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[1] Recent analysis using quasilinear theory (QLT) has shown that magnetosonic (MS)
waves are able to accelerate electrons to relativistic energies on fast time scales (~1 day).
However, the large obliquity of the wave and typical equatorial confinement of the

MS wave power create conditions that bring into question the fundamental applicability
of QLT to this problem. In this paper, a test particle code is used to model the interaction
of energetic electrons with fast MS waves, to test the results of QLT analysis, and to
investigate any potential nonlinear effects. It is found that in the expected Landau-resonant
region, test particle results show good agreement with QLT, but outside this region, the
spatial confinement of the low-frequency waves introduces a new source of scattering
which we call “transit time diffusion.” Although this mechanism is weaker than resonant
scattering, it is nevertheless able to interfere with the Landau resonance to create nulls in
the energy-pitch angle diffusion map, and the scattering persists even when resonant

diffusion is completely removed.

Citation: Bortnik, J., and R. M. Thorne (2010), Transit time scattering of energetic electrons due to equatorially confined
magnetosonic waves, J. Geophys. Res., 115, A07213, doi:10.1029/2010JA015283.

1. Introduction

[2] Fast magnetosonic (MS) waves have recently become
the focus of renewed interest because of their potential to
accelerate radiation belt electrons on a time scale of ~1 day,
which is comparable to the time scale of acceleration by other
known leading mechanisms such as chorus [Horne et al.,
2007]. In contrast to the earliest studies of MS wave scat-
tering which focused on the violation of the second adiabatic
invariant through bounce-resonant interactions [Roberts and
Schulz, 1968], Horne et al. demonstrated that the first adia-
batic invariant of the particles can be efficiently violated
through Landau resonant interactions with the highly oblique
MS wave.

[3] MS waves are primarily confined within ~2°-3° of the
geomagnetic equator [Russell et al., 1970; Santolik et al.,
2002; Nemec et al., 2005, 2006], and occur both inside and
outside the plasmapause in the range L ~ 2—7 [Gurnett, 1976;
Perraut et al., 1982; Laakso et al., 1990], preferentially in
the postnoon or dusk sector [Green et al., 2005; Pokhotelov
etal.,2008]. Typical observations show that MS waves occur
as a series of narrow tones, spaced at multiples of the proton
gyrofrequency (f;,;), in the range between f.; and the lower
hybrid resonance frequency (fzyr). These observations led
early workers to the idea that MS waves derive their energy
from a resonant interaction with a highly anisotropic “ring”
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distribution of energetic protons [e.g., Gurnett, 1976; Perraut
et al., 1982; Boardsen et al., 1992; Horne et al., 2000;
Meredith et al., 2008]. Moreover, MS waves were shown to
occur with an unusually high probability (~60%) and shown
to have the most intense wave electric field compared with
all other natural emissions, in the range of CLUSTER equa-
torial passes (L ~ 4-5) [Santolik et al., 2004].

[4] A defining characteristic of MS waves is the near-
perpendicular angle (¢ ~ 89°) formed between its k vector
and the static magnetic field By [e.g., Russell et al., 1970], as
illustrated schematically in Figure la. This topology results
in a propagation path that “snakes” about the geomagnetic
equator (Figure la, red curve), but remains essentially per-
pendicular to By, and leads to various effects such as the
equatorial confinement of the wave power described above
(gray region in Figure 1a, and Figure 1b), an extended reso-
nance with the (also equatorially confined) proton ring dis-
tribution, potential azimuthal guiding by the plasmapause
[Kasahara et al., 1994], and some radial translation which
can lead to a nonlocal f;; spacing between the MS harmonic
lines [Santolik et al., 2002]. In addition, since k, > kj, the
component of wavelength parallel to By () can often exceed
the spatial confinement of the waves. For example, using the
parameters described in section 2 that are used in the present
paper and taken directly from Horne et al. [2007], kj~2.17 x
10 *m ™", so that Al = 2,900 km which translates to a latitu-
dinal extent of ~5.8° at L = 4.5. Consequently, an energetic
electron traversing the MS wavefield experiences only a
fraction of a wavelength. This raises questions concerning
the applicability of quasilinear theory to the problem of MS
wave scattering [Horne et al., 2007; Kennel and Engelmann,
1966], and the large amplitude of MS waves in relation to the
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Figure 1. Schematic of magnetosonic wave geometry showing (a) obliquity, ray trajectory “snaking”
about the equator, equatorial confinement, and resultant extent of A, (b) distribution of magnetic amplitude
as a function of latitude, and (c) pitch angle scattering of £, = 300 keV, o = 55° electrons, corre-

sponding to R, in Figure 3.

