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We present further methods to investigate in how far atmospheric precipitation can be
described as a continuous phase transition. Previous work has shown a scale-free range
in the rainfall event size distribution and a suggestive power-law pickup in the rain
rate above a critical level of instability. Here we examine an additional technique for
estimating critical parameters, we investigate the rain rate pickup for an example of
an extreme event, namely satellite observations of Hurricane Katrina, and develop an
analysis of fluctuations in the rain rate to estimate uncertainties in the tuning parameters
relevant for the transition.
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1. Introduction

Convective rainfall results from the removal of vertical instability in the tropo-
sphere, as rising air becomes buoyant relative to its environment, yielding small-scale
(<« 100 km) overturning motions, organized in convective plumes. In the simplest
scenario, short-wavelength solar radiation heats the surface, resulting in heating
and moistening of the atmospheric surface boundary layer, while long-wavelength
outgoing radiation cools the upper troposphere. This combination acts to create
buoyancy available to convective plumes. This simplest scenario is augmented by
interaction with large-scale (e.g., larger than a 100 km model grid cell) atmospheric
transports that produce large moisture and energy fluxes which can likewise act to
destabilize the column.

The rate at which these large-scale processes create buoyancy is typically slow
compared to the rate at which buoyancy can be dissipated by fast-growing convec-
tive plumes. Additional fast processes affecting production of rainfall include tur-
bulent entrainment of environmental air into the rising plume, cloud micro-physical
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processes including aggregation of droplets and ice crystals, and downdrafts gen-
erated by evaporative cooling. Overviews of moist atmospheric convection include
Refs. 1, 2, 3. Because of the separation of time scales between the driving and re-
laxation processes, it has been postulated that the atmosphere is strongly attracted
to the point in phase space where convection sets in Ref. 4. This conjecture forms
the basis of a class of convective representations in climate models and associated
moist atmospheric theory.®

At a generic level, it has been argued that slowly driven dissipative systems
may display scale-free events of energy release citeJensen1998 and that the attrac-
tive state resembles the critical point of a continuous phase transition,” motivating
the name “self-organized criticality” (SOC) for scale-free event-size distributions.
A number of studies have conjectured that precipitation processes include an el-
ement of SOC, based on data analysis in the time domain, noting non-Gaussian
fluctuations in various observables®; and scale-free distributions of rain event sizes”
including power-law regimes over several orders of magnitude.!?

The onset of deep moist convection in observations exhibits properties of a non-
equilibrium continuous phase transition,!! with precipitation as the order parame-
ter and column-integrated water vapor as a self-adjusting tuning parameter. Self-
organization to the critical region is seen in histograms of the tuning parameter,
which peak near criticality. These properties have implications for convective rep-
resentations in climate models.'?

Here we summarize the basic hypothesis and present further empirical results.
We begin by reviewing in this context generic effects of a separation of scales,
scaling, and the relation to phase transitions.

1.1. Scale freedom from a separation of scales

A generic source of scale-freedom, and a common feature of SOC systems is a sepa-
ration of two time scales. Often there are slow driving processes with characteristic
scales ts (for “slow”), and much faster relaxation processes with characteristic time
scales ty < t; (where t¢ stands for “fast”). For example, in Manna’s cellular au-
tomaton model,' the dynamics imply that for any reasonably defined measure of
time, limy,_,o(t7/ts) = 0, where L is the system size. In the atmosphere, driving
occurs over time scales of days, while rainfall and convection take place on time
scales of minutes to hours.

Consider a system with processes operating at N different time scales ¢;|t;+1 < t;
and an observable f(t), evaluated at some observation time scale ¢,

fQ@) = f(t,ta, ... tN). (1)
If there is a set of fast time scales, bounded from above by t; and a set of slow
time scales, bounded from below by ¢, then, in the limit of ¢7/¢t; — 0, there exists
a range of time scales ¢ where,

Vit <ty, t/t; » o0 and (2)
Vti Z ts, t/ti — O
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Comparing f evaluated at observation time scales t’ and ¢ for both of which (Eq. 2)
holds, yields (following arguments similar to Ref. 14 p. 29 and Ref. 15 p. 17)

ft)
ft)

