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Specific Physically-Motivated Problems

0 Specific Physically-Motivated Problems

@ Dynamic Data Driven Electric Power System
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Dynamic Data Driven Power Systems (DDDPS)

The main objectives:

@ Combine computational models with sensor data to predict the
dynamics of large-scale evolving systems.

Figure: Electric Power Grid of United States

@ Improve the ability to dynamically steer large-scale complex
systems and the measurement processes.
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Nonlinear Filtering in Multi-Scale Environment

e Nonlinear Filtering in Multi-Scale Environment
@ Signal & Observation Processes
@ Nonlinear Filtering & Zakai Equation
@ The objectives
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Nonlinear Filtering in Multi-Scale Environment

Signal & Observation Processes
We consider a nonlinear R9-valued signal process X¢

aXi = b(Xp)dt + o (X;)dV:, X5 =¢
and an R"-valued observation process Y*¢ given by the SDE
dYi = h(X{)dt+dB:, Y;=0

where V and B are independent Wiener processes and ¢ is a random
initial condition which is independent of V' and B.

Signal process X* is composed of slow and fast variables such that the
generator <. of the Markov process X is of the form

1
Lo = ng@ + ZLse,
for all € € (0, 1) (denotes the scale separation) and all ¢ € C>®(RY),

where Zr and .Zs represent generators of fast and slow variables.
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Nonlinear Filtering in Multi-Scale Environment

What is Filtering
Estimate the signal X; at time t based on the information in the
observation Y¢ up to time t;

2 ¥ olvii0<s<t)
More precisely for each t > 0, we want to compute the conditional law
of X given #;°

i (A)  PXF € Al
for all A € #(R?). We then have (with respect to Lebesgue measure
on RY)

Sreen UF (1, x)dx
= °(t, x)dx = X ,
/ P ( ) fxeRd Us(t’ X)dX

where we can directly define

prit % LX)

Jyera UF(t, x")dx"
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Nonlinear Filtering in Multi-Scale Environment

Filtering Equations

One can construct a linear recursive filtering equation for the
un-normalized density u®(t, x) via a stochastic PDE (Zakai equation):
dus(t, x) = ZXu(t, x)dt + u*(t, x)h-(x)dYs, u(0,-) = pe

where . is the adjoint operator of the .Z, and the initial condition &
has density px.

The main difficulty:

@ The numerical solutions of such stochastic PDEs get prohibitively
expensive as the state dimension increases.
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Goals:
Find a data-driven low-order model to extract useful information

@ for more accurate and long-term assesment of the system
@ for real-time detection of extreme events

Procedures: combine two ingredients, namely, stochastic dimensional
reduction and nonlinear filtering.
@ Dimensional Reduction of Nonlinear Filters
» Reduction of Signal Processes: X = X;
» Reduction of Nonlinear Filters: 7€ = 7
© Approximate Filters via Particle Methods: Construction of
lower-dimensional particle filters.
> iMoo (Mn(1), ) = Te(9)
© Application
» Vortex Dynamics
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Nonlinear Filtering in Multi-Scale Environment

Goals:

Find a data-driven low-order model to extract useful information
@ for more accurate and long-term assesment of the system
@ for real-time detection of extreme events

Procedures: combine two ingredients, namely, stochastic dimensional
reduction and nonlinear filtering.
@ Dimensional Reduction of Nonlinear Filters
» Reduction of Signal Processes: X; = X:
» Reduction of Nonlinear Filters: n¢ = 7
© Approximate Filters via Particle Methods: Construction of
lower-dimensional particle filters.
> limy— oo (Mn(1), 6) = ()
© Application
» Vortex Dynamics
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Nonlinear Filtering in Multi-Scale Environment

Goals:

Find a data-driven low-order model to extract useful information
@ for more accurate and long-term assesment of the system
@ for real-time detection of extreme events

