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[1] The effect of large amplitude chorus on energetic,
radiation-belt electrons is evaluated using a general,
relativistic, oblique, test-particle code. Three specific cases
are examined: (A) Low-amplitude waves interacting at low-
latitudes exhibit the expected, linear scattering which leads
to large-scale diffusive behavior. (B) Large-amplitude waves
interacting at low-latitudes result in monotonic decreases in
pitch-angle and energy due to a resonance dislocation
effect, leading to large-scale de-energization and particle loss.
(C) Large-amplitude waves interacting obliquely at high
latitudes result in a combination of the above behaviors, as
well as nonlinear phase-trapping which leads to rapid,
dramatic increases in both energy and pitch-angle of a
small portion of the test-particles. These results suggest that
the intensity of individual, discrete wave elements is critical
for quantifying the large-scale dynamics of the radiation-
belts. Citation: Bortnik, J., R. M. Thorne, and U. S. Inan (2008),

Nonlinear interaction of energetic electrons with large amplitude

chorus, Geophys. Res. Lett., 35, L21102, doi:10.1029/

2008GL035500.

1. Introduction

[2] The interaction of a single, charged particle with an
electromagnetic whistler-mode wave in space, forms the
fundamental building block upon which much of radiation-
belt theory is predicated. For example, wave-particle inter-
actions can cause energization and loss of outer radiation-belt
electrons on short timescales [Thorne et al., 2005; Horne
et al., 2005], leading to the formation of a low-L phase-
space density peak [Green and Kivelson, 2004; Chen et al.,
2007].
[3] There are two basic theoretical approaches to describ-

ing the particle motion through the wave, involving (i) a
direct manipulation of the Lorentz force equation [e.g., Inan
et al., 1978; Bell, 1984; Omura and Summers, 2006, and
references therein], and (ii) a Hamiltonian formulation [e.g.,
Albert, 1993, 2002; Roth et al., 1999]. Both approaches lead
to the same set of ordinary differential equations (ODE’s).
For small amplitude waves, test-particles that are initially
uniformly distributed in gyrophase spread in pitch-angle
and energy diffusively [Inan, 1987; Albert, 2001]. However,
for sufficiently large wave-amplitudes, the fundamental
mode of wave-particle interaction can switch from being
stochastic, to being deterministic, with an intermediate

region displaying dramatic examples of nonlinear behavior
[Albert, 2002].
[4] Recent reports of large-amplitude whistlers [Cattell et

al., 2008; Cully et al., 2008] raise questions of whether the
traditionally-employed diffusion-based models are adequate
for describing radiation-belt dynamics. In the remainder of
this paper, we use a general test-particle formulation to
examine three representative cases of wave-particle interac-
tion, describe the ‘resonance dislocation’ effect, and place
crude bounds on the regions of the three basic wave-particle
interaction modes.

2. Simulation Details

[5] The dynamics of an electron, with rest mass me and
charge qe moving in an electromagnetic field are described
by the Lorentz force equation:

dp

dt
¼ qe Ew þ p

meg
� Bw þ B0 lð Þ½ �

� �
ð1Þ

where p = megv is the electron momentum, g = (1 �
v2/c2)�1/2, v = dr/dt is the particle velocity vector, and the
total field has been separated into the wave components Ew,
Bw, and static geomagnetic field B0. Following the
procedure of Bell [1984], (1) is rewritten as a set of three
gyro-averaged ODE’s, the first two describing the temporal
evolution of the momentum parallel and perpendicular to
the static magnetic field (dpk/dt and dp?/dt respectively),
and the third describing the evolution of the average phase
angle h between the right-rotating component of the wave
magnetic-field Bw