:(D(t//t7tl/t177tl/t5at//tft//t1\/7t/tlaat/tsat/tft/tN) (3)

— o /1) (4)

assuming that the function f is well behaved for ¢/t1,...,t/ts,t'/t1,..., ' /ts — 0
and t/ty---t/tn,t' [ty -t/ /tn — o0, and leaving out any constant arguments (the
set of arguments ¢/t1, ... is for illustration only — they are implied by the others).
The LHS of (Eq. 3) is thus a function, here denoted @, that only depends on the
ratio of the two observation time scales, t and ¢. The assumption of f being well
behaved in the relevant limits is strong; without it the generic argument presented
here does not apply, meaning that crucial properties are wrapped up into this as-
sumption. Physically, however, the assumption has a clear intuitive interpretation:
it corresponds to all processes being either so fast that the system does not respond
to the induced fluctuations, or so slow that the induced variations are negligibly
small on the observation time scale. The only “orientation”, or sensible unit, left
to the observation at time scale ¢’ is the other observation time scale, ¢. If the ar-
guments leading to (Eq. 4) hold, then f(¢) must be a power law. Expressing ¢’ as
t' = at, (Eq. 3) becomes

f(at)
= ®(a), 5
Fy =0 5)
which yields, when differentiated with respect to a,
tf'(at) o
=d'(a), 6
o =@ (6)

where a prime (') denotes the derivative. The only restriction on a is for it to be
close enough to 1 so that (Eq. 2) can hold for both ¢ and ¢'. It must hold for a = 1,
in which case (Eq. 6) can be solved for f. Dividing (Eq. 6) by ¢, recognizing the
left-hand side as d[In f(t)]/dt, integrating and exponentiating yields

Ft) ot (7)

where the constant ®’(1) reveals its role as the exponent of the power law.

To summarize, if an observable is affected by processes acting on different scales
(e.g., scales of time or space), and two of those scales are separated by an arbitrarily
large factor, then there can be a regime where only relative scales are relevant. This
is the intermediate asymptotic'® scaling regime over which a power law of a priori
undetermined exponent holds.
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1.2. Separation of scales in phase transitions

Near critical points of continuous phase transitions one can usually identify diverg-
ing temporal and spatial correlation lengths, which lead to power-law behavior of
spatial and temporal properties. The power laws hold for scales that are small com-
pared to the correlation scale (which may be limited by a finite system size) and
large compared to microscopic scales, such as the time scales of the dynamics of
individual degrees of freedom or spatial interatomic scales. In this case only relative
scales matter and (Eq. 3) applies.

Self-organized critical systems approach the critical point of underlying phase
transitions — in the prototypical sandpile models these are absorbing-state (AS)
phase transitions.!® In sandpile models and their AS versions (see Ref. 16)
it is possible to investigate both the self-organized critical properties, often
avalanches, 317
fluctuations.'® In the following we will investigate both avalanches and order param-
eter properties for the apparent SOC phase transition associated with atmospheric

and the tuned critical properties, often order parameters and their

precipitation.

2. Scaling in Rainfall

Section 1 summarizes reasons to expect a scale separation between large-scale atmo-
spheric forcing and scales of convection and rainfall. The scale-free range we focus
on now is a range in rain event size. A rain event is here defined as a sequence of
non-zero measurements of the rain rate at some point in space, see inset of Fig. 1.
The event size is the time-integral of the rain rate over the event, i.e., the water
column released during an event. We show here event size distributions from Wester-
markelsdorf, on the German Baltic Sea coast, and Nauru Island in the tropical West
Pacific. Details of the Baltic coast measurements can be found in Ref. 19 (shown
here: measurements in 250 m above ground, averaging time 1 min); the Nauru data
set is described in Ref. 20. Rainfall in the tropical West Pacific predominantly comes
from deep convective systems, with a typical horizontal extent of individual updraft
plumes of a few kilometers. Over the Baltic Sea, on the other hand, much of the rain
is generated by propagating cold weather systems that lift warmer airmasses along a
front often several hundred kilometers long. Because of these considerably different
generating mechanisms it is common to distinguish between convective rainfall and
frontal rainfall. The event size distributions in Fig. 1, however, are similar for sizes
on the order of 1 mm and smaller despite the different meteorological conditions,
with a power-law range over 3—4 orders of magnitude. Tropical rain is often more
intense than mid-latitude rain, which may be why the Nauru distribution drops off
less quickly for large events. For this tropical case we have investigated the potential
underlying phase transition, identifying possible tuning and order parameters and
characterizing their behavior.
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Fig. 1. Event size distributions in Westermarkelsdorf (Baltic Sea) and Nauru (Equatorial Pacific).
A probability density is estimated for each event (“one-event bins”). Symbols indicate the median,
both for fixed event-size bins and for fixed density-bins. Lines indicate 25 and 75 percentiles. The
inset illustrates an event, with the event size the area under the red curve.