Procedures: combine two ingredients, namely, stochastic dimensional
reduction and nonlinear filtering.
@ Dimensional Reduction of Nonlinear Filters
» Reduction of Signal Processes: X = X;
» Reduction of Nonlinear Filters: 7 = 7
© Approximate Filters via Particle Methods: Construction of
lower-dimensional particle filters.
> iMoo (Fin(t), 8) = 7(0)
© Application
» Vortex Dynamics
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Dimensional Reduction for Noisy Nonlinear Systems

e Dimensional Reduction for Noisy Nonlinear Systems
@ Original signal process
@ Reduced State Space
@ Reduced Markov Process
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Dimensional Reduction for Noisy Nonlinear Systems

Original signal process
Our starting point is the signal process { X7} on R” whose generator is

1
Lop= g-i”ﬂp + ZLsp.

We will construct this Markov process in a canonical way in
C([0, c0); R™), via the martingale problem.
Martingale Problem (Strook and Varadhan)

Deflne the event space Q2 e C(]0, 00); R") with coordinate functions

Xi(w) &' w(t) forall t > 0 and all w € Q. Let f € C2(R").
Then

M= % f(x) — /0 (2 (X

is a martingale with respect to the filtration {.%;; t > 0} under the
probability measure P* (i.e. ]EE[M[’E

=MFforallo<s<t).
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Reduced State Space

Let the unperturbed (¢ = 0) flow (3;) generate an equivalence relation
on the original state space R".

We say that x and y in R” are equivalent, i.e., x ~ y, if 3:(x) = y for
sometecR. lixecScR,welet[x] 2 {yecS: y~x}bethe
equivalence class of x and we define 7(x) & [x]. Define

mES) ~.

The dimension of 9t is much smaller than n. The discontinuities are
intrinsic to the reduced state space 2t (due to “quotioning”).
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Dimensional Reduction for Noisy Nonlinear Systems

Example: Liquid Sloshing Motion

Consider just two wave modes and their Hamiltonian. Here 97t looks
like a bunch of intersecting planes.

M consists of three planes, Z;, each of which has H., I as the local

coordinates and are joined at the vertex, z = O, to form an
"arrowhead”.

Figure: Reduced space.
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Dimensional Reduction for Noisy Nonlinear Systems

Reduced Markov Process
Define now a process in the reduced state space i,

Z%1x), t>o

The main difficulty is the presence of discontinuities in the statistics of
the Markov processes; mathematically, this is equivalent to a study of
boundary layer problems for stochastic processes.

We prove that the P*-law of {[X}]; t > 0} tends to a 9t-valued Markov
process with an identifiable generator.

Our main result will be that the P’s tend to the unique solution PT of
the martingale problem with generator ., with domain 2t and with
initial condition 4§

Arnold,Namachchivaya & Schenk [1996], Freidlin & Weber [1998],
Namachchivaya & Sowers [2001, 2002], Namachchivaya & Van
Roessel [2003] Freidlin & Wentzell [2004]
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Example: Liquid Sloshing Motion

If we define the slowly-varying quantity Z : R* — R? by
Z(x) € (H(x), I(x)), xR (1)

Our goal is to show that as ¢ tends to zero, the dynamics of
Zi = Z(X;) tends to a lower-dimensional Markov process and to
identify the generator . of the limiting law, Pf. For f € 2%, we define

def 2 13 62f
Tf 1€ E E
f 2 b/ aZj + jk71 a/k 821621 ) (2)

forall z = (21, z2) € Z. At the line where the planes of the arrowhead
meet, gluing conditions define the behavior of the process.
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Dimensional Reduction for Noisy Nonlinear Systems

The limiting domain 27 for the graph valued process is

7l :{feC M) NCAU,T):  lim  (Lf)(h) exists Vi,
m (M) N G (Ui Ti) z\(H(c,-),/(c,-))( i)

zii/ml*(ff) =0 Vi, Z{i}Z{Z }-V,

i=1 j=1

z=0

glueing conditions

Andrea Barreiro, ShanstData Assimilation and Detection in Multi-Sens



Reduced Order Nonlinear Filters: Dynamic Data Assimilation

e Reduced Order Nonlinear Filters: Dynamic Data Assimilation
@ Dimensional Reduction of Nonlinear Filters
@ Interaction between scaling and filtering (Park & Sowers)
@ Data Assimilation in the Detection of Vortices (Barreiro & Liu)
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Reduced Order Nonlinear Filters: Dynamic Data Assimilation

Dimensional Reduction of Nonlinear Filters

The main objectives:

@ To show that if the signal process {X;} of a singularly perturbed
stochastic differential equation converges to coarse-grained
process {X;} in a weak sense, then the nonlinear filter process
{77} will converge to process {7;}. The reduced nonlinear filter
process {7;} is governed by a lower dimensional Zakai equation.