R and v?:

dh
dt

¼ mW
g

� w� kk
pk

meg
ð2Þ

where m is the resonance harmonic number (+1 being the
normal, counter-streaming resonance), W is the local
electron gyrofrequency, w is the wave frequency, and kk =
kcosq is the field-aligned component of the wave vector k,
inclined at an angle q relative to �B0. The final equations
are given by Bortnik [2004, equation (2.24)].
[6] Here, we study the wave-particle interactions at L = 5

since this is the region where the largest amplitude chorus
waves are present [Cully et al., 2008], maximum inferred
internal acceleration occurs [Green and Kivelson, 2004],
and microbursts are most prevalent [e.g., O’Brien et al.,
2003], all presumably due to interactions with chorus. The
magnetic field is assumed to be dipolar, varying only as a
function of latitude. The plasma is assumed to be composed
of electrons and ions, varying with latitude as ne = ne0
cos�4l [after Denton et al., 2002] and ne0 = 10 cm�3.
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[7] Figure 1a illustrates the interaction between a
chorus wave propagating away from the geomagnetic
equator towards the southern hemisphere, and a northward-
propagating electron (vk > 0). The wave packet is taken to be
static, monochromatic, and one-sided as shown in Figure 1b,
described as Bw = B0

w [tanh(�2l � 1) +1]/2, where l is
latitude in degrees. Figures 1c–1f illustrate the interaction
of a single test-particle with E0 = 168.3 keV, aeq0 = 70�, and
h0 = p, starting at an initial latitude of l0 = �9�, with a
field-aligned wave (q = 0�), By

w = 1 pT (total Bw = 1.4 pT),
and f = 2 kHz, propagating away from the equator. These
parameters are chosen such that resonance (i.e., dh/dt = 0)
occurs at l = �5�. Figures 1c, 1d and 1f show the evolution
of the equatorially-mapped pitch-angle a, E, and the first
adiabatic invariant m = p?

2 /W. Each variable begins to
oscillate as the particle approaches resonance dh/dt � 0
(Figure 1e), indicated by the yellow block, at which point a
permanent change is experienced by the particle, and a, E,
and m are modified by Da, DE, and Dm, respectively.

3. Large Amplitude Scattering

[8] To illustrate the effect of large-amplitude whistler
waves on the particles, we contrast three different cases,
as shown in the three columns of Figure 2.

[9] Case A (Figure 2, column 1) shows scattering by
small amplitude whistlers. The wave and particle parameters
are similar to those of Figures 1c–1f, and the resonance
location is set to lres = �5�, to illustrate a typical low-
latitude wave-particle interaction region. We simulate 24
test-particles, with initial phases h0 distributed uniformly
between 0 and 2p. Figures 2a and 2b show that aeq and E
are scattered roughly symmetrically, and Figures 2c and 2d
show that the total amount of scattering Daeq and DE is a
sinusoidal function of h0 consistent with past work [e.g.,
Inan et al., 1978]. The peak scattering in this single resonant
interaction is proportional to the wave amplitude Bw

(i.e., aeq =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h Daeq

� �2i
q

and E =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h DEð Þ2i

q
grow linearly

with time t). If this same group of particles were to
encounter successive resonances which are not phase-
correlated to the first, the average particle scattering (aeq, E)
would become diffusive, and proceed as

ffiffiffiffiffiffi
Bw

p
(i.e., aeq, E

grow linearly with
ffiffi
t

p
).

[10] Case B (Figure 2, column 2) demonstrates scattering
by a large amplitude whistler. The parameters are identical
to those of Case A, except that By

w = 1 nT (i.e., total Bw =
1.4 nT) corresponding to Ew � 50 mV/m (for q = 0�) near
the resonance location, consistent with the whistler intensi-
ties (0.5–2 nT) reported by Cattell et al. [2008]. All 24 test-
particles are scattered to lower aeq and E (Daeq � �5� and
DE � �5 keV), the changes are significantly larger than
those in Case A, and the scattering is no longer a sinusoidal
function of h0. In this interaction, there is no energization of
particles, unlike Case A. Since the trajectories of all
particles are similar, we displayed one particle trajectory
in black (Figures 2e and 2f) to aid in visibility.
[11] Case C (Figure 2, column 3) demonstrates scattering

by large amplitude whistlers at high latitudes lres �23�, to
reproduce the properties observed by Cattell et al. [2008].
We set ne0 = 3 cm�3 such that ne(l = 23�) �5 cm�3