low background magnetic field inhomogeneity [e.g., Omura
et al., 2008; Bortnik et al., 2008; Albert and Bortnik, 2009]
requires an assessment of whether nonlinear processes
might affect the electron dynamics. To address these ques-
tions, the interaction between a MS wave and energetic elec-
trons is modeled in the present paper using a nonlinear,
relativistic, oblique test particle code. The numerical simula-
tion and relevant equations are described in section 2, the re-
sults of a large number of modeled interactions are described
and discussed in sections 3 and 4, and the conclusions are
presented in section 5.

2. Test Particle Simulation

2.1.

[5] The dynamics of an electron, with rest mass m,. and
charge ¢g. moving in an electromagnetic field are described
by the Lorentz force equation:

Equations of Motion

dp_

LR oY) m

€

where p = ym,v is the electron momentum, v = (1 —v*/c%) ",

v = dr/dt is the particle velocity vector, and the total field
has been explicitly separated into the static geomagnetic
field By, and the wave components E", B", all of which
are functions of distance (or equivalently, latitude) along
the field line. Although (1) can be integrated directly, it is
often more instructive and computationally economical to
separate the interaction into an infinite sum of resonances,
and gyro-average the equations so that numerical integration

can proceed on time scales comparable to the gyroperiod.
Following a procedure similar to that of Bell [1984] (used
previously by various authors [e.g., Jasna et al, 1992;
Lauben et al., 2001; Bortnik et al., 2006] we write the oblique
whistler wave components as:

E" = —XE!sin® + yE) cos ® — 2Esin ® (2)
BY =xB! cos ® + &B;,V sin® — 2B cos & 3)

where @ (r) = [‘wdt — [ k - dr is the wave phase. Since the
gyroradius of resonant energetic electrons is typically much
smaller than the spatial scales of variation of B, at the L
shells of interest, we neglect the asymmetrical variation of B
in the perpendicular direction (which typically lead to mag-
netic drift motion), i.e., By (x, ¥, z) = By, (0, 0, z) = By (2).

[6] Since the whistler mode wavefield (which connects to
the magnetosonic mode along the same dispersion curve) is
naturally elliptically polarized in the plasma, we transform to
a rotating coordinate system and decompose the wave into
two circularly polarized components with opposite senses of
rotation, i.e.,

B!+ B!

v

By [Xcos® + ysinP] 4)

By BY — B

[Xcos ® — ¥ sin D] (5)
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z, By

electron (red) and an obliquely propagating whistler

wave (blue), showing the wave normal angle v, and the angle 1 between v, and BE where v, is the velocity
component of the electron perpendicular to By and By is the right circularly polarized wave component.

[7] Using the above decomposition together with (1) and
averaging over a gyroperiod, we obtain the relativistic
gyro-averaged equations of motion for a general harmonic
resonance m:

dp| 1 Pl e
? = memekH smn — Moy m W (6)
g I4
i S ZSE
w3 (% - meRZ)Jm-H (ﬂ):| Sin77 +.
LPHPL ach (7)
mey 2wee Oz
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where 7 is defined as the angle between By and v, and is
shown in Figure 2, w is the whistler wave radial frequency,
and wee = —q.Bo/m, = eBy/m, is the electron gyrofrequency.
J; are Bessel functions of the first kind, order i, whose
argument is proportional to the particle gyroradius in terms of
perpendicular wavelengths, and represents the asymmetry of
the wavefield as experienced by the gyrating particle. The
remaining equations are:

_ kupy
Me YWee

©)

ky = kcosv = (wp/c)cosyy; ki = ksingy (10)

2

me
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(12)

e

e
W] =
e

(8- 8)

