedding that is inhibited by an increase in
the rotation rate (i.e., decrease in Ro). Coutis and Mid-
dleton (2002) numerically investigate a three-dimen-
sional wake around an isolated island. With a realistic
island geometry and a strong incident current (0.7
m s~ ! at the surface and decaying linearly to zero within
a 3-km water column), vortex shedding occurs in the
wake. When the incoming flow decreases by half (halv-
ing the Ro value), the wake turns into a pair of coun-
terrotating vortices. In their experiments, the Re, value
had to be kept below 500 m? s~ ! to avoid computational
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instability. Their analysis focuses on observational com-
parisons and interpretation of the biological signals in
the wake.

b. The present study

The cited literature on oceanic wake investigations,
though somewhat fragmentary, shows that there are sig-
nificant differences between stratified, rotating wakes
and homogeneous, nonrotating ones. To more system-
atically understand these differences, this paper inves-
tigates the rotating, stratified deep water wake for
three-dimensional flow around a cylindrical island with
a horizontally uniform, surface-intensified incident
flow. The effects of a topographic profile on the flanks
of the island are thus excluded here (pending a system-
atic study in future). The assumption of B = 0 is made
for simplicity (i.e., the results are relevant for small
islands with BD/f > 1). The targeted parameter regime
has large Re,, modest Ro, and intermediate Bu values,
and their sensitivities are explored.

The paper is organized as follows: in section 2 the
numerical model and configuration are introduced; in
section 3 the baseline experiment and modeling results
are analyzed in detail; in section 4 the wake sensitivities
to Re,, Bu, Ro, and model resolution are discussed; and
section 5 is the summary and discussion.

2. Computational model

a. Model configuration

The Regional Oceanic Modeling System (ROMS)
solves the rotating primitive equations. It is a split-
explicit, free-surface oceanic model, where short time
steps are used to advance the surface elevation and
barotropic momentum equations with a larger time step
used for temperature, salinity, and baroclinic momen-
tum (Shchepetkin and McWilliams 2005). A third-
order, upstream-biased advection operator allows the
generation of steep gradients in the solution, enhancing
the effective resolution of the solution for a given grid
size when the explicit viscosity is small (Shchepetkin
and McWilliams 1998). The numerical diffusion implicit
in the upstream-biased operator allows the explicit vis-
cosity to be set to be zero without excessive computa-
tional noise or instability. However, to examine how
Re, effects the wake formation and evolution, different
horizontal eddy viscosity values v, are used (section 4a).

For the deep-water island wake problem, the oceanic
depth H,, is assumed to be uniform and, for simplicity,
the island shape is idealized as a cylinder of diameter D
centered at (x,, yy). The model domain is rectangular
with incoming flow from the western boundary. At the
upstream boundary the incoming flow and density are
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prescribed in both the meridional and vertical direc-
tions. The zonal current only has vertical shear,

s

U(z) = Uy — Uyp tanh(Z Zd ), -H,<z<0, (9
where u,,; + u,,, and u,,; — u,,, are near-surface and
bottom currents, respectively; 4, and h, are the central
depth and thickness of the shear layer. The incoming
meridional and vertical currents are set to zero.

The upstream density profile is determined from (9)
by thermal wind balance,

(y.2) +p°f{fmd +opt h(1+m
,7) = — — an
P2 =pot | fody o »

) (10)

where §,, A, and h, are thermocline parameters for
one-half of the density difference, central depth, and
thickness, respectively. The parameters are constrained
so that p(y, z) is gravitationally stable [i.e., dp(y, z)/0z
= 0 everywhere within the domain]. The upstream sur-
face elevation is determined from (9) by geostrophic
balance,

&y = o)
8

Equations (10) and (11) imply that isopycnal surfaces
slope upward to the north and the sea level decreases
northward, respectively.

At the northern and southern sides, slippery-tangen-
tial and zero-normal boundary conditions are applied.
At the eastern outflow boundary, a clamped condition
for the outgoing current and the density profile with a
sponge layer is used. The solid boundary around the
island has a zero-normal and no-slip flow implemented
through a standard land-mask algorithm (Shchepetkin
and O’Brien 1996). (The solutions presented here have
insignificant internal gravity wave energy or open
boundary reflection.) The surface momentum, heat,
and freshwater fluxes are set to zero. At the flat bottom
a bottom stress is applied that is linearly proportional to
the horizontal bottom velocity with a friction coeffi-
cient of 2.0 X 10 * m s~ '; for our solutions, with weak
bottom velocities due to the upstream velocity profile,
this coefficient implies a damping time scale of about
one month, and it exerts little influence on the flow
evolution. The initial condition for the entire domain is
set equal to the upstream boundary condition except at
the island points with land masks.

=0 (11)

n(y) = -

b. Explicit eddy viscosity and dissipative advection
schemes

Before presenting the numerical experiments, we dis-
cuss why a dissipative advection scheme with zero ex-
plicit viscosity can work well in oceanic models.
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Viscosity plays a dual role in the Navier-Stokes
equation: one role is “internal” viscosity, which is re-
sponsible for redistributing vorticity (i.e., basically dif-
fusing, while preserving the number of distinct ex-
trema) and dissipating kinetic energy, and the other
role is “boundary” viscosity, which is responsible for
enforcing a tangential no-slip boundary condition and
thereby sustaining a stress. In laminar flows these two
viscosities are equivalent in the sense that they come
from the same underlying physical process—molecular
kinetic exchange of momentum—and, not surprisingly,
they have the same value. This equivalence leads to a
well-posed characterization of flow regimes by the
Reynolds number. In turbulent flows this equivalence
breaks down. From the perspective of the macroscopic
fluid dynamics (i.e., averaged over small-scale eddy mo-
tions that are themselves only weakly or indirectly con-
trolled by molecular viscosity), the two physical roles
are distinct: the internal role is controlled by eddy mix-
ing and turbulent cascade as it occurs in approximately
homogeneous turbulence, while the boundary role is
controlled by boundary layer turbulence with distinc-
tive similarity scaling (e.g., a very different mixing
length scale approaching a solid boundary). As a result,
one can no longer introduce a well-defined eddy vis-
cosity that is applicable for both roles.