2.1. Order parameter statistics

Column-integrated water vapor, for which large data sets are available from satel-
lite retrievals, has a strong relationship to the buoyancy available to entraining
deep convective plumes?! (for given conditions of tropospheric temperature). The
column-integrated water vapor is thus a good candidate tuning parameter that
controls a phase transition between quiescence and convection with rainfall. We use
Tropical Rainfall Measurement Mission (TRMM) Microwave Imager (TMI) data??
with snap-shot estimates of rain rate P and column-integrated water vapor w. The
data come in pixels, each about 25 km wide, along swaths traced by the satellite
of about 250 km width. Each position on the globe is visited roughly twice per
day. Averages of the rain rate, (P) (w) conditioned on the prevalent water vapor
being within 0.3 mm bins were computed. Above a critical value w,, they are well

described by
(P) (w) = d (w—wl)?, for w > w,. (8)

The amplitudes a’ and critical values w’ are non-universal. In Ref. 11, where tem-
perature information was not available, these were determined for different climatic
regions (for instance East Pacific versus West Pacific). As expected, the exponent
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B shows little fluctuation and no discernible dependence on climatic region. The
issues in determining (3 will be discussed below. We note here that our estimates of
B from different ocean basins and different temperature ranges are consistent with
the hypothesis of it being a universal exponent. Other properties of the continuous
phase transition, such as finite-size scaling of the precipitation variance are given in
Ref. 11.

Temperature is fundamentally as important as water vapor to the transition,
but temperature variations within a given region in the tropics are small compared
to water vapor variations. In recent studies,'??? leading effects of temperature are
included via a mass-weighted vertical average temperature, T, from the reananlysis
data set ERA-40.%4

These studies suggest that the transition occurs at a temperature-dependent
critical point wC(T) which is independent of the tropical region, and quantitatively
important for climate models. Using data from Ref. 23 (averages of the rain rate,
conditioned both on w being within a 0.3 mm bin and the 7" being within a 1 K
bin), we further examine this transition.

With 7' constant, (Eq. 8) holds, as illustrated in Fig. 2. Fitting the power law
(Eq. 8) to the data shown in Fig. 2 above w,. requires the adjustment of three pa-
rameters: a, w., and 3, which are related non-linearly. Since the fit is expected to
hold in an a priori unspecified interval [Wmin, Wmax), Some criterion for selecting
Wmin and wmax must also be specified. In principle, visual inspection should pro-
vide a good intuition for the validity of (Eq. 8). But linear scales are problematic
because linearly small deviations from the relation might be logarithmically large;
using double-logarithmic scales (i.e., showing In({P) (w)) vs. In(w — w.)) comes at
the cost of fixing w,. If the estimate of w, is incorrect, conclusions about 8 and a
will be affected. A method, sometimes called “d-log Padé method”, that visually
represents the uncertainties involved and is less laden with assumptions and pa-
rameter estimates was used by Baker?® and further described e.g., by Kouvel and
Fisher?%: Dividing (Eq. 8) by minus its derivative, one obtains

(r) (w) We — w

—d(r) (w)/dw

9)