- 2m,

w eEY
o) = 72; Qy = —Z (14)
w1 wipL
BB BB (15)
1 B?, n B;V’ 2 B_? — B;V

where o is the refractive index and w, is the trapping fre-
quency. A more complete description of the various terms
can be found in Bell [1984]. To close the set of equations,
we note that the wave electric and magnetic field components
are not independent, but are related through the physics of
the propagation mode [e.g., Stix, 1992]. Following Bell
[1984], Jasna et al. [1992] and Lauben et al. [2001], we
relate the Poynting flux of the wave " = (1/2)Re{E" x H"},
as well as all other wave components to the single reference
component By as:

2 2p0p3X* pcos [S” |

2
C\/(tanw—plpz)()2 + (14 p3X)

W
B}

(16)

where

- P
P — 2sin’ 1

EW’
P =
Ey

(u? — S)p? sinvp cos
D(p?sin* ¢ — P)
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Figure 3. Pitch angle and energy changes (Aca, AE) of 300 keV electrons in 3 regions corresponding
to those in Figures 4 and 5: (a, d) Region 1, ag = 20°; (b, ) Region 2, oy = 55°; and (c, f) Region 3,

Qo = 78°.

and

EY ¢ (P — 2 sin? 1/))
BY  Pucost
E} Dc (P — p?sin’ v)
BY  Pucosi(S — )’

EY _ —cpsiny
By P
BY =D (P — p?sin’ 1))
By P(S—p)

BY Dsiny (P — 1% sin® 1))
By Pcost (S — )

(20)

where ¢ is the speed of light, 119 = 47 x 107’ H/m is the
permeability of free space, and all other symbols are as pre-
viously defined. We note that the ratios expressed in (20)
relate the magnitudes of the wave components and are
always taken to be positive in the present work.

[8] Equations (6)—(20) are solved by specifying the wave
intensity (8" or B}) and wavenormal ) as a function of
latitude, together with the standard dipole expressions for
the variation of By, and its spatial derivative. A test particle
is then selected with an initial energy (Ey), equatorial pitch
angle (ay), wave-particle phase (7)), and starting location (L
and \). Given these parameters, the set of equations (6)—(8)
can be numerically integrated using standard ordinary dif-
ferential equation solvers (in our case, the Adams-Bashford-
Moulton solver is used).

2.2. Simulation Parameters

[9] In order to model the interaction of energetic elec-
trons with fast MS waves, the parameters used by Horne
et al. [2007] are followed as closely as possible. Groups of
12 individual electrons, uniformly distributed in 7, are
launched from a latitude of Ay ~ 5° at L = 4.5, into a wave

packet having ¢ = 89°, f= 33.3 Hz, and an amplitude enve-
lope B = By exp(—(V\,)?), where the latitudinal width is
taken to be \,, = 2°, and By = 250 pT (Figure 1b). The geo-
magnetic field is taken to be dipolar, and the plasma is
assumed to be composed of electrons and ions, varying
with latitude as n, = n.o cos *), after Denton et al. [2002],
with 71,0 =10.3 cm > such that Joelfee=3 at L=4.5. The wave
normal 7 is taken to be always in the same direction, and does
not vary with latitude or change sign across the equator. The
equations of motion described above are integrated for all
the test particles until they have completed a single traverse
through the wave packet and have exited at A\, ~ —5°
(Figure 1c). At this point, the final equatorial pitch angle and
energy of each particle is recorded and used in subsequent
analyses.

[10] The above parameters were chosen to match those of
Horne et al. [2007] as closely as possible, with the exception
of the Gaussian spatial variation of wave power about the
equator, which was introduced to eliminate any edge effects
associated with the step-like increase in wave power at
A = £3° To keep the total wave power traversed by the
electron roughly similar, By was increased from 218 pT
[Horneetal.,2007] to 250 pT. Since the test particle approach
used presently is inherently monochromatic, whereas the
quasilinear formulation is wideband, any comparison should
be treated as only approximate.

