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ABSTRACT

The parameter-space dependence of the eigenmodes of the coupled tropical ocean—atmosphere system, lin-
earized about a climatological basic state, is further examined in a stripped-down intermediate coupled model
using the formulation derived in Part II of this study to permit analytical treatment for a finite ocean basin.
Part Il examined the limit of weak coupling and showed the rapid transition to the mixed SST/ocean dynamics
modes of Part I, where it was argued that realistically coupled modes are best understood from strong coupling.
Here cases with order unity and larger coupling are explored to provide analytical prototypes for the fully
coupled case from a system that explicitly treats spatial structure in a finite basin. The coupled dynamics is
explored for several regions of parameter space where simplifications are possible, as well as for the transition
from the well-separated case to mixed modes.

The case of surface-layer processes only provides a simple example of westward-propagating SST modes.
Extensive results are given for SST modes in the fast-wave limit. In addition to propagating SST modes, stationary,
purely growing SST modes exist over a significant range of parameters; these are focused on because of their
close relation to the mixed SST/ocean-dynamics modes with standing SST oscillations and subsurface memory.
The latter can be thought of as stationary SST modes perturbed by wave dynamics. The east basin trapping
exhibited by these modes can be produced even in a zonally homogeneous basic state as the result of east-west
asymmetry due to 8 in both atmosphere and ocean.

An important new case is the strong-coupling limit where strongly growing modes dominated by coupled
processes are examined. These depend on both SST and ocean-dynamics time scales, but equatorial oceanic
wave dynamics in the conventional sense is secondary to coupled processes in the basin interior. Because of
this, these strongly growing modes are directly connected to SST modes in the fast-wave limit: extrapolating
from the strong-coupling limit toward the fast-wave limit, and vice versa, permits this eigensurface to be pieced
together qualitatively. Purely growing modes in the strong-coupling limit can be traced all the way from the
fast-wave limit to its converse, the fast-SST limit. This, and the relation of the strongly coupled modes to the
SST modes, serves to explain the connection of the eigensurfaces found in Part I and suggests that they must
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be a very robust feature of the coupled system.

1. Introduction

A great deal about the behavior of the coupled trop-
ical ocean—atmosphere system may be understood in
terms of the eigenmodes of the system, linearized about
the climatological basic state. In Parts I (Jin and Neelin
1993) and II (Neelin and Jin 1993) of this paper, we
examined these coupled modes in a model closely re-
lated to that of Zebiak and Cane (1987); a simple at-
mospheric model coupled to a modified shallow-water
ocean with simplified mixed-layer dynamics and a sea
surface temperature (SST) equation for an equatorial
band, following Neelin (1991, N91 hereafter). In Part
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I, we argued on the basis of numerical results that the
connection between the various regions of parameter
space for the coupled system could be understood in
a straightforward manner. In the uncoupled system,
one finds two classes of modes: “ocean-dynamics
modes,” by which we refer to modes associated with
the time scales of subsurface wave dynamics, and SST
modes, which are related to the time derivative of the
SST equation. Coupled versions of these modes remain
distinct in a limit defined in N91 that is useful for un-
derstanding their behavior: the fast-wave limit, which
is obtained when the dynamical adjustment of the
ocean by wave dynamics occurs fast compared to the
time scale of SST evolution by coupled processes. Part
I showed that elsewhere in the coupled parameter space,
these modes are not well separated and are best un-
derstood as mixed SST/ocean-dynamics modes. The
modes can be traced as a function of parameter, with
the eigenvalues forming continuous complex surfaces
in parameter space. These eigensurfaces join at sin-
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gularities with degenerate eigenvalues of algebraic
multiplicity two or three (we use the abbreviation 2-
and 3-degeneracy), so it is possible, for instance, to
move continuously from an eigensurface originally
characterized as an SST mode to one originally char-
acterized as an ocean-dynamics mode.

To better understand the balances involved in the
merger of these modes, in Parts II and III we approach
the problem analytically as far as possible. In the re-
alistic case of an ocean basin with finite zonal extent,
this requires a formulation in which the boundary con-
ditions associated with wave dynamics and the effects
of the finite basin on the atmospheric model may be
taken into account in making approximations. In Part
I1, we made use of results from Cane and Sarachik
(1981) and Cane and Moore (1981) to derive a Green’s
function solution for the response of the ocean com-
ponent to a wind stress whose complex frequency/
growth rate and zonal structure is internally determined
by the coupled system. Combined with the SST equa-
tion and atmospheric model, the eigenvalue problem
is thus formulated in terms of integral operators in x
that provide a good basis for making approximations.

Our strategy is to obtain analytic or near-analytic
results in limits whose regions of validity surround the
complicated region where the degeneracies occur. This
gives insight into the coupled dynamics that apply in
the various regions. In Part II, we examined the weak
coupling limit and were able, for instance, to argue
roughly where in parameter space the transition occurs
between weakly modified ocean basin modes and
mixed SST/ocean-dynamics modes. Here we examine
a number of useful cases for which we can obtain results
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at order unity and stronger coupling. After restating
the model in section 2, we begin with the relatively
simple case of surface-layer processes only in section
3. This provides a prototype for the solution method
and allows insight into the westward-propagating SST
modes found in a number of GCMs. In section 4, we
examine the fast-wave limit in which we can examine
SST modes uniformly from weak to strong coupling.
Section 5 introduces the strong-coupling limit and the
connection of this to the fast-wave limit. This permits
us to examine the transition from pure SST modes to
strongly coupled modes that have a mixed character.
Summary and discussion of these results and connec-
tions to Parts I and II are provided in section 6.

2. The model

The model is as in Part II, using the same nondi-
mensionalization and integral formulation of the ei-
genvalue problem. It assumes linearization about a ba-
sic state with mean upwelling and a time dependence
exp( ot) for the perturbations, where ¢ is the temporal
eigenvalue. The linearized SST equation for the equa-
torial band is

oT = a(xX)u, + y(x)h, — e,(x)T
+ posb(x) AT, x), (2.1)

where a number of less important terms have been
dropped, as discussed in Part II. In particular, hori-
zontal diffusion terms play little role for basin-scale
modes at finite coupling. The equatorial values of ver-
tical-mean zonal current above the thermocline and
thermocline depth perturbations are given by

1 /e 172
"y = —m“ (%) AT xo)dxo(cos2d(x — 1))/ sin2e(x — 1)
0

sin2¢

he = “sin2¢

where ¢ = —i(do + r) and r is ocean damping.

The atmospheric model A(T; x) is a linear but
nonlocal function of SST, whose y dependence is as-
sumed slow compared to the oceanic radius of defor-
mation. We use a Gill (1980) model, retaining only
the zeroth Hermite function in the meridional structure
of the forcing, so the equatorial value of the zonal wind
stress is given by the simple integral operator:

1
ANT; x) = Aoea[% exp(3ex) f exp(—3eus) Tds

_ -;— exp(—ex) J;X exp(eaS)TdS] (2.3)

1
- f AT x0)(cos2(x — X)) ~12 sin2¢p(x — xo)dxo]

1 M 1/2 1
uU (%) AT xo)dxo(cos2¢(x — 1))'/? — f AT x0)(cos2¢(x — XO))UZdXO] (2.2)
0 X

where ¢, is a nondimensional inverse decay scale pro-
portional to the atmospheric boundary-layer damping
rate and boundary conditions of zero anomalous forc-
ing outside of the ocean basin have been used. The
nondimensional parameter Ag is a constant factor re-
quired to make the operator order unity for standard
values; Ay = 15 is used in all plots, as in Part II.

The coefhicients a, v, ¢,, and b in the temperature
equation are nondimensional basic-state quantities,
scaled to be unity under reasonable conditions. The
first three are associated with zonal advection by per-
turbation currents, thermocline feedback due to vertical
advection of subsurface temperature perturbations, and
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damping by surface fluxes and mean vertical advection,
respectively. The coeflicient b is associated with the
combined effects of vertical and zonal advection by
surface-layer perturbation currents. Their longitudinal
dependence is quantitatively important to the coupled
modes in the basin but, as in Part II, we mainly consider
the special case where these are treated as constant.
This facilitates analytical solution and also highlights
the spatial structure implied by the finite ocean basin.
We find that the most important qualitative behavior
of the system, the smooth joining of eigensurfaces as-
sociated with oceanic and SST time derivatives, is re-
produced even in this very simplified case.