The amplitude a from (Eq. 8) cancels, and the quantity in (Eq. 9) is linear in w.
The procedure is equivalent to considering logarithmic slopes, as the left-hand side
of (Eq. 9) is the inverse of the derivative of In (P) (w). A weakness of this method
is that the reqired derivative amplifies noise, notably at high w values, where in our
case the available ensemble becomes small; here the derivative is estimated using a
five-point central difference to reduce this. Figure 2 displays this quantity (crosses
x ), observed at T = 271K in the West Pacific. The critical point of the transition,
w.(T), is immediately relevant to climate modeling as discussed in Ref. 12. Esti-
mating (Eq. 9) provides an appropriate visual representation of the uncertainties
involved.
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Fig. 2. Order parameter pick-up for a region in the West Pacific at T = 271. Plus signs (+)
mark conditionally averaged rain rates, expected to approximate (Eq. 8) (here represented by a
solid line) for w > we. Crosses (x) show measurements of the left-hand side of (Eq. 9), with a
dashed straight line following the right-hand side of (Eq. 9) fitted to it. The solid and dashed
lines correspond to the same w. and B. The quality of the fit is best judged visually in the linear
rendering (dashed line and crosses x). Best-fit parameters depend on the choice of the fitting
range, here 63.5 mm< w < 68 mm. We find 3 ~ 0.21 and w. ~ 63.4 from a x2-fit of the data vs.
the right-hand side of (Eq. 9).

2.2. Rainfall in a hurricane

Out of curiosity and to determine the universality of the observed dependence
(P) (w), we picked a sample of data points where most of the strong precipita-
tion occurred inside a Hurricane, here Hurricane Katrina, 2005. We did not stratify
by temperature since the statistics are much poorer in this small data set. Due to
the relatively frequent occurrence of strong rainfall and high water vapor in the
sample, it is nonetheless possible to observe a dependence similar to (Eq. 8) with
some statistical significance, see Fig. 3. The hurricane, by this measure, does not
look fundamentally different from deep convective rain from less organized weather
systems.

3. Order Parameter Fluctuations

Extending the analogy with continuous phase transitions, we study the fluctuations
of the order parameter, op = ((P?) — (P)?)'/2. As reported in Ref. 11, op is found
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Fig. 3. Conditionally averaged rain rate in a sample of satellite pixels containing measurements
of Hurricane Katrina, including all temperatures: Gulf of Mexico (red box, 80W to 100W, 20N to
30N), August 28 till September 02 2005. Red crosses are data, and the blue line corresponds to
(Eq. 8) using 8 = 0.21, as estimated in Fig. 2.

to peak strongly near the critical point w.. This peak becomes sharper when we
control for 7'.12 Quantifying the error in the tuning parameter (and optimizing its
estimation) has considerable practical benefits in atmospheric applications®?; the
following considerations are relevant to this task.

We first treat the well-known case of an equilibrium phase transition in the
canonical ensemble. In a spin system with order parameter m (magnetization), we
expect L2, to diverge as the tuning parameter (temperature) approaches its
critical value, T'— T, such that

O_r(r::;itical o |Tc _ CZ-v|—'y/27 (10)

where o< refers to the leading-order behavior up to a system-size dependent maxi-
mum. In a real system whose order parameter behaves according to (Eq. 8), a small
measurement error, or small fluctuations, in the tuning parameter, AT, would lead
to a similar divergence (within measurement limits), such that

U:rllmingerror —0r <’ITL> AT  |T, — T|ﬁ—1AT, (11)

as evident from the low-temperature behavior, T' < T,.. Here we ask how the two
types of (capped) divergence, (Eq. 10) and (Eq. 11), are related.
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Equation (10) and (Eq. 11) describe different scaling behaviors if —v/2 # 8 —1;
according to Rushbrook’s scaling law,?”

—v/2=08-14 /2, (12)

meaning that the scaling behaviors are identical if & = 0. For a given system size,
the quantity

oy 1/2
<< >3T <<m>> ) o (T, — T)—y/z—ﬁﬂ( = «/2, by Rushbrooke)7 (13)

which measures the magnitude of fluctuations in m relative to the steepness of
(m) (T), will peak, be flat, or have a minimum at 7, depending on the value of a.
There are well-known examples for all three possibilities, @ < 0,= 0,> 0: in the
3-dimensional Heisenberg model, ag ~ —0.12, in the 2-d Ising model, a; = 0, and
in the 2-d 3-states Potts model ap = 1/3.