3. Results

[11] Figure 3 shows three examples of pitch angle and
energy scattering for a group of 12 electrons having an initial
energy of £y =300 keV, and initial equatorial pitch angles of
o = 20° (Figures 3a and 3d), oy = 55° (Figures 3b and 3e),
and ay = 78° (Figures 3c and 3f). The interaction is only
evaluated for m = 0 (Landau resonance), since the normal
cyclotron resonance (m = 1) energy is very high >35 MeV,
and beyond the energies of interest of the present study.
Each particle is traced from its starting latitude (\g = 5°),
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Figure 4. (a, c) Pitch angle and (b, d) energy diffusion coefficients as a function of energy and pitch
angle. Figures 4a and 4b correspond to 1) = 89°, and Figures 4c and 4d correspond to ¥ = 89.99°. E .
is the equatorial Landau resonant energy, the solid lines represent transit times corresponding to 4, 5,
and 8 wave periods, and R;_; correspond to Regions 1-3 (see text).

towards the Southern hemisphere, until it emerges from the
wave packet at A\, = —5°, with a modified equatorial pitch
angle A\, [e.g., Bortnik et al., 2008, Figures 1c and 1d]. The
final wave-induced changes in pitch angle (Aa = oy — ay),
and energy (AE = E; — E;) are shown in Figures 3a, 3b,
and 3c and Figures 3d, 3e, and 3f, respectively.

[12] Despite the relatively large wave amplitude, and small
inhomogeneity of the geomagnetic field which might be
expected to lead to dramatic nonlinear effects [e.g., Bortnik
et al, 2008], the scattering in both A« and AE varies

sinusoidally with 7, regardless of ag. This interaction is
therefore linear, and would lead to diffusive scattering when
multiple interactions are combined incoherently (i.e., as the
particle bounces across the equator multiple times.). It is
thus convenient to present our test particle scattering results
in the form of diffusion coefficients, calculated as:

Dyo = —
Th

1 N (Ag)? 1 X (AE /o)’
g N DEE—T_bZT (21)

n=1 n=1
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Figure 5. Velocity-space diagram showing the constant energy curve for a 300 keV electron (v3go/c =
0.7765), Regions 1-3 and associated separatrix angles. The green, blue, and red line segments represent
the transit time, Landau, and resultant single-wave characteristics in the various regions.

where N = 12 particles distributed uniformly between 0 and
27, and 7, is the bounce time for the particle, approximated
as 0.117L (¢/v) (1 — 0.4635 sin®" a,,) [Walt, 1994, p. 44].
The equivalent diffusion coefficients (21) for the three cases
shown in Figure 3 are indicated in each plot.

[13] Figure 4 shows D, and Dgg for a range of energies
from Ey =1 keV to 5 MeV, and pitch angles from oy = 10°
to 80°, calculated from an ensemble of test particle simu-
lations, as outlined above. Both Figures 4a and 4b exhibit a
broad maximum centered between ~100 keV and 1 MeV, at
o ~ 50°=70°, with values of ~107 s, that are primarily
produced by the Landau resonance, and are comparable to
the values obtained using quasilinear theory [Horne et al.,
2007]. For reference, the Landau resonant energy (E.s) as
a function of a has been superposed on both Figures 4a
and 4b, and it is apparent that the maximum in Dgg coin-
cides with E for ag ~ 50°.

[14] However, in addition to the broad maximum intro-
duced by the Landau resonance, additional scattering fea-
tures are apparent in our simulations. For clarity we divide
Figure 4 into 3 distinct regions: Region 1 (R;) is a weak
secondary maximum in D,,, at E ~ 400 keV, oy < 30°;
Region 2 (R,) is the Landau resonance region, seen as the
primary maximum in both D, and Dgg near ~300 keV at
o ~ 50°-70°; and Region 3 (R3) is a secondary maximum
in Dgg, visible primarily at large o, and low E. In addition

to these 3 dominant regions of scattering, D, and Dgg also
exhibit a weak series of striations at low E,,. The presence of
Ri, R3, and the low E, striations can be attributed to the
effects of the finite transit time of the electron as it traverses
a spatially limited region of wave power, as discussed
below.