The important parameters of the system as defined
in Part II are listed in Table 1 for reference. The relative
coupling coefficient measures the strength of the wind
stress feedback per unit SST anomaly, relative to stan-
dard values, from the atmospheric model. The relative
adjustment time coefficient is the ratio of the time scale
characterizing dynamical adjustment by equatorial
waves, ., to the net time scale of SST change by various
coupled processes, t7. The surface-layer coefficient, d;,
measures the strength of the surface layer effects; spe-
cifically, it is the inverse ratio of the coupled time scale
of SST change through advection by vertical / meridi-
onal and zonal vertical-shear Ekman currents, ¢, to
the coupled time scale of SST change through feedbacks
involving the thermocline and vertical-mean currents
above the thermocline, ¢,,. An important parameter
controlling the atmospheric model spatial structure is
the boundary-layer damping rate, ¢,, here scaled as a
damping length relative to the zonal basin scale. Fi-
nally, two damping parameters are important, although
we make less explicit use of them: ¢;is the net damping
of SST anomalies due to surface processes; in the SST
equation, (2.1), it is combined with an effective dy-
namical damping of SST anomalies due to mean up-
welling to give a total damping, ¢,,. Damping processes
affecting oceanic dynamics are represented by a Raleigh
friction /Newtonian cooling coeflicient, r, in the shal-
low-water subsystem. Ocean damping is helpful in
keeping the fast-wave limit well defined; we always let
r = 0 last when taking sensitive limits. The damping
parameters give a simple correspondence between 2-
degeneracies and codimension-2 bifurcations, as dis-
cussed in Part 1.

3. SST modes: Case of surface-layer processes only

It was shown in Part II (section 4b) in the weak-
coupling case that several feedback mechanisms tend
to destabilize the SST modes, including processes from
thermocline depth fluctuations and horizontal and
vertical advection by both vertical mean currents and
currents associated with the surface layer. These dif-
ferent feedback processes shape SST in very different
ways. In this section, we focus on the SST modes in
the case of large d;, where the feedbacks from advection
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TABLE 1. Primary parameters.

u relative coupling coefficient

8 =t/tr relative adjustment time coefficient

85 = tmfts surface-layer coefficient

€ damping length scale of atmospheric model

r damping time scale of shallow-water ocean dynamics
er damping time scale of SST by surface fluxes

and Ekman pumping due to surface-layer processes
dominate over feedback processes due to the vertical
mean currents and thermocline displacement. The lat-
ter will be analyzed in the next section. As discussed
in Part II, section 2, the product bé; is order unity if
large 6, is due to weak vertical-mean current processes
rather than very strong surface-layer processes.

Dropping the terms in # and u,, from the SST equa-
tion gives

6T = —€, T+ bouA(T; x), (3.1)

with A, given by the integral operator (2.3); (3.1) is
an integral equation describing the coupled SST modes.
As discussed in section 3, we treat the potentially x-
dependent basic-state coefficients, ¢, and b, as constant
both for simplicity and to highlight spatial structure
inherent to the ocean basin.

To solve (3.1), we first invert the integral operator
from the atmospheric model to get a differential equa-
tion

(0 + e,)(32 — 26,05 — 3€2)T = —2bd,ue, o0, T.

(3.2)
For a solution of the form
T = Ty (3.3)
the resulting dispersion relation i;\
(0 + e,)(k? — 2ek — 3€2) = —2bdgue, Aogk. (3.4)

For each o, (3.4) gives two roots for k. Thus, we have
a formal solution

2
T = (2 Twe"*)e™.

i=1

We then substitute (3.5) with (3.4) back to (3.1)
and (2.3), which already has the boundary conditions
built into the integral operator. In this case, the bound-
ary conditions are those required by the atmospheric
model, that is, no SST anomalies outside the basin.
The limits of integration associated with these bound-
aries in (2.3) give two terms with x dependencies
e** and e~ in addition to the eigenstructure x de-
pendence e*'* and e***. The boundary conditions
then appear in the requirement that the coefficients of
e¥* and e™**, after integration of (3.5) and (2.3) in
(3.1), be zero. The dispersion relation (3.4) can be
derived by this same method; our device of passing via

(3.5)
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the differential equation (3.2) is merely a convenience
that makes the number of independent x structures
required in (3.5) immediately apparent. The boundary
conditions yield two quantization conditions required
for a nontrivial solution:

el
=0
El —3ea+k
2
Ty, =
Py =0, (3.6)

which give an eigenvalue equation:

(ki — 3e,) " exp(ky) (k2 — 3ea) ™" exp(ky)

(60 + k)™ (at k)t |2

(3.7)

where k, and k, are the roots of (3.4). Thus, (3.7)
determines the temporal eigenvalue o, while (3.4)
yields the spatial eigenvalues and (3.6) determines the
eigenvector (7%, ), to complete the SST mode so-
lution (3.5).

When ¢, is small, that is, thé atmospheric damping
radius is large compared to the basin length, a fully
analytical solution of ¢ from (3.7) is possible. We apply
the small ¢, approximation to the structure of the at-
mospheric operator, retaining only terms to zeroth or-
der in ¢,, but do not make this assumption for the
magnitude, retaining e, 4, where it multiplies coupling.
From (3.4), we then have

ky =~ —2bdue Ao(a + €,)"" + O(e,)

ky =~ O(€2). (3.8)

Thus, (3.7) can be approximately written as
ek‘ - _ 1 = e~1n3—i1r (39)

3
or

ki=—-In3+i2n—1)m, n=1,2,3,

2bd,ueado[In3 + (21 — 1)in] '
= —¢, .10

7o (In3)? + (2n — 1)?x? (3.10)

where n =0, —1, —2, + + - solutions just give the com-
plex conjugates. The solution is thus

T = Ty, exp
2bdgpe Ao In3
x| — + _—
{ X In3 ((1113)2 +@n— 1) ¢ )t]
. 2b65/~¢faA0
X —_
e"p[’(zn ”’r(x I + (2n = 1)%a2 t)]

+ O(e,). (3.11)

Since b is normally positive, when g is large enough,
o, = Re(o) can become positive, yielding growing,
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westward-propagating SST modes. The dispersion re-
lation, (3.10), shows clearly that the most unstable
mode has largest spatial scale and lowest frequency.
There is slight eastward-decaying factor due to 37 giv-
ing an amplitude change of 1/3 over the basin.

In the general case of ¢, not small, using the relation

k2= _36121/](1, (312)

which is obtained from (3.4), we can easily obtain a

numerical solution for roots of k; satisfying the eigen-

value equation (3.7). We define for convenience
—klfaAo

k% - 26ak1 - 363

fky, €) = (3.13)

such that
o+ €, = 2bouf(ki, €;) (3.14)

so that f(k,, e,) summarizes the k, and ¢, dependence
of the eigenvalue. Physically, f(k,, ¢,) describes the
relation of SST anomaly and wind stress anomaly. Be-
cause the k, solution is always complex, f is also com-
plex, giving the phase difference between the two fields,
which produces propagating modes; Re(f') représents
the rate of reinforcement of an SST anomaly by the
wind stress—-induced surface-layer feeclback. To the ex-
tent that stress anomalies are in phase with SST anom-
alies, the resulting vertical and zonal advection anom-
alies will produce growth. To the extent that positive
stress anomalies occur out of phase (to the west) of
positive SST anomalies, the resulting advection causes
westward propagation. The mechanisms are qualita-
tively similar to the periodic disturbance case (for
which k; would be specified and pure imaginary)
except that the modes must satisfy the quantization
conditions (3.7).

Although the dependence of k; on ¢, has to be nu-
merically evaluated, (3.14) gives an exact analytical
expression for the eigenvalue o once we get k((¢,) for
different modes, analogous to (3.10). Figures 1a,b show
f(k,, ;) and ki, respectively, as a function of ¢, for the
gravest mode. As ¢, increases, the imaginary part of k;
increases; that is, the spatial scale of the SST mode
becomes smaller. The eastward-decay factor due to
Re (k) also diminishes, while the eastward-amplifying
k, increases. This results in a mode with considerable
amplitude throughout the basin.

As ¢, increases, two effects occur in f(ky, ¢,). Because
the effect of ¢, on coupling strength is included in Fig.
I, the growth rate and frequency become small as ¢,
becomes small. Aside from this linear factor, the effect
of ¢, in the atmospheric model structure tends to reduce
both growth rate and frequency so the net effect is
modest away from the smallest ¢, range. The imaginary
part of k, increases substantially with ¢,, as does k;
according to (3.12). The gravest spatial mode is still
the most unstable and lowest-frequency mode, as may
be expected from (3.13).
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FiG. 1. Eigenvalue and wavenumber dependence on inverse at-
mospheric damping length, ¢,, of the gravest westward-propagating
SST mode (surface-layer-only case). (a) Factor for eigenvalue de-
pendence, f(k;, ¢); real part (scaled growth rate tendency): solid
circles, imaginary part (scaled frequency): open circles. (b) One of
the two complex wave numbers, k,; real part: solid circles, imaginary
part: open circles.