For oceanic circulation modeling, where almost al-
ways some important dynamical processes are only
marginally resolved (at best), this justifies the practice
of independent parameterizations for internal dissipa-
tion and boundary conditions. Extensive modeling ex-
perience shows that an eddy viscosity parameterization
is excessively damping of turbulent flows at the limited
grid resolutions that are practically feasible. One can
argue that eddy hyperviscosity—either as an explicit
biharmonic operator or as in implicit effect built into a
truncation term of the advection operator, in our case
the third-order upstream scheme—constitutes a mini-
mally sufficient parameterization capable of “absorb-
ing” the turbulent cascade by removing enstrophy from
the smallest scales, while introducing only a mild damp-
ing effect on the resolved turbulent flow. With an ex-
plicit hyperviscous operator, the hyperviscosity value is
chosen experimentally to optimize these effects. With
implicit advection schemes, the magnitude of the diffu-
sive effect depends on the grid size and adapts to the
local flow partem, and a typical solution is marginally
rough on the grid scale and thus has some appearance
of noisiness, albeit to a controlled degree.

Mathematically speaking, hyperviscosity introduces a
higher-order differential operator that requires an ad-
ditional set of boundary conditions. However, because
there is no reasonable expectation that this parameter-
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ization is capable of adequately describing boundary
layer processes, the choice of additional boundary con-
ditions needed by the operator can be resolved merely
for numerical convenience and, as a practical matter,
the solutions are not sensitive to details of this choice.

Conversely, tangential no-slip boundary conditions
are mathematically needed for Navier-Stokes equa-
tions only if the viscosity is finite, while advection does
not need any further boundary condition beyond non-
normal flow. In a numerical model the discretization of
the advection operator involves spatial interpolations
that do require an artificial set of boundary conditions
in the vicinity of solid boundaries. These extra condi-
tions do not have a prototype in the continuous equa-
tions and are based on physical considerations that
mimic a no-slip rule. They are implemented by an ap-
propriate land-masking rule (section 2a). As the result,
the numerical model “feels” a no-slip boundary even
when the explicit eddy viscosity is set to zero because it
is always implied that there is an underlying boundary
layer with a no-slip condition at the wall.

Physical correctness is a nontrivial issue for oceanic
models that are based on physically rationalized but
nonfundamental parameterizations for unresolved fluid
dynamics. Ultimately this issue can only be addressed
by judging the consequences. The substitution of a
physical boundary layer with a numerical one can be
justified by the integral properties of its effect, such as
the total amount of circulation (i.e., integrated vortic-
ity) generated at either side of the island (section 3c). In
our scheme the maximum tangential velocity near the
side of the island does not change significantly with
resolution. Neither does the vorticity integrated over
the width of the boundary layer, even though the thick-
ness of the boundary layer itself and the magnitude of
the vorticity are both numerically controlled by the grid
scale and thus discretely approximate a vortex sheet
(section 4a). Once the boundary-generated vortex
sheet detaches from the boundary, an accurate numeri-
cal representation of the subsequent evolution is con-
trolled by the ability of the code to simulate advective
transport and vortex roll-up while smoothing and dis-
sipating underresolved features.

3 Baseline experiment

a. Physical configuration

In the baseline experiment, the domain size is 180 km
in the zonal and 80 km in the meridional directions. The
center of an island is located one-fourth of the domain
away from the upstream boundary and in the middle of
the y range (i.e., x, = 45 km, y, = 40 km). The island
diameter is D = 20 km, and the water depth is H,,, =
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b) Density (Sigma4)
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F1G. 1. Vertical profiles of incoming downstream (left) flow and (right) density at y=y,,.

500 m (well below the incoming shear and stratification
layers). The Coriolis frequency f is set to a constant
value of 10™*s™!. The explicit eddy viscosity v, is set to
zero. In this case, Re takes to infinity, however the
effective Re remains finite when the upstream-biased
advection operator is applied. In section 4a, one can see
that the numerical solutions are insensitive to Re when
it becomes large.

With the parameter choices u,,;, = 0.1 ms™ ', u,, =
01 ms ™ A, =120m, 8p = 2 kg m>, b, = 200 m,
h, = 100 m, and h,; = 80 m, the upstream profiles are
plotted in Fig. 1. The current reaches its maximum
about 0.2 m s~ ! at the surface and zero at the bottom.
The Ro value is 0.1, implying a relatively strong geo-
strophic constraint on the flow evolution (at least away
from the island boundary). The buoyancy frequency N
is about two orders larger than f, and the baroclinic
deformation radius R, is about 20 km; hence Bu ~ 1.
Last, the Richardson number, the ratio of the buoyancy
frequency and vertical gradient of the current,

NZ

Ri=——, 12
|ow/az[? 12

is significantly bigger than 0.25 in the whole domain.
The smallest value in the upstream region is 3.7; this
guarantees that no Kelvin—-Helmholtz instability is ini-
tiated there. Since Ri ~ Fr 2 in the thermocline, the

Fr value is small enough that no significant internal
gravity waves are generated in the wake (cf. Perret et
al. 2006).