© For the reduced nonlinear model an appropriate form of particle
filter can be a viable and useful scheme — numerically solve the
lower dimensional Zakai equation by an appropriate form of
particle filter.
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Reduced Order Nonlinear Filters: Dynamic Data Assimilation

Question: How does scaling interact with filtering?

Consider a plant given by an R2-valued stochastic differential equation

do; = "2dW, t>0, ©;=6,,
dzi = o(07)dV; t>0, Z5=z.
We interpret Z© as a slow axial variable and ©¢ as a fast angle variable.
The observation process will be given by
t
Yi = . h(©%)ds + B;. t>0

Our goal is to study the conditional law of the plant on the basis of the
observations. We expect that to be able to average out the effects of
the fast variable ©°.
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Reduced Order Nonlinear Filters: Dynamic Data Assimilation

For each t > 0, define #° def o{Ys5; 0 < s <t} and define the
C([0, t]; R)-valued random variable Y[% 7 as Ys(w) for allw € Q and
s € [0, t]. For each t > 0, there is a measurable map

i : C([0,{]; R) — Z(R)
such that for each t > 0 and and A € #(R),

T (A Yon) = P& € AlZE]

We note that the 7;’s give the conditional law of only the slow
component Z¢ of the plant.
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Reduced Order Nonlinear Filters: Dynamic Data Assimilation

Average out the effects of the fast variable ©¢. Define
1 1/2 B 1
5% { / 02(0)d0} and A% [ ho)ae.
0=0 6=0
Then the reduced plant and observation processes are
dzt:5th, zOZZO, t>0

t_ —
Ytd:ef/ Fds+ B —ht+B;, t>0
s=0

where the averaged observation process is independent of the plant.
Since Z; is Gaussian, for t > 0, define
_ def _2\—1/2 (x —x)? !
= 2 272 )
B0 [ (eroty 2exp |- UoEE po(aw)
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Reduced Order Nonlinear Filters: Dynamic Data Assimilation

Set
_ def

7Tt(A) = ,l_)t(X)dX
XeA
for all A € #(R). We then have that
P {T(t c A@t} — 74(A)
forall t > 0 and A € B(R), where % def o{Ys 0<s<t}

Our claim is , if you are only interested in finding the distribution of the
slow variables, you might as well use the averaged dynamics, that is,

Theorem (Park, Namachchivaya, Sowers (2007))

Let dpw) is the standard Prohorov metric on #(R). For eacht > 0,

E!i\rrg)ﬂ?l [d@(R)(W?('a Y[%,t])’ﬁt('))] =0

Since the averaged observation process is independent of the plant,
the averaged filter can throw away the observations.
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Reduced Order Nonlinear Filters: Dynamic Data Assimilation

An important quantity in studying limits of filtering problems is

exp {_ /S t_o h(eg)st—% /s tohz(ei)ds]. 3)

If this quantity should converges as ¢ ™\, 0 to a random variable with
mean 1 (i.e., a Radon-Nikodym derivative), then the filtering problems
should converge. In our case, it does not.

If h depends on Z¢ the result is more interesting. Then the averaged
observation process depends on the plant and we show that
s (-, Y[%,t]) is close to 7(-, Y[%’t]).
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Reduced Order Nonlinear Filters: Dynamic Data Assimilation

Detection of Vortices

Consider a stochastic two-vortex model that approximates the
evolution of vorticity with viscosity (Marchioro and Pulvirenti [1985],
Ide, Kuznetsov & Jones [2002]))

2 4 1_,3
o = 2O XD g opaw, = DL XD gy gup
o r2 or r2
4 2 3 1
o — 2 =X g apawe, axd — DL XD g,
t 2r re t 2m re t

where (x1, X2) and (xs, X4) represent the position coordinates of the
first and second vortices respectively.