Once the eigenvalues are obtained, we can derive
the eigenstructure very easily. If we use (3.4) and (3.7),
the eigenvector is

T(x, 0) = (eg + ky)e*™ — (e + kr)e***  (3.15)

aside from an arbitrary amplitude factor. The value of
k; is obtained by using (3.12), and it has a small pos-
itive real part that gives a slight eastward amplification.
Figure 2 shows a time-longitude plot that combines
this eigenvector with the oscillatory part of e”. The
westward propagation is very similar to the results ob-
tained in Part I except that the mode is less trapped in
the eastern part of the basin. The inhomogeneity in
the basic state of Part I is thus apparently quantitatively
important for the east basin trapping of westward-
propagating SST modes for this case where the ther-
mocline feedback is neglected.

While the modes discussed here are simpler than
those seen in Part I and much simpler than the west-
ward-propagating modes found in various GCM ex-
periments (Meehl 1990; Neelin 1990; Lau etal. 1991),
they provide a useful prototype for westward-propa-
gating SST modes in the case where surface-layer pro-
cesses dominate. When the thermocline feedback term
is included but is not too strong, we know from N91
and Part I that similar modes may be found. As the
relative importance of the surface-layer processes is
weakened by reducing §,, the westward propagation is
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slowed and eventually the modes become stationary
(or even eastward propagating) due to the competing
effects of the thermocline feedback. Section 4b of Part
II shows this effect in the weak-coupling case; rather
than repeat the analysis of this transition, we turn di-
rectly to the case of an inactive surface layer in the
following sections.

4. SST modes in the fast-wave limit and its
first-order correction

When the thermocline feedback and advection by
vertical-mean currents are taken into account, com-
plication immediately follows as the subsurface dy-
namics becomes involved. Analysis of SST modes at
strong coupling is simplified in the fast-wave limit since
the time scales of wave dynamics are not important.
By examining also the first-order correction to the fast-
wave limit, we can obtain insight into the behavior of
the modes near this limit and into its accuracy in ap-
proximating modes at realistic parameters. Of partic-
ular interest is the stationary, eastward-trapped SST
mode found in Part I and examined at low coupling
in section 4b of Part II. For simplicity, we let §; = 0;
that is, we turn off the surface-layer feedback processes
due to Ekman pumping and Ekman flow advection
that are discussed in section 5. The SST equation (2.1)
becomes

oT = au, + vh, — ¢,T. (4.1)

In the fast-wave limit, where 6 is small, the general
integral expressions of u, and /4, (2.2) can be much
simplified provided ¢6 < 1, the region of validity of
which is discussed in section 3 of Part II. Expanding
the Green’s function in terms of é and retaining only
the terms first order and larger, under the assumption
60 <€ 1, we obtain

1
U(x, 0) = —2(bc + r)p[(x — I)J; \/)—co.)‘le(T; Xo)dxo
1
—f (x — xo) AT xO)de]
1
ho(x, o) ~ u[ fo VxoAo(T; Xo)dxXo

1
- f Ae( T; xO)dX()] . (42)

This approximation satisfies the boundary condition
u.(1, o) = 0 and becomes exactly the Sverdrup balance
as o — 0, the fast-wave limit. The differential equations
corresponding to (4.2) are just

d
ox he = pA(T; x)
82
ﬁuL,: —2(60 + r)pA(T; x). (4.3)
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FiG. 2. Time-longitude dependence along the equator of the SST

component of the westward-propagating SST mode. Surface-layer-
only case with ¢, = 3.0, ¢, = 1.0, u = 2/3: arbitrary units.

This is a first-order correction of the § = 0 fast-wave
limit used in N91.

The system (4.1)-(4.2) again forms an integral
equation for the SST modes. Following the same pro-
cedure used in section 3, inverting this integral equation
into a differential form, we obtain a dispersion relation

(0 + e)(k* — 2e.k — 3€2) k2

= —2ke,dou[vk — 2a(60 + 1)]. (4.4)

For a given value of o, (4.4) gives four roots for k,
with one of them zero, which together govern spatial
dependence. Thus, a formal solution will be

3
T=(To+ X " Ty)e".
i=1
Substituting this solution back into (4.1) and (4.2),
which contains the boundary conditions, we can derive
the set of equations for the temporal eigenvalue o and
the eigenvector (T, Tk, Tk, Ti,)"-

Similar to the case discussed in the last section, the
integral operator in the atmospheric model gives two
terms in e*# and e~ ‘" after integration using (4.5).
Eliminating these two terms gives two equations very
similar to (3.6). The boundary conditions built into
(4.2) give two additional terms with linear and constant
x dependences. Eliminating the term in x and balancing
the constant term with the constant term in the eigen-
structure (4.5) yield two more equations. Thus, we ob-
tain four linear equations for 7 and T}, as follows:

(4.5)

3 ek,— 1
T + — To=0
236‘1 k,‘ ki 36(1 0
3
Ty, 1
=~ Ty=0
’Z:I €a+k,‘ €q 0
3
B(k,) k O’+€w
Ty, = —————— T,
272 ¢ T = 3G T acdm 1

ki

> e
Z (g(ki) - _)B(ki)Tk,« =0

k (4.6)
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where

3 1

Bk = 3Ga ") " e )

1

g(k;) = fo Vxer=dx. (4.7)
Here B(k;) comes from the atmospheric operator, and
g(k;) from the constant of integration in the thermo-
cline solution (4.2). For a nontrivial solution, the 4
X 4 matrix multiplying the eigenvector in (4.6) must
have zero determinant, yielding a transcendental
equation for ¢ that generally must be solved numeri-
cally. However, the limiting case é = 0, the fast-wave
limit, is more easily solved, especially when we also
consider small oceanic damping, taking & — O first,
then r — 0. The dispersion relation (4.4) becomes

(0 + €,)(k* — 2ek — 3€2) = —2uve, Ay (4.8)

and the eigenvalue equation (4.6) becomes for this case

2 ki

e" 1
S ——— T +=—To=0
i=1 i

3¢, — k; 3¢,
L T, To_,
i=1 €a + k,‘ €,
‘ 2 eki o+ e,
2 | &tki) —— B(ki)Tki =— Ty. (4.9)
i=1 ki ‘Y”’EGAO

Although in general the limit is sensitive to the ordering
and should be justified as an approximation to the case
of small r, in this case it is not. The same set of equa-
tions can be obtained either by taking the limit 6 — 0
and k3 — de, Aoguar] 2, Aoy — 3€2(o + €,)] ' in (4.6)
or by simply directly integrating (4.1) with (4.2) under
the condition 6 = 0 and r = 0. ’

Again using the special case where ¢, is small to sim-
plify the structure, without assuming small magnitude
for the atmospheric operator, we have k, = —k;
= ik, so the eigenvalue equation can be written as

F(k) = (e“? + %)(g(—fc) — ie~ ki1
- (e-"? + %)(g(fc) +ie*k1) =0
~ l T
gk) = fo Vxe®*dx. (4.10)

It is easy to show there is no root for F(k) when
is pure imaginary. There is a set of pure real
solutions:

k
f

o ((koy + 2
k%[( o + 2nw) (4.11)

, n=0,1,2, .-
(k02+2n7r)]
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that can be seen clearly in Fig. 3. Here k¢, and kg, are
the first two roots of equation (4.9 ), which are obtained
numerically. The eigenvalues thus are

T -
v (k(),' + 2717!')2

i=12 n=0,1,2,---. (4.12)

Clearly the gravest modes n = 0, i = 1, 2 are the most
unstable. They exhibit pure growth when coupling is
strong enough to overcome the damping in the SST
equation.