The horizontal grid spacing is uniform throughout
the domain. In the baseline case, 6x = 8y = 250 m. The
vertical grid is also uniformly spaced with 20 levels in
the vertical direction between —H,, and the surface;
that is, 8z = 25 m. The baseline grid size is 720 X 360 X
20. The model is integrated for 50 days, which allows
about 10 eddy-shedding cycles to occur.

b. Wake instability and coherent vortex emergence

Starting from the initial condition of nearly uniform
flow, the wake quickly develops on an advective time
scale, D/2U = 0.5 X 10° s ~ 1 day. The streamlines on
the northern and southern sides of the island are
squeezed apart, and the flows locally accelerate. With
the current speed increasing north and south of the
island, the pressure decreases toward the lee side of the
island and forces a return flow there. The combination
of the return and main flows forms two opposite recir-
culation cells behind the island during an early stage.
[A similar process occurs in a homogeneous flow
around a cylinder in a nonrotating frame (Zdravkovich
1997).] About a day after initialization, an anticyclonic
eddy north of the island detaches from the island and
propagates downstream. When the shed anticyclonic
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b) Spectrum Analysis
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FIG. 2. (a) Time series and (b) frequency spectrum for meridional current at the position
20 km downstream from the center of the island. The peak period is about 5.0 days.

eddy moves downstream, a cyclonic eddy in the south
grows larger and separates from the island. After the
first pair of eddies detaches from the island, a new pair
of eddies form and again detach, etc. The wake appears
to be fully developed by about day 4. The eddy-
shedding process is quasiperiodic, as seen in Fig. 2a,
with a time series of the v velocity at a location 10 km
(i.e., D) downstream from the rear edge of the island
and along the flow axis. The associated frequency spec-
trum (Fig. 2b) shows a dominant period of about 5 days.
The same dominant period is found at other locations.
This period corresponds to a Strouhal number St of
0.23. For experiments in a homogeneous, nonrotating
flow, the St value is 0.2 (Zdravkovich 1997). This im-
plies that eddies are shed at a slightly higher frequency
in the present configuration.

In this paper, we focus on the fully developed island
wake. Two eddy-shedding cycles are shown in Fig. 3.
These plots depict the primary elements in the eddy life
cycles. Two vortex sheets form and advectively detach
from the northern and southern sides of the island. On
the southern edge it evolves first into a smooth, wavy
pattern and then into a chain of cyclonic eddies that
may further merge into larger eddies if they come close
enough together farther downstream. On the northern
side, the picture is very different: the anticyclonic vor-
tex sheet broadens and fragments into many small ex-

trema whose magnitudes are reduced within the de-
taching sheet (N.B., the details of this fragmentation
are partly obscured by numerical noise since it occurs
on a horizontal scale very near the grid resolution). At
some distance behind the island, the anticyclonic vor-
ticity ceases to decrease and coalesces into several
rather diffuse vortices. The asymmetry between cy-
clonic and anticyclonic eddies is due to a specific insta-
bility happening to anticyclones; in section 3d it is
shown to be centrifugal instability. Once the wake ed-
dies are well formed, mutual advection among them
governs their motion, along with downstream advection
by the mean wake flow. For example, when a weaker
eddy approaches a stronger eddy, it rotates around the
latter in the direction of its swirling flow.

Figure 4 shows the relative vorticity at four depths
levels. Owing to the shape of the incoming velocity
(Fig. 1), the wake flow is quite weak at depth. At 200-m
depth the wake can be seen only within a downstream
distance of about two island diameters and at 300-m
depth it has no coherent pattern. The depth structure of
eddies is asymmetric between cyclones and anticy-
clones. This is further illustrated with a vertical section
20 km away from the island center (Fig. 5). In the vor-
ticity field the cyclonic eddy has its maximum at the
surface (as does the upstream flow) and is largely con-
fined to within the upper 150 m. In contrast, the anti-
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FI1G. 3. Sequential maps of surface vertical vorticity (normalized by f) starting from day 24 (i.e., within the
quasi-equilibrium period). The time interval is 0.75 days and the duration is 9 days, about two shedding cycles.

cyclonic vorticity has a subsurface maximum around a
depth of 130 m and reaches somewhat deeper.

The time-averaged zonal current distribution in the
section (the upper-left panel in Fig. 5) shows that the
wake is deflected southward by about 5 km relative to
the island’s lee center, and the peak of the returning
flow in the wake is located at the depth of 100 m, the
top of the stratification. The horizontal Reynolds stress
(u'v"), which represents the mean momentum flux by
fluctuations, is modestly asymmetric between the
northern and southern sides of the wake (the upper-
right panel in Fig. 5); the asymmetry may be due to

centrifigual instability [section 3d(1)]. The asymmetry
between the cyclonic and anticyclonic sides of the wake
is also reflected in the density anomaly (the lower-right
panel in Fig. 5), defined as the departure from the up-
stream profile (section 3a). The density increases (de-
creases) on the northern (southern) side of the island.
This reflects geostrophic balance with an enhanced
eastward flow downstream of the island edges, relative
to the upstream profile, and a diminished eastward flow
(even reversed) behind the island. A similar double
anomaly structure has been observed in the wake of the
Gran Canary Islands (Aristegui et al. 1994). Here the
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Normalized Vorticity on the 18th day
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F1G. 4. Normalized vorticity at four depths on day 18: (a) 10,
(b) 100, (c) 200, and (d) 300 m.

different-signed anomalies are somewhat different in
structure: the cyclonic anomaly has larger Reynolds
stress and greater surface intensification than the anti-
cyclonic anomaly.