4. Discussion

[15] The red line segments in Figure 5 indicate schemati-
cally the orientation of the resultant single-wave character-
istic for 300 keV electron scattering at different pitch angles,
i.e., the relationship between Acq; and Av; for each test par-
ticle, as it is scattered by the wave. Landau resonant scattering
leads to changes in v as a consequence of the stationary
parallel electric field £}/ in the rest frame of the resonant
electron. Since the magnetosonic waves are highly oblique,
the wave electric field is primarily perpendicular to By, and
only a small component of the total wave electric field is
involved in the Landau resonant energy transfer. The single-
wave characteristic describing the Landau resonance in
Region 2 is a horizontal line in velocity space (blue line
segments), indicating that an electron scattered to lower «
(i.e., Aa; < 0), will simultaneously increase in energy (i.c.,
Av; > 0), and vice versa, since only parallel momentum
can be exchanged [e.g., Walker, 1993, p. 158]. The corre-
sponding scattering curves are shown in Figures 3b and 3e,
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Figure 6. Time required for electrons to traverse the wave
region expressed in wave periods (Ty), showing that the
majority of energetic electrons interact with ~1 wave period
or less.

which confirm that Ao;AE; < 0. At 300 keV, the resonant
angle is oy, = 55.25°, corresponding to v|*/c = 0.4425.

[16] Well away from «;, the Landau resonance becomes
weak, and scattering is provided by an additional process,
which we refer to as “transit time diffusion.” In general, any
nonresonant electron entering the magnetosonic wave packet
experiences a force according to (1) from the first wave crest
that it encounters, which scatters it in a particular direction.
Traversing subsequent wave crests of opposite (alternating)
polarity scatters the particle in alternating directions, which
should average to zero, in the nonresonant case, for an infinite
(or long) wave train. However, in Region 1, the particle
experiences less than one half of a wave period during its
traversal of the entire wave region (A ~ —3° to 3°), and the
particle experiences a net, albeit small, perturbation. The
orientation of the magnetosonic wave is such that EV and
BY are approximately perpendicular and parallel to By,
respectively, which result in momentum exchange only in the
perpendicular direction. The resulting single-wave charac-
teristic for transit time diffusion is a vertical line in velocity-
space (Regions 1 and 3 in Figure 5, indicated by the green
line segments), implying that an electron scattered to lower
a (ie., Aqa; < 0), would experience a decrease in energy
(i.e., Av;> 0, AE; > 0). The corresponding scattering curves
are shown in Figures 3a and 3d (Region 1) and Figures 3c and
3f (Region 3) for 300 keV electrons, indicating that the
phasing of Aq; and AE; in Regions 1 and 3 is opposite to
that of Region 2, and Aaq;AE; > 0.

[17] The scattering in v, associated with transit time dif-
fusion leads to different effects in different « regions. In
Region 1 (Figure 5), the scattering is almost parallel to the
constant energy surface, and thus transit time scattering
occurs primarily in .. As «v increases, and Landau resonance
becomes stronger, and the net scattering yields a resultant
single wave characteristic oriented in the radial direction,
producing a null in « scattering. For the 300 keV electron,
the null occurs at aj, = 30.55°, and is visible in Figure 4a
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as the separatrix between regions 1 and 2. Conversely, in
Region 3, the scattering in v, is almost perpendicular to
the constant energy surface, and thus transit time scattering
occurs primarily in E. As « decreases, and Landau resonance
becomes stronger, and the net scattering yields a resultant
single-wave characteristic oriented parallel to the constant
energy surface, going through a null in £ scattering. For a
300 keV electron, the null occurs at a3 = 73.55°, and is
visible in Figure 4b as the separatrix between regions 2
and 3.

[18] The time spent by the electron in the wave packet
increases dramatically with increasing o and decreasing E,.
It is instructive to measure the time taken by the particle to
traverse the wave packet between the 0.1 By intensity marks
(A ~ —3° to 3°), in terms of the wave period (Ty = l/f =
30 ms.). The normalized transit time map is shown in
Figure 6, and indicates that the broad region of nonresonant
transit time scattering exhibited in Figures 4c and 4d corre-
sponds to electrons that pass through the wave in less than
2 wave periods. The 4T,, 57y, and 87, contours from
Figure 6 are superimposed on Figure 4, and show that the
nodes in D, and D essentially coincide with an integer
multiple of wave periods traversed by the transit electron
(i.e., perfect cancelation in scattering), whereas the anti-
nodes correspond to an additional one-half wave period
which remains uncanceled, and thus results in transit time
diffusion as described above, albeit far weaker.