Because ¢, affects the phase relation between SST
and wind stress, the stationarity of these SST modes
may be expected to depend on this parameter. In the
numerical results of Part I, it was noted that the sta-
tionary SST mode is eastward trapped, and that for
large e,, the stationary SST mode becomes eastward
propagating for the case where the thermocline feed-
back dominates. With ¢, # 0, (4.8) may be written

ky = €+ i[ZYMGaAO(O' + fw)_1 - 4631]1/2:

ky, = 2¢, — k (4.13)
from which it is clear that for nonzero ¢, (but small
enough not to qualitatively affect the eigenvalue) the
spatial eigenvalues k|, k, have a positive real part that
traps the mode in the eastern part of the basin with an
atmospheric damping length decay scale. This eastward
trapping could be further enhanced by longitudinal de-
pendence of upwelling and other parameters but arises
in this simple case from the east-west asymmetry in
the atmospheric model alone. The lack of real k,, k,
roots for (4.10) leads one to further anticipate from
(4.13) that as ¢, becomes large, the eigenvalue will have
to become complex. This is borne out by numerical
solutions of (4.9), shown in Fig. 4. Similar to the case
of (3.11), we define for convenience

Flkr; €) = —eado(k3 — 2¢k; — 3e2)™ (4.14)

k/n

FIG. 3. Graphic solution of (4.10): zeros of F(k) give
eigenvalues in the fast-wave limit for ¢, = 0.0.
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FIG. 4. Eigenvalue and wavenumber dependence on inverse at-
mospheric damping length, ¢,, of the two gravest SST modes (fast-
wave limit case with §; = 0). (a) Factor for eigenvalue dependence,
J(ky, €,); real part (scaled growth rate tendency): solid circles (gravest
mode) and open circles (second mode), imaginary part (scaled fre-
quency): open squares. (b) One of the three complex wavenumbers,
k,; imaginary part: solid circles (gravest mode ) and open circles (sec-
ond mode), real part: solid squares.

such that
o+ e = 2yuf (ki )

so that f(k,; e,) summarizes the k,, ¢, dependence of
the eigenvalue. Figure 4 shows f(k,; ¢,) and k, for the
two gravest modes. The gravest mode is the most un-
stable and, when ¢, is not too large, all modes are sta-
tionary. As ¢, becomes sufficiently large (i.e., for an
atmospheric damping length less than about half the
basin width), the two gravest modes, which were purely
growing at smaller ¢,, merge at a 2-degeneracy and
produce an oscillatory pair. Here f(k,; ¢,) describes
the relation of the SST anomaly and the thermocline
depth fluctuation. In the range where ¢, is not too large
and f(k;; ¢;) is real, there is no phase difference between
SST and 4 so the feedback from the thermocline fluc-
tuation yields a purely growing SST mode. In the large-
¢, range, where f(k;; ¢,) becomes complex, the oscil-
latory modes are associated with zonal and temporal
phase lags of # and T'. This latter case has mechanisms
qualitatively similar to the simple zonally periodic case
of N91, with the basin effects yielding eastward trap-
ping. The stationary case—and the transition to it—is
new and is of great interest.

Each value of ¢ has two associated values of k con-
tributing to the eigenstructure. In addition, there is a
spatially constant component, T, in the SST structure.

(4.15)
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FIG. 5. Eigenvectors for SST modes in the fast-wave limit. (a) SST
structure for stationary mode for ¢, = 1.5. (b) Time-longitude de-
pendence along the equator of SST component of eastward-propa-
gating SST mode with ¢, = 2.5, ¢, = 1.0, u = 0.75. (c) As in (b) but
for A component. Units normalized for SST; /4 in units of 2u|f|.

Thus, the oscillatory mode will potentially have east-
ward-propagating, westward-propagating, and standing
components. For a given eigenvalue, the eigenvector

can be written as
T =1+ Tye"™ + Tp,e* (4.16)

with
Tr,
T,
_ _[Bea— ki) exp(ki) (3 — k2) ™' exp(kp)]™!
(eat ki)™ (e + ko)™

x [(3553_1]. (4.17)

a
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When ¢ is real, k, and k; are complex conjugate and
thus so are T}, and T, giving real 7. When ¢ is com-
plex, the first term in (4.16) plus part of the second
pair of terms give a standing component to the oscil-
lation, while the remainder of the second pair yields
an eastward-propagating component. The eastward-
propagating part is more evident and the mode is more
strongly trapped to the east as ¢, increases. Figure 5a
shows SST structure for the stationary mode and Figs.
Sb,c show the time-longitude diagram for this east-
ward-propagating mode, respectively. East basin trap-
ping in both cases is clearly demonstrated even without
any inhomogeneity in the basic state.

One of the important factors that results in this trap-
ping is the exponential x dependence due to ¢,. How-
ever, even in case of small ¢,, the eigenstructure of SST
still has east basin dominance. Using (4.16) and letting
¢, —> 0, the eigenvector of SST can be written (up to
an arbitrary factor) as

T = 3 cos[(ko, + 2n7)(x — 1)]

+ cos[(ko, + 2nw)x]. (4.18)
The factor of 3 is a result of the east-west asymmetry
in the atmosphere model due to § (associated with
damped Kelvin and Rossby wave structure). For the
gravest mode (n = 0, i = 1), ko, =~ 2.65, so in the west
basin, the two terms in 7 tend to cancel, while in the
east they do not. This gives a strong dominance of SST
amplitude in the east basin. In this case, the factor of
3 from the atmosphere is crucial in producing the
asymmetry while the value of ko, , which is determined
by boundary conditions, selects east basin dominance.
This effect may be visualized in physical terms by re-
calling that for a steady, large-scale zonal wind stress,
the thermocline response is larger in the east than in
the west; for example, for the spatially constant case,
h = 0 occurs one-third of the way across the basin
(Cane and Sarachik 1981). On the other hand, for a
large-scale SST anomaly, the dominant wind response
is slightly to the west of the SST. A mode with eastward-
enhanced SST thus results from the feedback between
greater thermocline response to the east of the stress
and greater stress response to the west of the SST.

A priori, one would expect east—-west asymmetry due
to B in either atmosphere or ocean to be sufficient to
introduce asymmetry in the eigenfunctions. However,
in the above case, asymmetry in borh ocean and at-
mosphere is required. We can consider a symmetric
version of the atmospheric model (corresponding to
eastward- and westward-damped gravity waves) by
simply dropping the factor of 3 in (2.3). For this at-
mospheric model, for the case of ¢, —> 0 the factor of
3in (4.18) disappears. Furthermore, in the ¢, # O case,
atmospheric damping no longer has an exponential
trapping effect in k; and k,. The eigenstructure becomes
simply
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T = cos[kn(x — 1) — Y(kn)]
+ cos[k,x + Y(k,)] + const
\b(kn) = tan_l(fakr_tl)y (419)

where k, are pure real. The effect of ¢, creates no trap-
ping and the solution is symmetric in the basin [i.e.,
under the transformation x = (1 — x)]. Although for-
mally the equations are not invariant under this trans-
formation due to east-west asymmetry in the ocean
model, for r = 0 and § = 0, symmetry is broken only
by the introduction of a constant term due to oceanic
boundary conditions. For antisymmetric stress distri-
butions, this constant is zero. Thus solutions with sym-
metric SST, producing antisymmetric stress and hence
symmetric thermocline feedback, are consistent and
exhibit symmetry properties despite 3 in the ocean.
A similar effect occurs when the east-west asym-
metry is retained in the atmosphere but is removed in
the ocean by using a nonrotating gravity wave ocean
that, for r = 0, § = 0, obeys a “Sverdrup balance” (in
the sense that thermocline slope balances wind stress
as in the true Sverdrup balance) and conserves mass
at each latitude. For the case of ¢, = 0, the atmosphere
breaks east-west symmetry only through a spatially
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metric SST, symmetric stress, and antisymmetric ther-
mocline structure. The spatial eigenvalues, {k = n,
n=1,2, - - -} are not too different from the solutions
to (4.11).

Introduction of nonzero ¢, removes these symmetry
properties even for the case of a symmetric ocean. For
realistic parameter values, the effects of r and | o | near
the bifurcation will tend to be much less important
than those of ¢,. Thus, while east-west asymmetry in
both atmosphere and ocean contributes to producing
east basin trapping, it is fair to characterize the at-
mosphere as the more important of the two.

Understanding this east basin trapping for the sta-
tionary mode in this simple case is useful because this
property carries over smoothly to the eastward-prop-
agating case when ¢, is changed, to the westward-prop-
agating case when §; is increased, and to the wave-
dependent oscillating mixed SST/ocean-dynamics
mode when 6 is increased (for g not too large).

Turning to the first-order correction to the fast-wave
limit, when 8 # 0, we can construct the eigenvector
for a given eigenvalue as follows:

T =1+ Ty exp(kix) + Ty, exp(kox)

+ T, k 4.20
constant term. For antisymmetric SST distributions, wexp(hsx) )
this constant is zero. Eigenfunctions have antisym- with

T, Gea— k) 7leM (Beu— ko) 'er (Beu — ks) ek [ (Bea)”
Ti,| = —| (et ki) (60 + k)™ (ea + k3)™! (&) (4.21)
2
Ty, B(k)e“ki2  B(k)e*k3?  B(ky)e**k3? __ote
260aue,Ag

When o is real, k; and k; are still complex conjugates
and k; is real, and thus 7, and T}, are complex con-
Jjugates, while Ty, is real.