The asymmetry in the wake also contributes to the
generation of a horizontal force on the island in a di-
rection perpendicular to the incident flow, that is, a lift
force F), which is calculated by

F,=(j —f )(F np—gdzdz)dl, (13)
s N —H,, Jz Po

where [¢ and [, denote the integration around the
southern and northern halves of the island boundary,
respectively. After being normalized by the Bernoulli
head at the upstream, (U%/2)DH,,, the lift force oscil-
lates around the mean value +0.28 with the amplitude
0.26 and the same frequency as the eddy-shedding fre-
quency. The positive mean lift force (pointing north-
ward) is caused by the asymmetrical wake and resulting
asymmetrical pressure distribution around the island
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(Chabert D’Hieres et al. 1989). The drag force on the
island (the force direction is parallel to the incident
flow) can also be estimated by

Fd=<J'W—J’E>(J’nH n%idzdz)dl, (14)

where [y, and [, denote the integration around the
western and eastern halves of the island boundary. The
mean drag force normalized by the same quantity is
+0.32, pointing downstream.

c¢. Island vorticity generation

To measure the vorticity generation processes asso-
ciated with flow adjacent to the island, we analyze an
approximate vertical vorticity equation with uniform
but anisotropic eddy viscosities, v,;, horizontally and v,,,
vertically,

al L

a_t + Vh[uh(f+ é)] ~ Vehvl%zg + Veva_zz ’ (15)

where the subscripts # and v denote horizontal and ver-
tical components, respectively. In this approximation,
advective terms involving the vertical velocity are ne-
glected since they would enter at O(Ro?), relative to
the Coriolis term, for small Ro [N.B., due to approxi-
mate horizontal nondivergence of u,, the leading-order
nontrivial balance in (15) actually occurs at O(Ro)]. In
particular, the so-called tilting term is neglected (cf.
Smolarkiewicz and Rotunno 1989).

By volume integrating (15) over an analysis domain
containing the island edge, we obtain the following cir-
culation balance:

%(jfjgdxdydz> + f[%un(f+§)dl] dz

where u,, is the normal horizontal velocity along the
boundary, V,, is the normal gradient, and § denotes a
line integral integration along the boundary. For a deep
water wake with no top or bottom stress, the vertical
viscosity term vanishes.

The boundary integrals include both open and solid
(island) segments. Because the u, = 0 at the solid
boundary, the only advective flux on the left side of (16)
comes from the open segment. The eddy viscous flux
contribution on the right side can be split into two
terms: one along the open boundary and the other

(16)
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FIG. 5. Time-averaged quantities (over 9 days) in a (y, z) section located 20 km downstream from the island
center: (top left) zonal current, (top right) horizontal Reynolds stress, (bottom left) vorticity normalized by f, and
(bottom right) density anomaly relative to the upstream field. Contours in the bottom panels are for total density.

along the island. The second term is actually the vor-
ticity generation rate at the island, denoted as V. It is
not directly calculable by our computational procedure

VG=%(fff§dxdydz) + fl:%Oun(f—i_ ()dl] dz — Vehf§o(vh§)dldl~

(section 2), but it can be evaluated diagnostically as a
residual from the circulation balance. Therefore, we re-
write (16) as

(17

tendency (V)

The right-side terms are, respectively, the circulation
tendency and the advective and eddy viscous fluxes of {
across the open boundaries. The symbol ¢, denotes the
line integral along the open boundary segment.

Since cyclonic vorticity is generated along the south-
ern edge of the island and anticyclonic along the north-
ern edge, we separate the model domain into northern
and southern halves to distinguish these two opposite-
signed source regions. Furthermore, we restrict the
combined integration domain for (16) and (17) to a 60
km X 60 km square centered on the island (i.e., with 60
km X 30 km halves); this avoids any contributions from

advective flux (V)

eddy-viscous flux (V)

the model’s exterior boundary conditions. Figure 6
shows 9-day time series of the terms in (17) for the
southern and northern half domains. Although instan-
taneous fluctuations of the circulation tendency and
open boundary flux can be large, in association with
eddies passing out of the analysis subdomain, the island
vorticity generation rate V is relatively steady in time.
Furthermore, it is nearly symmetric between cyclonic
and anticyclonic generation, with time-averaged values
of 6.12 = 1.81 and —6.40 = 1.65 m® s~ 2 in the southern
and northern half domains, respectively. This implies
that the strong asymmetries seen in the downstream
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FiG. 6. Island vorticity generation: the volume-integrated vorticity (i.e., circulation) genera-
tion rate in the (top) southern and (bottom) northern half domains. See text for term defi-
nitions. The time-averaged vorticity generation is 6.12 = 1.81 m®s ™2 (—6.40 = 1.65 m®>s™2) in

the southern (northern) domains.

wake are manifestations of the evolutionary develop-
ment in the free stream after separation from the island
boundary layers (sections 3b and 4c). We varied the
size of the analysis domain to test whether the eddy
generation diagnosis is sensitive to this choice; the re-
sulting time series for V; is nearly the same (not
shown), so this method of its determination is robust.
Its dependence on Re,, hence on the mixture of implicit
and explicit diffusion in the model, is assessed in sec-
tion 4a.

d. Wake instability

In the baseline experiment, three types of fluid insta-
bility occur in the island wake. First, as in a classical
wake, the large horizontal shear within the lateral
boundary layer at the island induces a lateral shear in-
stability. Second, the evolutionary asymmetry in the cy-
clonic and anticyclonic eddies, described above, is due
to centrifugal instability. Third, the stratification in a
rotating frame allows a conversion of available poten-
tial energy by baroclinic instability, especially when the
island size D is as large or larger than the deformation
radius R,.