Introduce relative and “center of mass” coordinates as

X=X Xy —xtxp xo= X AT o Tix® 4 Taxt
7 ' M+ M+
Define
r.
Zd:m{xr’yr’xc?yc}v Td:efr1+r2, and /ﬁl,'d:efil
1+
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Reduced Order Nonlinear Filters: Dynamic Data Assimilation

Then the generator of the Markov process is given by

T 1 of of 0% f 0% f
=" (5 2o, (L L
(N == i (2 + 2 ) +2v () + 52)

0°f o2f
2., 2
v (“1 HZ) (8z§ (2) 0z2 (Z)>

2 2
+2u(n—2—m>( LA S (z))

024 823 025024

for f € C?(R*). The probability density is governed by the forward
Kolmogorov equation

O Pz M) =2 P2 A1), b <1< b,

with  im P(z,|1%,) =P(z, t|%,).
—

where £ is the adjoint operator.
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Reduced Order Nonlinear Filters: Dynamic Data Assimilation

The probability density for two-vortices with equal strengths (x> = k1)
is

P(x",y", x°, ¥y, t) = pr(X", y", )pe(X€, y°, 1) (4)
where

1 Sr2|E)2
"vit)= —— —(IX"[F+[€1%)/ (4vt)
pl’(X Y 7t) 4ﬂyt//d§d779 X

. — r r i - X" 3
Z giptan H(y"/x")—iptan—'(n/€) l/tp( |X2l|t€) pr(&,n,0),
peZ

Po(XC, y°, 1) = 1 g (CP+R)wD)

)
vt

xr & (x", y"), g_d:ef (&, 1), Im(2) is the modified Bessel function of the

first kind with order m and argument z and ;3 = p® + ip/v, and the root
should be chosen so that Re(1p) < 0.
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Reduced Order Nonlinear Filters: Dynamic Data Assimilation

Numerical Results: Evolution of a pair of vortices

15
15

15
15 05 05 15 1 05 05 15

Figure: The left figure shows the superimposed distributions of (x', x?) and
(x3,x%) at t = 1. The right figure shows ¢ = 5.
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Reduced Order Nonlinear Filters: Dynamic Data Assimilation

Discrete Observations: Tracer Advection

The observations are defined by the m tracers and are taken at
discrete time instants .

Ve =hizio Vi) +Vie =2, Yo=Y, i=1..2m (5

Between observations, the conditional pdf p(z, t\ﬁé‘ty) is given by the
explicit solution (4) at any time t > .

At time t = t, 1, we get more information from the observation yx. 1,
which is used to update this conditional pdf at t = f 4.

Since v, ~ N(0, Ry), by Bayes’ rule, we can explicitly write

x5 vk — N(2.5,10) Ay (v — (2.7, 1))}

1
P(Yk 27}’):@7
2

(27)% | Ryl
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Reduced Order Nonlinear Filters: Dynamic Data Assimilation

Numerical Results: Particle Filters

e M) OTES O JB VOrEes Dy iam b5

L L L
.15 ai 4.0 o [-1--] -8 -RH] 02 k-]

Figure: The left figure shows the mean value of estimated position of the
vortices by tracking the single tracer. The right figure shows the conditioned
pdf of the position

February 5, 2008 Banff International Re/sggrcl

Andrea Barreiro, ShanstData Assimilation and Detection in Multi-Sens



Reduced Order Nonlinear Filters: Dynamic Data Assimilation

Data Fusion: Particle Filters with Multiple Sensors

os i o=
.KY o2
LESS
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x; . 0.2
. * 3
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: e e am
i —~ ——— Mean of Ex Imaled Vorlices B jniam ks —3
n Sl L ]
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Figure: The left figure shows the vortex-tracer dynamics.The right figure
shows that with two or more tracers, the extraction results can be improved.
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