As long as the coupling is not too large, the stationary
SST mode solutions in the fast-wave limit are very ro-
bust as the time scale ratio é is increased from zero
toward order one, as shown in Fig. 6. This is produced
using the first-order correction to the fast-wave limit,
(4.6), and the dispersion relation (4.4). Note that ¢ is
not necessarily linear in 4 but that, even for quite strong
coupling, u = 1 in this case, there is little change relative
to the fast-wave limit. The first-order effects of the wave
time scales on the SST mode are small and the SST
modes maintain their fast-wave limit behavior to order-
one values of §. However, it should be pointed out that
sensitivity to é also depends on a, which governs the
strength of the zonal advection feedback; the larger a
is, the smaller the range of 6 for which this approxi-
mation remains valid.

In the case of the regime of eastward-propagating
SST modes, as 6 is increased, we find that the propa-
gating mode actually becomes a stationary, pure growth

mode again as shown in Fig. 7. The SST structures for
stationary modes in both Fig. 6 and Fig. 7 are shown
in Fig. 8. They are qualitatively similar to the structure
in Fig. 5b.

Rewriting (4.3) as

o[k(k? — 2ek — 3€2) — 4aud)

= —[e k(k? — 2e.k — 3€2) + 2vku] (4.22)
we see that the range of validity of the fast-wave limit
will change as the coupling becomes very large. As ex-
pected, the region of validity of the fast-wave limit de-
pends on the product ué; the larger u, the smaller the
range of 6 for which this limit is applicable. It is also
clear from (4.22) that it is the gravest SST modes that
are the first to be affected as coupling is increased. Al-
though there is only a single temporal eigenvalue in
(4.22), the physical properties of the mode change as
u is increased for fixed nonzero 6. From a mode that
is clearly identifiable as an SST mode, there is a con-
tinuous transformation to a mode that is strongly de-
pendent on § in the limit of strong coupling. This per-
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F1G. 6. Growth rate of the gravest two stationary SST modes vs &
for the first-order correction to the fast-wave limit with ¢ = 1.0, v
= 1.0, ¢ = 1.0, ¢, = 1.5, u = 1.0. Solid (open) circles for the first
(second) mode.

mits us to see the continuous connection between the
SST mode and oceanic mode eigensurfaces observed
in the numerical results. The coefficient a indicates
that the connection occurs at this order through the
Gill-Hirst mechanism due to the u},7, term of the
SST equation. Connection through the thermocline
feedback term would enter at higher order in 4.

Although (4.22) indicates that the range of é for
which the first-order correction to the fast-wave limit
is a good approximation becomes smaller for large u,
we know from the numerical results that the mode
does not undergo strong changes even as oceanic time
derivatives become important at strong coupling. To
better understand this linkage of the SST mode and
oceanic mode eigensurfaces, we turn to an eéxamination
of the strong-coupling limit.

5. The strong-coupling limit

In Part 1I, we examined how the free ocean basin
modes arising from the subsurface oceanic wave dy-
namics can be destabilized and strongly modified
through coupling. Although this gives insight into the
relation between an ocean basin mode and the oscil-
latory, nonpropagating mixed SST/ocean-dynamics
mode found numerically in Part I, we still lack under-
standing of why this oscillatory mode connects to a
nonoscillatory, strongly growing mode at strong cou-
pling, and how this in turn connects to an SST mode
at the fast-wave limit. In this section we apply approx-
imations appropriate to growing modes in the strong-
coupling limit to the Green’s function derived in sec-
tion 2 and examine the physical balances of the re-
sulting system and the connection to the fast-wave
limit. For further simplification, we again consider the
case of an inactive surface layer, 6, = 0.

Inspection of the coupled system suggests that as
coupling becomes large, for finite 8, the balances in the
shallow-water ocean component must involve large
|6c| compensating for the large coupled feedback
through the wind stress. To simplify (2.2); we need to
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consider also the behavior of the real part of 6. We are
interested in the growing eigenmodes and we know
from numerical experience that Re(6s) > 1 for large
w is a reachable condition, appropriate to these modes.
As we will see, this assumption is self-consistent with
the solutions obtained under it. The approximations
made here are more specifically valid under the con-
dition Re(éc) + r> 1, so if oceanic damping is strong,
the same balances can apply for modes with near-neu-
tral growth rates. This is very relevant 1o the discussion
of the bifurcations of the system, but because r is easily
reintroduced by shifting the eigenvalues appropriately,
we drop it for the time being.

Under this condition, we make the following func-
tional approximations:

. 1
sinh260x ~ 5 e

[cosh28a(x — 1)]7}/? sinh2d6(x — 1)

~ L [_eév(l—.x) + e—3647(1—x)]

1
[cosh28a(x — 1)]'/? ~ G [ 4 gm30et1=)]

(5.1)

The leading behavior for u.(x, ¢) and A.(x, o) thus
becomes

1 1
U(x, 0) ~ 5 (J; e %i=%) 4 (T xo)dxo)

1 1
X [eﬁa(l-x) _ e—36cr(1—x)] — Ef Jle( T, -XO)

X

X [e5U(X0—X) . e—350(x0—x)]dx0

1 1
ho(x, ) =~ 5 (J;) e~ or=x0 4 (T xo)dxo)

1

1
X [eézr( I—x) + e—36a(l—x)] — ___f Jle( T, xO)
V2 Jx
X [e*0™X) 4 =0 gy (5.2)
1.0
08 /
06} '
(¢ M
04r
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F1G. 7. As in Fig. 6 except for ¢, = 2.5 and
frequency shown by squares.
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FIG. 8. As in Fig. 5a except with the first-order correction to the
fast-wave limit; ¢, = 1.5 (solid circles) and ¢, = 2.5 (open circles).

The functional approximations for the leading behavior
are, of course, not unique. The approximation chosen
here satisfies the boundary condition u.(1, ¢) = 0 and
the structure of u, and A, clearly indicates that it cap-
tures the forced oceanic Kelvin wave and first Rossby
wave mode. To make this link, let

q.=h,+ u,

Pe=he— u, (5.3)

(Gill and Clark 1974) and then invert the integral op-
erator, to obtain

80e + 0xge = V2 ALT; X)

1 V2

0op, — = OxPe = — 3 AT x).

3 (5.4)

It now becomes explicit that the approximation made
in (5.2) still retains the information propagation char-
acteristics of the forced Kelvin and first Rossby waves.
However, it can be shown that there is about a factor
of 13 difference in the Rossby wave mode amplitude
between the approximation made in (5.2) and what
would be obtained by brutal truncation of the wave
equation to keep only the Kelvin and first Rossby wave
mode. Furthermore, the leading y structure for all terms
in (5.2) is exp[—1?/2] except in a narrow region of
width O[(8¢)™'] near the eastern boundary. An im-
portant feature in the approximation (5.2) is that it
also maintains consistency in the boundary conditions.
With (5.2), we can easily show that at this level of
approximation

4.(0, o) = o(e™), (5.5)

which indicates that when Re(do) is large, western
boundary reflection is no longer an important process
and these waves do not interact to form ocean basin
modes. Physically, this is simply because enough
growth occurs in the interior solution during the ad-
justment time that returning wave signals does not af-
fect the leading behavior. In the coupled problem, this
implies that the oscillating ocean basin modes will dis-
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appear under conditions of strong growth (or weak
growth in presence of strong damping).

The eigenvalue problem now consists of the ap-
proximate form of the oceanic response, (5.2), together
with the SST equation for 6, = 0, (4.1), and the at-
mospheric operator, (2.3). The system again forms an
integral equation and may be solved by the same
method applied in sections 3 and 4. For self-consistent
solutions, strongly growing modes must be obtained.
By inverting the integral equation, we obtain a disper-
sion relation:

(0 + e,)(k? — 2e,k — 3e2)(k + da)(k — 3b0)
= —2V2 e, Ao(y(k — d0) — 2aba)k, (5.6)
which for each eigenvalue o gives four roots for k. Thus,
the solution can be written as
4
T = (Y Tye")e”.
i=1

Substituting (5.7) back to (4.1) and (5.2), we get the
eigenvalue equation:

(5.7)

4 ok

E T 3¢, — k; =0
4 1

,z T e+ k; =0
¢ B(k;)

2 T, oo + k; =0

1 1
—36c+ k; b0+ k;

4
> Tk,.< )B(k,»)e"" =0 (5.8)

where B(k;) is defined in (4.7). The first two equations
of (5.8) are obtained in the same way as for (3.6). The
last two are obtained by demanding that the coefficients
of the x-dependent terms exp(dox) and exp(—3dox),
which come from the oceanic boundary conditions,
vanish identically. As always the eigenvalues are given
by the condition that the matrix multiplying the ei-
genvector ( Ty, ) have zero determinant.