1) CENTRIFUGAL INSTABILITY

The condition for centrifugal instability, at least for
inviscid, symmetric flows, is the occurrence of a sign
change in Ertel potential vorticity or absolute circula-
tion within the flow (Ooyama 1966; Hoskins 1974; Shen
and Thomas 1998). In stable stratification this may be
approximated more simply as a change in sign of the
absolute vorticity,

A=f+§=f(1+]€>. (18)
This condition will be satisfied near an anticyclonic vor-
ticity minimum that is more negative than —f; thus, for
an island wake it may occur in the boundary layer on
the northern side of the island and downstream after
separation. Alternatively, in terms of a local Rossby
number defined as |¢|/f [cf. the bulk Ro in (3)], cen-
trifugal instability occurs in anticyclonic regions where
it is larger than one.

To confirm the occurrence of the centrifugal insta-
bility in the baseline experiment, we track one cyclonic
eddy and one anticyclonic eddy along their paths in the
wake. Figure 7 shows a time series of max(¢/f) within
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these eddies. Starting from approximately equal initial
vorticity magnitudes, both anticyclonic and cyclonic ex-
trema decrease with time as the eddies move down-
stream, partly due to eddy viscous diffusion. However,
the anticyclonic vorticity decreases much faster than
cyclonic vorticity on an approximately advective time
scale, D/2U = 0.5 X 10° s, until it is only slightly more
negative than —f. In contrast, the cyclonic vorticity
magnitude stays above 2f for about 10 days. We inter-
pret the rapid weakening of the anticyclonic eddy as a
manifestation of centrifugal instability.

2) BAROTROPIC AND BAROCLINIC INSTABILITY

Energy budgets can be used in quantifying the rela-
tive importance of instability and eddy—-mean interac-
tion mechanisms. When the volume-integrated conver-
sion of mean kinetic energy to eddy kinetic energy,
{K,,K.}, is positive, it implicates barotropic instability,
and when volume-integrated conversion of eddy poten-
tial energy to eddy kinetic energy, {P,K,}, is positive, it
implicates baroclinic instability (Harrison and Robin-
son 1978). We refer to these two quantities as barotro-
pic and baroclinic conversion, respectively. Volume-
integrated energy budget equations can be derived for
mean and eddy kinetic energy (K,, and K,) and mean
and eddy available potential energy (P,, and P,). The
barotropic and baroclinic conversions relevant to eddy
kinetic energy can be expressed in the following:

K K _ T ﬁ_}_ 7 raﬁ+ 7 !aﬂ+ 7 /ai

{K, K.} = Ol uvay ww' v
vvay vw P an (19)

{P.K}=— £ p'w'. (20)
Po
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Figure 8 shows the horizontal distribution of the verti-
cally integrated energy conversion. On the upper panel
of Fig. 8 is {K,,K,}. The active barotropic conversion
is within the distance of two diameters of the island and
is largest at about one diameter away from the island.
Near the island there are strips of {K,,K,} > 0 north
and south of the island where vorticity generation is
large. Conversion of the opposite sign takes place im-
mediately behind the island. Integrated over the whole
domain, positive conversion is obtained, which im-
plies the importance of barotropic instability in the is-
land wake. Interestingly, the cyclonic and anticyclonic
regions do not show a great asymmetry in {K,,K,} de-
spite the dynamical asymmetry of their product vortices
(Fig. 7).

On the lower panel of Fig. 8 is the baroclinic energy
conversion term {P,K,}. Immediately behind the island
is an area where the baroclinic conversion is positive in
the same location where the barotropic conversion is
negative. Several diameters behind the island there is
also a region of weak positive baroclinic conversion.
However, on the southern side of the wake is the largest
negative region for {P,K,}; it is collocated with the path-
way where the dominant cyclonic vortices emerge
(Figs. 3-4) and the wake’s density anomaly is largest
(Fig. 5, left); that is, it is where kinetic energy in the
separated flow is converted into potential energy in
strong cyclones. Nevertheless, {P,K,} is generally
smaller than {K,, K}, indicating that barotropic conver-
sion is the dominant mechanism for eddy generation in
this baseline experiment with Bu ~ 1 (but also see sec-
tion 4a). Integrated horizontally over the whole do-
main, the baroclinic conversion is negative.

4. Parameter sensitivities

In this section we examine how the wake behavior in
the baseline experiment (section 3) changes with eddy
viscosity, stratification, rotation rate (i.e., with Re,, Bu,
and Ro), and grid resolution.

a. Reynolds number

In a homogeneous, nonrotating flow past an obstacle,
the Reynolds number (Re) is the important control pa-
rameter (section 1). It still has an important influence
on rotating, stratified wakes, at least up through the
transitions with increasing Re that lead to the baseline
experiment (section 3). In our model the relevant Re is
defined in (2) as Re,, based on the explicit eddy viscos-
ity v,. However, because of the implicit diffusion in the
upstream-biased advection operator (section 2), Re,
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FiG. 8. Depth-integrated, time-averaged energy conversion density: (top) {K,, K.} between
mean and eddy kinetic energies and (bottom) {P.K,} between eddy potential and eddy kinetic
energy. Note the scale change between the panels.

can be taken to infinity while the effective Re remains
finite.