[19] In order to separate the resonant from the nonresonant
effects, we increase the wave normal angle to ¥ = 89.99°,
such that v{™ > ¢ and no resonant interaction is possible. The
remaining scattering is due entirely to transit time diffusion
and is shown in Figures 4c and 4d. As expected, the pro-
nounced nulls that were present in the D, and Dgz maps
when @ = 89° due to interference between Landau and
transit time diffusion have disappeared in the case when ¢ =
89.99°, and have been replaced by a broad maximum cen-
tered roughly at £y ~ 200-300 keV and ag ~ 50°-60°. The
maximum values of the diffusion coefficients are Dya (1) =
89°) =37 x 10 °s ! and DEF(1p = 89°) = 1.1 x 10 ¢ s,
and DT(1) = 89.99°) = 7.9 x 10°® 5! and DEF(y =
89.99°) = 3.9 x 107 s”'. While the transit time scattering
in oy is relatively ineffectual (only ~2% of the Landau
resonant scattering), the scattering in E, is nevertheless
substantial, and is within a factor of 3 of the Landau scat-
tering rate.

[20] The actual importance of transit time energy diffusion
relative to resonant (Landau) energy diffusion may be even
greater than is indicated by the analysis above. Since the MS
wave has a propagation trajectory that “snakes” about the
equator, the corresponding wave normal angle varies between
a minimum angle, e.g., ¥ = 89° at the equator, and 1 = 90° at
the wave turning point. Thus, MS waves only have the
optimum wave normal distribution () ~ 89°) for a relatively
short portion of the wave trajectory, near the equator, where
they are able to Landau resonate with ~0.1-1 MeV electrons.
As soon as the MS wave propagates away from the equator,
its wave normal angle increases, and the resonant energy
increases rapidly. Similarly, variations in the background
cold-plasma density will significantly affect the range of
Landau resonant energies that can be affected by the MS
wave. In contrast, transit time diffusion is relatively insensi-
tive to the precise wave normal distribution and is able to
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scatter electrons over the entire latitudinal extent of the
waves.

5. Conclusions

[21] A test particle approach was used to model the scat-
tering of energetic electrons traversing an equatorially con-
fined magnetosonic wave packet. The parameters of the
wave were chosen to match those of Horne et al. [2007] as
closely as possible and it was shown that to high accuracy,
the scattering was linear though this was not necessarily to
be expected at the outset. As a result, equivalent diffusion
coefficients were calculated from the test particle results as
a function of initial energy, and pitch angle. Our results
show that:

[22] 1. Diffusion due to Landau-resonant interactions
occurred in a similar £ — « region, and with roughly similar
magnitudes to the predictions of quasilinear theory.

[23] 2. An additional, weaker scattering mechanism
appeared, that we called “transit time diffusion.” This resulted
from the relatively short time that the energetic particle spent
in the wave packet (typically less than 1 wave period) due to
the confinement of the wave power to the equatorial region,
the large wave-normal angle of the wave, and the low wave
frequency.

[24] 3. The orientation of the single-wave characteristic in
velocity-space for transit time diffusion was shown to be
perpendicular to that of the Landau resonance, resulting in a
separation of £ and « diffusion into three distinct region,
marked by nulls in either £ or « scattering.

[25] 4. When resonant scattering was removed from the
energy and pitch angle diffusion maps by choosing an
almost perpendicular wave normal angle (¢ = 89.99°) which
makes the Landau resonance condition impossible to satisfy,
it was shown that transit time scattering in pitch angle was
relatively ineffectual (~50 times weaker than resonant
scattering), but transit time scattering in energy remained
within a factor of ~3 relative to Landau scattering, and in
reality could be even more effective due to the variation of
the MS wave normal angle as a function of latitude, which
tends to reduce Landau resonance, but does not significantly
affect transit time scattering.
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