Despite the simplifications, the system (5.6)-(5.8)
must still be solved numerically except in certain special
cases. The dependence of the gravest strongly growing
mode on coupling is shown in Fig. 9 for several values
of 8. The curves in Fig. 9 lie within the range of validity
of the approximations made in (5.2) when § Re(a)
> 1, which indeed occurs in the region u > 1. The
curves continue to behave sensibly even outside the
range of validity of the approximation, plotted with
crosses for 6 Re(g) < 1 to indicate that they should
not be trusted. However, the approximations (7.1) are
valid to within 10% (rms error) even for éc = 1. The
mode is purely growing for the range of coupling
shown, except for the § = 3 curve. For this case, a
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FiG. 9. Growth rate of the gravest stationary growing mode vs
coupling, 4, in the strong-coupling limit for § = 0.5 (solid circles),
6 = 1.0 (solid squares), § = 2.0 (solid triangles), 6 = 3.0 (open
circles). Open squares for frequency in the case of § = 3.0. Other
parameters: a = 0.5, ¥ = 1.0, ¢, = 1.0, ¢, = 2.0. Portions of curves
with crosses show u values for which Re(ég) < 1, where curves are
outside range of validity.

N

transition to propagation is seen at larger u, which will
be discussed below. In the case nearest the fast-wave
limit, 6 = 0.5, the growth rate is almost linear in u for
large u and this property changes only slightly as 6 in-
creases, even far from the fast-wave limit. This linearity
near the fast-wave limit is just as expected for a mode
that matches continuously to the corresponding gravest
SST mode at the fast-wave limit.

The SST component of the eigenstructure is shown
in Fig. 10. This eigenstructure strongly resembles that
of the SST modes near the fast-wave limit when 4§ is
small and changes only slightly as it increases, as may
be seen from the 6 = 1 case shown. The SST field is
trapped in the eastern part of the basin by the same
mechanisms discussed in the fast-wave limit. The ei-
genstructure also changes fairly slowly with coupling,
as may be seen from the two u values shown, and is
consistent with the SST structure of the mixed SST/
ocean-dynamics modes near the 2-degeneracies found
in Part L.

With this further numerical evidence of continuity
between the growing modes in the strong-coupling limit
and the SST modes in the fast-wave limit, we seek cases
of (5.8) in which the analytic solutions can be carried
further and that link the solutions to those already ob-
tained in the fast-wave limit. If, in (5.6), we let 6 -
0, the dispersion relation becomes

(0 + €,)(k? — 2esk — 3e2) = —2V2ueado.  (5.9)
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The corresponding eigenvalue equation can be written

e 1
— T + — T =
E 3¢, — ki i 3¢, To 0
2
Ty To
k20
lz et ki e 0
2 B(k;) o+ e
Ty + Y To = 0. 5.10
E ki T Vayuedy (>-10)

Because there are two roots of (5.6 )—say, k3 and k4—
identically zero, we have dropped T, and T}, from the
eigenstructure corresponding to (5.7) and replaced
them both with T, to denote the constant component.
Due to the two zero roots, it is more straightforward
to obtain (5.10) by setting 6 = 0in (5.2) than by taking
the limit 6 = 0 in (5.8).

The system (5.9)-(5.10) represents the fast-wave
limit of the strong-coupling limit system (5.6)-(5.8),
but it should be pointed out that it is not formally an
approximation to the original system: (5.6) is derived
under the assumption Re(ds) > 1, which is violated
as 6 — 0. Here we encounter the difficulty that there
is formally no region of overlap of the strong coupling
and fast-wave limits—they represent almost converse
limits in terms of the assumptions regarding |éc|.
However, drawing on the results of section 4, the mag-
nitude of é¢ depends on the product éu for large cou-
pling, near the fast-wave limit. The regions of validity
in parameter space thus approach each other for small
6 and large u as shown in Fig. 1 of Part II. It is thus
not surprising that when we push the strong-coupling
limit equations beyond their region of validity and into
the fast-wave limit, we still get a good qualitative match
to the true fast-wave limit equations, (4.8)-(4.9).

The dispersion relation (5.9) is identical in form to
that obtained in the fast-wave limit, (4.8). The only
difference is a factor of V2 multiplying u. The eigen-
value equations (5.10) differ in the coefficients of the
third equation. The similarity of the dispersion relation
obtained from these two very different approximations
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FiG. 10. SST structure of the gravest stationary SST mode in the

strong-coupling limit for § = 1.0, u = 1.0 (solid circles) and u = 2.0
(open circles): arbitrary units.
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implies the connection of the SST modes in the fast-
wave limit and the modes described by the system (4.1)
and (5.2). The surviving eigenvalue in (5.9) is that of
the SST equation, making it clear that the surface of
eigenvalues represented by slices at various values of §
in Fig. 9 indeed approaches an SST mode in the fast-
wave limit.

It remains to be verified that the behavior of the
modes indeed matches qualitatively that found in the
fast-wave limit; the connection implied by the disper-
sion relation does not alone guarantee this because the
boundary conditions arising from the ocean compo-
nent differ from the true fast-wave limit, as may be
seen by comparing the coefficients of the third equation
of (5.10) and (4.9). To examine the extent of the dif-
ferences, we turn first to the case 6 = 0 and the ap-
proximation of small ¢, in the atmospheric structure
with ¢,4, order unity in the magnitude, for which the
analytical solution (4.12) was obtained in the fast-wave
limit. Applying this case to the strong-coupling limit
equations (5.9)-(5.10), we find from the dispersion
relation, (5.9),

.kl = ‘—kz = li},

which in (5.10) gives Ty, = — Ty, while Ty = O(e¢,) is
small, and the eigenvalue equation becomes

cos(k) = -% (5.11)
giving
N k()] + 2nw
= n=0,1,2 .-+, (5.12)
k02 + 27’17!',

where (ko;, i = 1, 2) are the first two roots of (5.11).
The modes are purely growing, relative to e,,:

o= —e, +2V2uk2, (5.13)

with the gravest mode being the fastest growing. Except
for the difference in the value of k¢;, the eigenstructures
are also very similar to the results in fast-wave limit.
Thus, despite the differences in oceanic boundary con-
ditions, and despite the fact that the approximations
made in the strong-coupling limit are only valid
asymptotically for large Re(és), the leading behavior
obtained from the strong-coupling equations matches
smoothly to the fast-wave limit.

We can further check this in the case ¢, # 0. Similarly
as in Fig. 4, Fig. 11 shows the dependence of f(k, ¢,)
and k; on ¢, using the same definition of f,
(4.14). The growth rate of the modes is again linearly
proportional to f( k;, ¢,) with a relation almost identical
to (4.15):

o+ 6 = 2V2urf(ki, €). (5.14)

The dependences are very similar before the degeneracy
that marks the transition from a stationary to an os-
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FIG. 11. Asin Fig. 4 except in the case of the strong-coupling limit
system pushed into the fast-wave limit. Only the gravest mode is
shown.

cillatory (eastward propagating) mode in Figs. 4a,b,
which is lacking in Fig. 11. The strong-coupling limit
version gives only stationary modes at 6 = 0. The fact
that a strong-coupling limit favors stationary rather
than propagating modes when pushed into the fast-
wave case may be related to the phenomenon noted
in Fig. 7, where ¢, was large enough that the gravest
mode was propagating in the fast-wave limit but be-
came stationary as 6 was increased. At least in the non-
propagating range, the similarity of the wavenumbers
k, (and thus also k,) for the modes in this fast-wave
version of the strong-coupling limit and for those ob-
tained in the true fast-wave limit suggests that the dis-
cussion of the east basin trapping effect in the SST
eigenstructure given in section 4 should carry over
smoothly to the strong-coupling limit.