Figure 9 shows the surface vorticity on around day 20
for different Re, values varying from 20 to infinity (i.e.,
only with implicit viscosity). When Re, = 20, two sym-
metric, steady eddies occur on the lee side of the island.
As Re, increases the eddies develop transient meanders
in the wake, and at Re, ~ 100 the vortices detach from
the island. The separation threshold is higher than the
Re = 40 value in a nonrotating, homogeneous flow
(Zdravkovich 1997), as expected (section 1). A fine-
scale vorticity pattern occurs near the island between
the rear stagnation and separation points; we interpret
it as computational noise induced by the land mask
(section 2), but it does not seem to contaminate the
physically meaningful behavior. A small vorticity sheet
with opposite sign is caused by a return current flowing
opposite to the main current in the immediate lee side
of the island. With further increases in Re, beyond
1600, the eddy shedding and evolution become less de-
pendent on Re, and converge to a certain pattern; for
the case shown, anticyclonic eddies become unstable
and weaken while cyclonic eddies are stronger and
more coherent.

The Re, directly affects the boundary shear around
the island that is the vorticity source (section 3c). The

upper panel of Fig. 10 plots the horizontal current pro-
files at x = x, for a sequence of Re, values. The hori-
zontal shear increases with Re,, at least up to a limit set
by the grid spacing and the implicit diffusion of the
advection operator. We define a measure of the bound-
ary layer thickness as the distance of the current maxi-
mum from the island; the lower panel of Fig. 10 shows
that, when Re, is small, the boundary layer thickness
increases with decreasing Re,, but, when Re, is large,
the thickness is less affected by Re,. If we fit the bound-
ary layer thickness dependence to a power law ~ Re, ¢,
then « is between Y4 and 2 for small Re, [cf. « = V4
derived by Walker and Stewartson (1972) for a homo-
geneous, rotating, viscous lateral boundary layer].
Figure 11 shows how the vorticity generation rate
varies with Re,. For small Re,, V; increases with Re,,
while for larger Re, (beyond the onset of wake turbu-
lence; cf, Fig. 9), V; converges to a value independent
of the eddy viscosity v,. Changes in Re, increase the
vorticity magnitude in the shear layer, as expected from
the decreasing boundary layer thickness (Fig. 10). The
velocity shear near the island is the source of barotropic
instability [section 3d(2)], so increasing shear enhances
the wake instability and increases the eddy kinetic en-
ergy (Fig. 12, upper panel). It also increases the total
enstrophy in the flow (lower panel), defined by
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F1G. 9. Normalized surface vorticity patterns for different values of Re,: (left-hand side, top to bottom) 20, 30,
40, 100, and 400, and the vorticity on day 20 is plotted. (right-hand side, top to bottom) Re,: 800, 1600, 3200, 6400,
and = (i.e., with only with implicit viscosity) with the time of plot adjusted to give a better pattern correspondence
among the cases (i.e., at day 19.75, 19.58, 18.13, 17.75, and 17.75, respectively).

En = f f f  dx dy dz. 1)
For both measures, there is approximate convergence
as Re, becomes large.

Despite increasing shear and eddy strength, the eddy-
shedding frequency is almost independent of Re,: the St
value stays almost the same (=~0.23) when Re, ranges
from 100 to 6400.

In summary, this analysis shows that the numerical
solutions are insensitive to Re when Re becomes large
in terms of the following quantities: the surface vortic-
ity, lateral boundary layer, vorticity generation, entro-
phy, and eddy kinetic energy. In other words, the nu-
merical solutions converge smoothly to the one with
zero explicit horizontal eddy viscosity.

b. Horizontal resolution

Since the effective momentum diffusion is controlled
by grid resolution when Re, is small enough (section 2),

we expect some solution variations with dx (=8y). This
is partly because increasing grid resolution in any given
situation allows finer structures to emerge in a turbu-
lent flow (e.g., Marchesiello et al. 2003) and partly be-
cause the effective Re increases when 6x decreases with
v, = 0 (cf. section 4a).

To examine the effect of horizontal resolution, we
made three other experiments using the configuration
of the baseline experiment (N.B., with 8x = 250 m) with
alternative grid resolutions of 125, 500, and 1000 m,
respectively. The total kinetic energy and enstrophy are
plotted in Fig. 13. The enstrophy increases strongly with
increasing grid resolution, indicating the expected
emergence of finer flow structures with smaller éx. In-
terestingly, the total kinetic energy decreases slightly
with increasing grid resolution. The moderate decrease
in the total kinetic energy is due to a tendency toward
stagnation in part of the wake. The kinetic energy den-
sity (not shown) increases near the island, especially on
the anticyclonic shear side, but it decreases because of
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boundary layer thickness. (bottom) Boundary layer thickness vs Re,. When only the implicit viscosity
acts (i.e., v, = 0, not plotted), the value of the boundary layer thickness is almost equal to that for

Re, = 6400.

a wider area and greater degree of stagnation in the far
wake, with the latter effect evidently dominating over
the former. In Van Dyke (1982) there is a clear ten-
dency increasing Re values for classical wakes to show
an expansion of a relatively stagnant area.

c. Burger number

Apart from the boundary layer width, two distinct
horizontal scales are found in a rotating, stratified
wake: the baroclinic deformation radius (R;) and the
island diameter (D). Their ratio squared is Bu in (7). In
the baseline experiment the two scales are approxi-
mately equal, and Bu = 1; the eddy kinetic energy bud-
get [section 3d(2)] has an overall negative contribution
from {P,K,}, showing that barotropic conversion is the
primary source of eddy energy. We now examine the
sensitivity of the baroclinic conversion process to Bu in
a sequence of experiments with v, = 0.