The exponent « controls the scaling behavior of the energy fluctuations, so how
is the steepness of the expectation value of the order parameter in 7' related to
energy fluctuations? We compute the denominator of (Eq. 13),

or (m) = o 2T R C B (o)

1
= 7z (mE) = (m) (E)). (14)

where sums are over all states ¢, and magnetizations and energies F are labelled
accordingly. kp is Boltzmann’s constant, Z = ). exp(—FE;/(kpT)) is the canonical
partition sum.

Thus, in the canonical ensemble, the expectation value of some quantity, differ-
entiated with respect to the temperature, is proportional to the covariance of that
quantity with the energy. A fluctuating energy (due to contact with a heat bath)
and a fluctuating temperature are virtually indistinguishable. The temperature only
enters into the partition sum through E/(kgT), i.e., as an energy scale. The equiv-
alence of tuning-parameter fluctuations and energy fluctuations remains intact in
the critical limit if the energy fluctuations neither diverge (at most logarithmically)
nor vanish (i.e., « =0).

Measuring the standard deviation of an order parameter in a real system can
thus reveal imperfections in the control of the tuning parameter. Returning to the
case of rainfall, it is unclear to what the energy and hence (Eq. 14) correspond, but
the tuning-parameter derivative of the order parameter can be estimated from the
data. A measured value gB¢®"ed (1) (at fixed T') will essentially be a sum of two
contributions,

opesed () = ((P) (w) - (P) (w)?)

Y2 4 90 (P) (w)Auw, (15)
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Fig. 4. The measured standard deviation, J?Qasured of the rain rate, divided by the slope

Ow (P) (w). The arrow indicates the position of the critical point, which is close to the minimum,
suggesting a > 0, and Aw ~ 5 mm.

where Aw is the imperfection in the control of the relevant tuning parameters,
expressed as a water vapor. Assuming that errors in the measured slope are negli-
gible, i.e., O, (P) (w) = gmeaswred ( Py (1), we divide by our estimate of d,, (P) (w)
to obtain

o.measured(w) B (<P2> (UJ) — <P> (w)2)1/2
KA 5. P) o 1o

The first term on the right-hand side of (Eq. 16) corresponds to (Eq. 13) and
either peaks (a < 0), is constant (o = 0) or dips (a > 0) as the tuning parameter
approaches the critical value from the ordered phase, here w > w.. If it dips strongly,
we are left with only the second term, an estimate for the imperfection in the tuning
parameter. In Figure 4, this quantity decreases as one moves toward the critical
point, suggesting that in the case of rainfall, “a > 07, in the sense that the first
term on the RHS of (Eq. 16) dips strongly. The quantity of (Eq. 16) has a minimum
near the critical point, with a value of about Aw =~ 5 mm. This is in agreement
with previous estimates of the uncertainty in the measured tuning parameter, here

expressed as water vapor.23
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4. Conclusion

Further tests are presented of an analogy between rainfall and convection in the
atmosphere and continuous phase transitions. We summarize arguments on gen-
eral grounds that a large separation of scales can lead to a scale-free intermediate
asymptotic regime. Scale-free rain event size distributions are indeed found in the
atmosphere where a slow driving time scale is separated from a much faster time
scale of energy dissipation. Here, we note the similarity, over four orders of mag-
nitude, between two such distributions, one from a tropical site and one from a
mid-latitude site, with rather different large-scale climate regimes. Differences be-
tween the distributions are found primarily at large event sizes, where the tropical
distribution drops off less quickly. The similarity appears consistent with the sep-
aration between large-scale forcing and the short timescale processes (convection,
turbulence and cloud micro-physics) leading to precipitation, although a single me-
teorological process associated with the power-law exponent is not identified.

We further examine the sudden pickup above a critical value of column water
vapor in satellite microwave retrievals. A manipulation that renders the power law
portion of this pickup linear and independent of the amplitude parameter allows a
realistic visual rendering of uncertainties. Estimates of the power law parameters
w, and [ are consistent with our prior results. Examination of the pickup for an
example of an extreme meteorological event (hurricane Katrina) suggests that the
basic properties are similar even in this regime. Finally, we compare critical order
parameter fluctuations to fluctuations in the expectation value of a near-critical
order parameter due to uncertainties in the tuning parameter. This makes it possible
to estimate the uncertainties in the tuning parameter, expressed as a column water
vapor in the TMI data set, combined with ERA-40 data, as about 5 mm or 1% of
the critical value.
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