Having made the case that the strong-coupling limit
system gives a suitably behaved SST mode when
pushed into the fast-wave limit, we now examine the
connection between this and the range in which the
strong-coupling approximations are really valid; that
is, 8 > O(u™"). We trace the eigenmodes numerically
from é = 0, starting with values obtained from (5.9)-
(5.10), and gradually increasing 8 in (5.6 )~(5.8). Fig-
ure 12 shows for fixed coupling how the eigenvalue
changes continuously with . Although the region with
small § is well outside the range of validity of this ap-
proximation, it remains well behaved. Comparing with
Fig. 6, which is valid for small §, it may be seen that
the strong-coupling limit solution of Fig. 12 does incur
an error in this region but that the results of the two
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FiG. 12. Growth rate of the gravest stationary SST mode vs 4 in
the strong coupling limit witha = 0.5, v = 1.0, ¢, = 1.0, ¢, = 1.5, u
= 1.5. Portion of curve with Re(és) < 1 is shown by crosses.

approximations approach each other for moderate 4.
Unfortunately, there is no asymptotic matching region,
so the approximations from the two ends do not over-
lap smoothly. The closeness of the two curves in the
middle provides an indication of where the curve in
Fig. 12 becomes a qualitative rather than quantitative
representation of the eigensurface of the full system.
Our argument in this case thus must depend primarily
on the form of the eigenvalue equations in (5.9)-(5.10)
and the physical interpretation of the eigenvalue.

This connection between the SST modes in the fast-
wave limit and the stationary growing modes at finite
6 can be continued all the way to the fast-SST limit.
To do so, we rescale time by a combined SST plus
dynamical time scale, so the eigenvalue is rescaled by
(1 + 6), and introduce the modified relative time scale
parameter, 6* = 6/(1 + §), as outlined in section 3 of
Part II. The fast-wave limit still occurs at 6* = 0 but
the fast-SST limit is now at 6* = 1 in the transformed
parameter plane. Figure 13 shows the eigenvalues of
the two gravest modes traced from the fast-wave limit
to the fast-SST limit in these coordinates, under the
strong-coupling approximation. Both modes remain
purely growing and show little qualitative change over
the whole domain. This connection is remarkable con-
sidering that only the SST-equation time derivative is
important to the mode at one end and only an ocean-
related time derivative is important at the other end.

We also observe dependency on the atmospheric
damping length in the fast-SST limit similar to that
found in the fast-wave limit. Figure 14 shows the two
gravest modes as a function of ¢, in this case, exhibiting
the merger of the two stationary modes into a propa-
gating pair, in a manner similar to Fig. 4. The value
of ¢, for which this transition to propagation occurs
depends on the values of u and 8. The same surface of
2-degeneracies was seen in Fig. 9 for the 6 = 3 curve
for a slice in the u direction. We suspect that this be-
havior also carries over from the fast-SST limit to the
fast-wave limit in a relatively straightforward manner,
but we have not pursued it since it does not seem to
be a crucial aspect of the problem.
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FIG. 13. Rescaled growth rate of the two gravest stationary SST
modes vs 6* in the strong-coupling limit with a = 0.5, vy = 1.0, ¢,
= 1.0, ¢, = 1.0, u = 2.0. Solid circles for the first mode, open circles
for the second.

The models of Cane et al. (1990, hereafter CMZ)
and Schopf and Suarez (1990, hereafter SS90) are for-
mulated in the fast-SST limit in a manner very similar
to a special case of the present model: that in which
the coefficients vy and ¢, are assumed large and to have
a delta-function spatial structure in . Thus, they ex-
clude the possibility of a sequence of modes associated
with a set of spatial structures of SST, the possibility
of propagating modes and the possibility of destabiliz-
ing mechanisms other than the thermocline feedback.
The lowest-frequency mode does offer a qualitative ap-
proximation to the gravest mode discussed above, in
the regime in which it exhibits stationary growth in the
strong-coupling limit and connects to an ocean basin
mode in the weak-coupling limit. In CMZ (their Figs.
1-5), the 2-degeneracy associated with the connection
of the stationary growing mode at strong coupling and
the mixed mode with subsurface memory is clearly
seen, consistent with the 2-degeneracy extending from
the 3-degeneracy at order unity values of § all the way
to the fast-SST limit. From the results above, it is clear

" that this transition from oscillatory behavior related to

wave time scales to pure growth is associated with the
onset of the strong-coupling limit and that this tran-

€a

FI1G. 14. Rescaled growth rate (solid circles for the first mode, open
circles for the second) and frequency (squares) of the two gravest
modes vs ¢, in the strong-coupling and fast-SST limit with g = 0, v
=1.0,¢,=1.0,6* = 1.0, u = 2.0.
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sition occurs under quite general conditions. Knowing
that the pure-growth branch connects directly to an
SST mode in the fast-wave limit removes the mystery
of how these models relate, for instance, to that of Bat-
tisti and Hirst (1989), in which estimates were based
on the SST equation: the CMZ and SS90 models simply
approximate from the fast-SST limit one branch of the
set of connected eigensurfaces for the gravest mixed
SST/ocean-dynamics modes discussed in Part 1. The
growth and spatial characteristics of this eigensurface
are strongly related to those of the gravest stationary
SST mode, for sufficiently strong coupling.

6. Summary and discussion

Much of the dynamics of the coupled tropical ocean—
atmosphere system including the primary bifurcation,
which tends to determine the character of interannual
variability (e.g., Neelin 1990; Miinnich et al. 1991),
may be understood via the eigenmodes of the system
linearized about a climatological basic state. The pa-
rameter dependence of these modes is of interest both
as a means of understanding how the coupled modes
are constructed and because it can explain the sensi-
tivity exhibited by simple and intermediate coupled
models (e.g., Philander et al. 1984; Cane and Zebiak
19835; Hirst 1988; Schopf and Suarez 1988, 1990; Bat-
tisti and Hirst 1989; Graham and White 1990; Wakata
and Sarachik 1991; Cane et al. 1990; Neelin 1991 ) and
by coupled GCMs (e.g., Neelin et al. 1992). In Part I
of this series, we showed numerically how the two in-
gredients that are familiar from the uncoupled prob-
lem—SST modes and ocean dynamics modes—merge
in the coupled parameter space. The analytical or near-
analytical results of Parts II and III, which provide
physical insight into the coupled modes and an indi-
cation of the robustness of the numerical results, are
summarized here.

A formulation of the coupled eigenvalue problem
in a finite basin was outlined in Part Il which is par-
ticularly useful as a basis for making approximations.
From this, we obtain results in several limits that almost
completely surround the order-unity region of param-
eter space, which both exhibits complex behavior and
best applies to the real coupled system. Our strategy is
to attempt to delineate a global picture of the behavior
by piecing these results together. The following limits
and cases were considered.

1) The weak-coupling limit. In Part I, we examined
series solutions in u, beginning with the uncoupled
modes at zeroth order, whose radius of convergence
encompasses a significant range of coupling values. In
the case of the SST modes, the effects of coupling dom-
inate the structure of the mode even at very weak cou-
pling, when the eigenvalue correction is still small. The
uncoupled modes for the ocean dynamics are the ocean
basin modes of Cane and Moore (1981), plus a scat-
tering spectrum. Examining the coupled mode corre-
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sponding to the gravest ocean basin mode, we find that
it retains its resemblance to the uncoupled version
through a modest range of coupling but rapidly takes
on a mixed character as coupling is increased, produc-
ing lower frequency and positive growth rates. The
value of coupling at which the modification of the
structure begins to have strong effects on the eigenvalue
provides a measure of where the mode can no longer
be thought of as a weakly coupled ocean basin mode
and must be considered a mixed SST/ocean-dynamics
mode.

2) Case of surface-layer processes only. The inter-
action of SST and perturbation currents due to Ekman
drift processes in the active surface layer tends to give
westward-propagating SST modes. The case with only
these processes is simple in that it involves only at-
mospheric boundary conditions in the finite basin and
so provides a transparent example of the solution
method. For the case where the atmospheric damping
length scale is large (small ¢,), and coefficients are zon-
ally constant within the basin, fully analytic solutions
show that there is a countably infinite set of nonor-
thogonal, westward-propagating modes of which the
gravest is the lowest-frequency and most unstable
mode. When ¢, is of realistic magnitude, the mode does
not change qualitatively. Without zonal variations in
the basic state, these modes tend to have significant
amplitude through most of the basin.