Figure 14 shows the volume integrated {P,K,} as a
function of Bu~"? = D/R,, where the Bu value is
changed by changing D. When D increases, the volume
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FiG. 11. Time-averaged, volume-integrated vorticity generation
rate Vg, as a function of Re,. The time interval is 9 days. The
vertical lines associated with data points are twice the standard
deviation of V; during the period. When only the implicit viscos-
ity acts (i.e., v, = 0, not plotted), the V; value is almost equal to
the value for Re, = 6400.
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Fi1G. 12. Variation of volume-integrated (top) eddy kinetic en-
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as in Fig. 11. When only the implicit viscosity acts (i.e., v, = 0, not
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for Re, = 6400.

integrated {P.K,} changes sign and becomes positive
and large; this indicates that baroclinic instability be-
comes important. We can refer to a classical baroclinic
instability problem to understand this wake depen-
dence on Bu. When the mean current has a uniform
vertical shear and is independent of y (i.e., Eady’s prob-
lem, Pedlosky 1987), the most unstable mode has a dis-
turbance scale somewhat larger than R, Viewing the
island as a disturbance to the incident flow, baroclinic
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FiG. 13. Sensitivity of time-averaged total kinetic energy and
surface enstrophy to changes in the grid resolution éx. The ex-
periments are performed on four grid resolution: 125, 250, 500,
and 1000 m. The time averages are calculated over 10 days, and
the error bar is equal to the standard deviation with time.
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FIG. 14. Time-average, depth-integrated baroclinic energy
conversion density {P.K,}, for different values of Bu.

instability is favored when D becomes larger than R,
(i.e., Bu <1).

To see how baroclinic instability affects the vorticity
structure, Fig. 15 shows a case when Bu™'? = 5 and
strong baroclinic instability occurs. Compared with the
baseline experiment, many more eddies are present in
the wake, and their mutual interactions are less simply
cyclic. When D > R, the dominant eddy size remains
somewhat larger than R, as expected from baroclinic
instability theory. From the time series of the surface
vorticity for this case (not shown), we continue to see
that anticyclonic eddies are systematically weakened
compared to the cyclonic eddies, indicating the continu-
ing occurrence of centrifugal instability even with D is
large. When Bu is larger than 1, the eddy size is almost
equal to the island size.

d. Rossby number

In the baseline experiment, although the bulk Ro =~
0.1 from (3), a local Rossby number, |{|/f, can exceed
the threshold criterion for centrifugal instability when
v, is small enough [section 3d(1)]. This results in the
asymmetry between stronger cyclones and weaker an-
ticyclones in the wake (section 3). In this section, we
examine the effect of varying Ro.

Figure 16 is a snapshot of the surface vorticity distri-
bution when Ro is made to be as large as 0.5 by de-
creasing the rotation rate to f = 0.2 X 107* s™! and
keeping v, = 0. The mesoscale and submesoscale anti-
cyclonic eddies are almost entirely destroyed by this
invigoration of the centrifugal instability process. In
contrast, although there is evident fine structure in the
instability region near the island, the cyclonic eddy
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F1G. 15. Normalized surface vorticity snapshot for a wide island with 100-km diameter.

evolves coherently in a way that is broadly similar to
the smaller Ro value in Fig. 3. (Some skepticism is war-
ranted for this solution with its very large values of |{|/f
calculated with a hydrostatic approximation.)

With laboratory wake experiments for intermediate
Bu, moderate Re, and intermediate Ro values, Perret
et al. (2006) shows that the anticyclonic wake eddies
become more coherent while the cyclonic eddies elon-
gate and weaken when the parameter A = Ro/Bu
Fr?/Ro increases (A is a scaling estimate for the nondi-
mensional size of a vertical displacement of an isopyc-
nal surface with the assumptions of geostrophic, hydro-
static balance, and vertical advection of mean stratifi-
cation as the cause of density fluctuations). There is a
substantial antecedent literature also showing anticy-
clonic vortex dominance at finite Ro and Bu values in
computational solutions. The computational literature
is reviewed in Graves et al. (2006), and a theoretical
explanation is presented for how anticyclonic vortices
are less strongly deformed than cyclones during tran-
sient straining events and thus lose less energy and po-
tential enstrophy in relaxing back to an equilibrium axi-
symmetric state. This regime of anticyclonic eddy domi-
nance is opposite to the cyclonic dominance in the
baseline experiment (section 3) and it comes entirely
from flows that are centrifugally stable (i.e., |{/f| < 1).