(consistent with observations of 2–5 cm�3), q = 50�
(observed range �45�–60�), Bw � 1.4 nT as in Case B
(but Ew is now �120 mV/m, consistent with observations of
100–240 mV/m), E0 = 500 keV, and aeq0 = 20� so as to
reach lres. The 24 test-particles were simulated for � 80 ms
(as in Cases A and B), consistent with the typical duration
of a chorus wave packet. The wave frequency is 2 kHz (as
before), consistent with Cattell et al. [2008], who observed
the waves to be monochromatic. Since chorus that is field-
aligned near the equator becomes more oblique as it
propagates to higher latitudes, this case can also be viewed
as the high-latitude extension of case B.
[12] As shown in Figures 2i and 2j, this case exhibits

features that are not apparent in Cases A or B. The most
dramatic difference is shown as a red trajectory, for a
particle with h0 = 7/12p, which becomes phase-trapped in
the wave potential. Its energy is increased from a nominal
500 keV to �800 keV in 80 ms, and aeq is increased from
20� to �60�. The wave forces vk to vary in such a way that
dh/dt returns to 0 repeatedly as opposed to a only single
crossing (e.g., Figure 1e), thus effectively constraining vk to
follow the resonant velocity vk

res, or alternatively, to move
with the resonance island in the Hamiltonian formalism
[Albert, 2002]. Of the 24 test-particles, only one other
particle becomes phase trapped for a much shorter period
of time, 3 particles gain some energy, and 19 particles of

Figure 1. (a) Illustration of a wave-particle interaction at
L = 5; (b) wave propagation model; (c)–(f) equatorially-
mapped pitch-angle of a single resonant particle; its total
energy; phase angle h and rate of change dh/dt; and first
adiabatic invariant.
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24 are shifted to lower pitch-angles and energies similarly to
Case B. This case represents an intermediate situation
between the small amplitude scattering of Case A, and the
large amplitude scattering of Case B as discussed below.

4. Discussion

[13] The results shown in Section 3 indicate that beyond
a certain amplitude the wave-particle interaction changes
qualitatively from that of diffusion and needs to be treated
with a nonlinear approach. Albert [2002] identified three
regimes of interaction which correspond to our simulated
cases: a diffusive regime (Case A), phase-bunching regime
(Case B), and a phase-trapping regime (Case C).

[14] The phase-bunching regime of Case B is illustrated
in Figure 3a, where we show vk for two particles in Cases A
and B in solid blue and green colors respectively (h0 = p).
Setting dh/dt = 0, we calculate the corresponding resonant
velocities using Bortnik et al. [2006, equation (2)], shown as
blue and green dashed lines. Resonance for the small
amplitude waves occurs at l = �5�, where vk intersects
vk
res. However, for large-amplitude waves, the wave-induced
oscillations in vk dominate the adiabatic variation in vk, such
that the resonance condition is satisfied at a latitude of
��6.5�. We call this forced change in resonance location a
‘resonance dislocation’ effect, which occurs when vk is
increasing. During resonance, the value of h is temporarily

Figure 2. Test-particle interaction examples. Case A (Column 1), small-amplitude waves at low-latitude; Case B (Column
2), large-amplitude waves at low-latitude; Case C (Column 3), large-amplitude, oblique waves in low-density plasma, at
high-latitudes. (a), (e), and (i) Equatorially-mapped pitch-angle; (b), (f), and (j) total energy in keVas a function of latitude;
(c), (g), and (k) total pitch-angle change; and (d), (h), and (l) total energy change as a function of initial phase.
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held stationary such that vk continues to increase, aeq

continues to decrease, and E decreases.
[15] The terms ‘small-amplitude’ and ‘large-amplitude’

waves, which we have used above, beg the question: small/
large compared to what? The key quantities to compare, are
the wave magnetic field Bw, against the static magnetic field
inhomogeneity dB0/dz [Inan et al., 1978; Albert, 1993].
Below, we derive a simple expression based on Inan, 1987,
equation (9)] to estimate the linearity boundary, restricted to
the case of field-aligned waves and non-relativistic particles.
By dividing the pitch-angle into high and low ranges, the
dimensionless parameter r, which is the ratio of the max-
imum absolute values of the oscillatory wave amplitude to
the inhomogeneity forcing term, is simplified to:

r � Bw

dB0=dz

� �
2W
v

� �
G ð3Þ

where

G ¼
1� w

W

	 
 sina
3 cos2 a

; a < 60�

1

sina
; a > 60�

8><
>: ð4Þ

When r < 1, the particle’s adiabatic motion (related to dB0/dz)
dominates over the wave-induced motion (related to Bw),
and the wave-particle interaction can be viewed as a small,
linear perturbation to the adiabatic trajectory. When r � 1,
the wave-induced motion dominates over the adiabatic
motion, and a completely non-linear interaction can be
expected. However, in the transition region, when r > 1, the
wave-induced motion and the adiabatic particle motion
become comparable, and the interaction of these two forces
can lead to extremely non-linear behavior such as phase-
trapping, in addition to partially diffusive and nonlinear
behavior.
[16] To quantify the linearity boundary, we evaluate (3) for

the case of low (aeq = 20�) and high (aeq = 70�) pitch-

angle particles, at L = 5, l = 0�–25� and plasma distributed
as in Section 2 (ne0 = 10 cm�3). The pitch-angle was
mapped adiabatically to off-equatorial locations, and the
resonant velocity was calculated at every point using (2).
The results are shown in Figure 3b, where the region r < 1
has been labeled ‘diffusion’, the region 1 < r < 5 is labeled
‘phase-trapping’ and r > 5 is labeled ‘dislocation’. The
corresponding resonant energy for the two curves is shown
in Figure 3c. For reference, we have inserted the parameters
of Cases A, B, and C onto Figure 3b (red circles), showing
that they fall into the linear, nonlinear, and phase-trapping
regions respectively. We also note that the obliquity of the
wave, and the lowered plasma density used in Case C (but
not Figure 3b) reduce the effectiveness of nonlinearity, and
increase the linearity boundary, so Case C falls more
strongly in the phase trapping region than appears. This
also implies that oblique waves requires a larger amplitude
to achieve the same level of phase-trapping as field-aligned
waves.
[17] In general, lower aeq and higher E particles require

larger Bw to achieve nonlinearity. Since Bw / dB0/dz, the
linearity boundary becomes vanishingly small near the
equator dB0/dz ! 0, so that even the smallest amplitude
waves can produce nonlinear behavior. We note that in the
configuration representative of chorus (wave propagating
away from the equator), nonlinear dislocation always results
in a lowering of both aeq and E, whereas phase trapping
always results in a dramatic increase of both aeq and E,
albeit for a small fraction of the resonant particles [Albert,
2002].

5. Conclusions

[18] Using a fully-relativistic, general, oblique-wave
code, we have simulated the behavior of low (aeq = 20�)
and high (aeq = 70�) pitch-angle particles, resonating at low
(l = 5�) and high (l = 23�) latitudes, with small (1 pT) and
large (1 nT) amplitude waves. These waves are modeled to
be consistent with chorus, with a frequency of �0.3Weq,

Figure 3. (a) Parallel velocity of a particle interacting at low-latitude with a small amplitude wave (solid blue line), and
large amplitude wave (solid green line). Corresponding parallel resonant velocity shown in dashed blue and green lines
respectively. (b) Linearity boundary for aeq = 20� and aeq = 70� electrons, for r = 1 and r = 5. Superimposed in red
circles are the parameters of Cases A–C in Figure 2. (c) Corresponding energies of particles in Figure 3b for r = 1.
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propagating away from the geomagnetic equator. Results
indicate that:
[19] 1. low amplitude waves resonating at low latitudes

produce symmetrical scattering in both aeq and E, consis-
tent with the underlying assumptions of quasilinear theory.
[20] 2. large amplitude waves resonating at low latitudes

produce a deterministic, uniform decrease in both aeq and E,
due to a highly nonlinear dislocation of the resonance point
along the field-line.
[21] 3. large amplitude waves resonating at high latitudes

can meet a condition where wave forces roughly balance
adiabatic forces, resulting in the phase-trapping and nonlin-
ear acceleration of a small number of particles, to large E
and aeq over a timescale of � 80 ms, comparable to a
typical chorus element length.
[22] These results suggest that increasing the wave inten-

sity does not necessarily increase the rate of diffusion as
might be inferred from quasilinear theory. In fact, beyond
the linearity boundary the wave-particle interaction can
change its fundamental mode, and produce monotonic E
and aeq decrease, or rapid energization for a small fraction
of phase-trapped particles. The intensity of individual,
discrete wave elements is thus a critical element in quanti-
fying the large-scale dynamics of the radiation-belts and
needs to be included in future radiation-belt models.
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