3) Fast-wave limit. The finite basin version of the
fast-wave limit can yield growing, stationary SST modes
over a significant range of parameters. We focus on
these since in the parameter range where propagation
occurs, the mechanisms can be qualitatively under-
stood from the periodic basin case of N91. In the small-
€2, constant coefficient case, analytic solutions yield a
quantized series of purely growing modes. The gravest
spatial mode is the most unstable, and the important
characteristic of larger amplitude in the eastern part of
the basin is found even in this simple case. For finite
¢q, additional eastward trapping occurs at the atmo-
spheric length scale. The east-west asymmetry due to
f produces this, with both the atmospheric and oceanic
dynamics contributing, although the atmosphere is the
more important for realistic parameters. The spatial
characteristics of the SST mode in the fast-wave limit
carry over into cases where wave time scales can be
important, so qualitatively the same mechanism applies
to those cases. Because the eastward trapping is a dy-
namical effect, and does not essentially depend on the
zonal variations of the basic state, it is tempting to
speculate that a related mechanism may provide the
fundamental reason for why the cold tongue occurs in
the central and eastern Pacific in the observed clima-
tology. The robustness of the eastward trapping within
this parameter range provides support for models such
as Cane et al. (1990) that assume it. We also derive a
next-order extension to the fast-wave limit to provide

‘aconnection to the parameter range where the oceanic
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adjustment time can be important. The fast-wave limit
is a good approximation even to order-unity relative
adjustment times at low coupling, but has a smaller
range of validity at high coupling.

4) Strong-coupling limit. When coupling is strong
enough, it tends to dominate over wave propagation
effects in ocean balances. A very interesting approxi-
mation is obtained that retains the leading “wave-re-
lated” terms. Strongly growing, stationary eigenmodes
are found for reasonable values of the relative adjust-
ment time coefficient. These modes depend both on
the time derivatives from the SST equation and those
from the shallow-water ocean equations but are dom-
inated by coupling, rather than by wave effects. At the
fast-wave limit, these solution branches join smoothly
onto the SST modes. Considered from a geometric
point of view, with eigenvalues forming continuous
sheets in parameter space, this joining appears inevi-
table, at least for the gravest mode, given the behavior
in the respective limits.

Once the connection of SST modes and modes with
dependence on oceanic time derivatives is made at
strong coupling, the question is how the merger arises
between these and the oscillatory mixed mode exam-
ined in the weak-coupling limit, thus connecting the
ocean basin mode eigensurface with the SST mode ei-
gensurface. This involves the degeneracies of multi-
plicity two and three discussed in Part I; these occur
in the region of parameter space in between the regions
of validity of the limits discussed above, making an
analytical solution difficult. However, the connection
of the oscillatory mixed mode to the stationary growing
modes is strongly implied by the nature of the streng-
coupling limit. The growth rate of any mode whose
period depends on wave reflection cannot be too large.
If so, the balances appropriate to the strong-coupling
limit come to dominate over wave processes, and it
will tend to become stationary. This suggests that the
2-degeneracy marking the transition between the low-
coupling region where wave time scales can produce
oscillation and the strong-coupling region will be a very
robust feature of the coupled system. We note that this
also implies that a model with overly large oceanic
damping cannot have oscillations associated with wave
delay; as oceanic damping is increased, coupling can
be increased to keep the system above or near its pri-
mary bifurcation, but beyond the codimension two bi-
furcation corresponding to the 2-degeneracy, the bi-
furcation will be stationary rather than oscillatory.

Extrapolating the results from the various limits to-
ward the central region of parameter space thus gives
a consistent global picture of the coupled modes in the
u-0 parameter plane. To complete the understanding
of the coupled system, at least a third dimension to the
parameter space is needed, governing the transition
between stationary and propagating SST modes. We
have provided an indication of this using the relative
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surface-layer coefficient, &;, and the atmospheric
damping length parameter, ¢,, in subsections of pa-
rameter space, although the full volume of the three-
dimensional parameter space has not yet been fully
mapped out. Analytically, we cannot say much about
the 6, = O(1l) case away from the fast-wave limit.
However, it is inevitable that there will be a region in
which both wave time scales and processes tending to
produce propagation of SST will play a role such as
was found in Part I. We hypothesize that this is the
region that best corresponds to the observed system.
We argue that the several theoretical conceptions of
coupled interannual oscillations (as well as the various
regimes of behavior found in numerical coupled mod-
els) may all be viewed in a unified manner by thinking
of the modes in question as closely related mixed SST/
ocean-dynamics modes with a parameter space depen-
dence similar to that presented here. Since the most
unstable mode is usually one of the branches of the set
of interconnected, spatially gravest mixed modes, it is
likely that most of the models in which a single mode
of interannual variability is found simply exhibit ver-
sions of this in various regimes of behavior. The sta-
tionary SST modes near the fast-wave limit provide a
good point of departure for conceptual understanding
of these neighboring regimes. They provide analytically
tractable prototypes for fully coupled modes, in which
the multiple coupled feedback mechanisms may be ex-
amined. The most important regimes of behavior occur
nearby, in the sense that a finite but small change of
parameters leads from the purely growing SST modes
to oscillation through different mechanisms, while
leaving the growth rate and spatial structure charac-
teristics of the modes fundamentally unchanged. Re-
gimes with large eastward-trapped stationary SST
components with oscillation time scales set by smaller
westward- or eastward-propagating components are
reached by small changes, for instance, in §; and ¢,.
The important “standing oscillation regime” is char-
acterized by a standing oscillation in the SST compo-
nent that has spatial structure nearly identical to that
of the stationary SST mode, while ocean dynamical
time scales are responsible for the oscillation. It may
be reached from the stationary SST mode regime by
small changes along appropriate paths in the (4, u)
plane. We suggest that it is productive to view this
standing oscillation mode as a stationary SST mode
perturbed by wave time scale effects. As discussed in
Part I, this is qualitatively consistent with the view that
inspired the heuristic differential delay SST equation,
or “delayed oscillator” model, used by Schopf and
Suarez (1988) and Battisti and Hirst ( 1989) to describe
coupled behavior in this regime (although there are
severe limits on how far the analogy between the toy
model and the full eigenvalue problem can be
stretched). In the real coupled system, secular or sto-
chastic changes of the parameters by external processes
will cause the system to wander between this regime
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and neighboring ones, in particular those that include
propagation effects. There are a number of GCM results
(Latif and Fliigel 1991; Philander et al. 1992; Nagai et
al. 1992; Latif et al. 1993a,b) and indications from
observations (Latif et al. 1993b) that important effects
from time scales of subsurface dynamics can indeed
occur in combination with propagating features that
modify an almost-standing oscillation pattern in SST.

We now offer a few speculations on areas we have
touched on but not fully explored. Although we have
focused on the spatially gravest modes, there are also
possible roles for higher zonal modes, of which we have
provided some examples in the simplest cases. When
more than one type of variability is observed in a
model, it may be due either to the second branch of
the set of gravest mixed modes or to higher zonal modes
being excited by stochastic forcing or participating in
a secondary bifurcation (assuming the first bifurcation
does not qualitatively change the assumptions used in
this analysis). Higher zonal SST modes may also be
involved in coupled aspects of the seasonal cycle
through forcing or frequency locking. This might ex-
plain the westward propagation of SST and zonal wind
in the seasonal cycle in the eastern Pacific (Philander
1991, personal communication). The presence of
multiple modes of similar growth rate and of corre-
sponding codimension two bifurcations in sections of
parameter space also raises the obvious question of
modal interactions in the nonlinear case, some ex-
amples of which are found in Hao et al. (1993). The
higher zonal modes also have potential impact on the
initial growth of disturbances due to the fact that the
modes are not orthogonal in this non-self-adjoint sys-
tem (Blumenthal 1991; Farrel 1989; Zhang 1988). The
degeneracies of multiplicity two and three encountered
in the system are obvious, extreme examples of this
nonorthogonality.

We conclude by suggesting that we now have a fairly
complete framework for understanding the linear and
weakly nonlinear coupled modes of most current trop-
ical ocean—atmosphere models, especially those related
to the Cane and Zebiak model. This provides physical
insight into the balances between the multiple mech-
anisms that can affect the primary bifurcation giving
rise to interannual variability. It also lays the ground-
work for understanding the cases of linear stochastically
forced response and the initial value problem, which
should yield insight into the predictability of the system
and sources of error growth (Cane et al. 1986; Barnett
et al. 1988; Goswami and Shukla 1991). The proto-
types of coupled modes in simplifying limits further
offer an alternative to intuition based on the largely
irrelevant modes of the uncoupled problem in inter-
preting coupled model results. However, the potentially
important effects of the seasonal cycle on these modes
have yet to be examined, and open questions remain
on the nature and effects of higher bifurcations (e.g.,
Ghil et al. 1991 ) and on the role of coupled interactions
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in establishing the climatological state and seasonal cy-
cle. We remain aware that the observed system has
many features (e.g., Barnett 1983; Wright et al. 1988;
Rasmusson et al. 1990; Barnett 1991; Trenberth 1991;
Webster and Yang 1992) even more complex than the
already dazzling array of mechanisms exhibited by the
models.
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