To explore the regime with smaller values of Ro,
both globally and locally, then either the upstream flow
must be reduced or the island boundary layer thickness
must be kept from becoming too small so that the vor-
ticity it generates is not too large relative to f. For a
deep water island this can be accomplished either by
reducing the bulk Ro with weaker upstream flow or
stronger f, or by decreasing Re, by increasing v, (sec-
tion 4a). For the latter option, we choose a value of
Re, = 400 as small enough to limit the local Rossby
number but large enough to be within the regime of a
turbulent wake, and perform a sequence of experi-
ments additionally varying Bu. Figure 17 shows how the
normalized vorticity difference between cyclonic and
anticyclonic eddies downstream of the island varies
with A = Ro/Bu. The three curves represent experi-
ments with different Re,: one is for implicit viscosity
only and the other two are for the Re, = 1600 and
400. The curves span several different dynamical re-
gimes. For small enough Ro with any Bu value, A is
small, and there is the dynamical symmetry that is ex-
pected in the quasigeostrophic limit. As Ro increases
or Bu decreases and A increases toward a value near
one, significant vortex asymmetries arise. The sense of
the asymmetry, however, differs between the moder-
ate and high Re, experiments; anticyclones dominate in
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. 16. Normalized surface vorticity snapshot on day 8 with a large Ro value of 0.5.
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the entire domain for an eddy-shedding cycle. The error bar is
equal to the standard deviation over several eddy cycles.

the former case when centrifugal instability does not
occur, and cyclones are dominant in the latter case
when it does. These different behaviors are illustrated
in Fig. 18.
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The velocity frequency spectrum is dominated by the
eddy-shedding frequency. The frequency can be char-
acterized by St in (6), and Fig. 19 shows that St in-
creases with A. When the emergent eddies are smaller
than D, they occur more frequently relative to an ad-
vective rate set by the island size, U/D. This result is in
agreement with laboratory experiments (Perret et al.
2006).

5. Summary and discussion

In this paper we use a high-resolution numerical
model to investigate the turbulent, deep-water island
wake. We focus on a cylindrical island shape in uni-
formly deep water with a horizontally uniform, surface-
intensified incoming flow in a rotating, stratified envi-
ronment. Such an idealization can sharpen our atten-
tion to the essential physical processes in an island
wake, such as vorticity generation, wake instability, co-
herent eddy emergence, and sensitivity to the principal
nondimensional parameters. In a baseline experiment
with zero explicit viscosity (Re = o and large effective
Re) and island-scale parameter values of Bu = 1 and
Ro = 0.1, we see manifestations of barotropic, baro-
clinic, and centrifugal instabilities all occurring in the
wake. The centrifugal instability causes asymmetry in

200 250 300

200 250 300

FicG. 18. Examples of asymmetry in anticyclonic and cyclonic eddies: snapshot of the surface
vorticity with Bu = 0.25 and different Re,: (top) Re, = 400 and (bottom) large Re,, with only

implicit viscosity.
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FiG. 19. The dependence of St on A = Ro/Bu for cases with
v, = 0. The eddy-shedding frequency is determined from the peak
in the velocity frequency spectrum that we estimate as typically
having a 20%-30% uncertainty based on the sharpness of the
peak.

the evolving cyclonic and anticyclonic eddies when the
island-generated vorticity exceeds f and the ratio of
barotropic to baroclinic energy conversion rates in-
creases with Bu. Through an analysis of the circulation
equation, we quantify the rate of vorticity generation
by flow past the island. The rotating, stratified wake has
a similar behavior to the classic nonrotating, unstrati-
fied wake in its sensitivity to Re, through the regime
transitions to flow separation, unsteadiness, and incipi-
ent eddy shedding; however, at higher Re, values, it
develops a sequence of nonclassical coherent vortices.
With decreasing explicit eddy viscosity v,, the solution
converges to a highly turbulent state in which the dis-
sipation is controlled by the implicit diffusion in the
advection scheme. When the island size D is bigger than
the baroclinic deformation radius R, (i.e., small Bu),
the eddy size is controlled by R,;, whereas for large Bu
the eddy size is approximately the same as D. The is-
land-scale Ro and Re, values together control the dy-
namical asymmetry between cyclonic and anticyclonic
eddies. For sufficiently small Ro and Re, (so that the
island boundary layer does not generate vorticity values
comparable to f), the dynamics are approximately
quasigeostrophic and the two types of eddies behave
symmetrically. In contrast, when Ro increases to 0.5
with large Re,, the mesoscale and submesoscale anticy-
clonic eddies are almost completely destroyed while the
cyclonic eddies stay strong. In the small Ro/Bu regime,
the eddies are dynamically symmetric, while in the
large Ro/Bu regime, an Re,-dependent asymmetry oc-
curs: When Re, is moderate or small, the anticyclonic
eddies are dominant over the cyclonic eddies (because
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of their greater robustness to perturbations; Graves et
al. 2006), but when the Re, is larger, cyclonic eddies are
dominant (because of centrifugal instability of anticy-
clonic eddies).

Many complex physical processes can occur in an
oceanic island wake. For example, the incoming flow
can be spatially nonuniform (e.g., an eddy approaching
an island; Simmons and Nof 2000) or time varying (e.g.,
tidal oscillations, where an additional new time scale is
introduced; Lloyd et al. 2001; Stansby and Lloyd 2001).
When a shelf slope is associated with an island, poten-
tial vorticity conservation may restrain the flow from
moving too close to the shoreline (Schar and Durran
1997), and bottom drag may be significant (see the ref-
erences in section 1). Edwards et al. (2004) argue that
the wake can also be affected by inviscid lateral stress
from bottom pressure, that is, from drag. Smolar-
kiewicz and Rotunno (1989) propose an inviscid
mechanism for vertical vorticity generation when hori-
zontal vorticity is baroclinically generated and then
tilted into the vertical direction. Kolyshini and
Ghidaoui (2003) analyze the wake instability using the
shallow-water equation (with no rotation). The shape
of an island can influence the wake structure. The sur-
face wind on the lee side of the island might exhibit
sheltering or develop its own wake structures that
might influence the oceanic wake (Xie et al. 2001; Cal-
deira and Marchesiello 2002). Much remains for further
investigation.
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