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Abstract

In this paper, we develop two accurate and fast algorithms for the computation of the stable and unstable manifolds of
hyperbolic trajectories of two-dimensional, aperiodically time-dependent vector fields. First we develop a benchmark method
in which all the trajectories composing the manifold are integrated from the neighborhood of the hyperbolic trajectory. This
choice, although very accurate, is not fast and has limited usage. A faster and more powerful algorithm requires the insertion
of new points in the manifold as it evolves in time. Its numerical implementation requires a criterion for determining when
to insert those points in the manifold, and an interpolation method for determining where to insert them. We compare four
different point insertion criteria and four different interpolation methods. We discuss the computational requirements of all
of these methods. We find two of the four point insertion criteria to be accurate and robust. One is a variant of a criterion
originally proposed by Hobson. The other is a slight variant of a method due to Dritschel and Ambaum arising from their
studies of contour dynamics. The preferred interpolation method is also due to Dritschel. These methods are then applied to
the computation of the stable and unstable manifolds of the hyperbolic trajectories of several aperiodically time-dependent
variants of the Duffing equation.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

It is an accepted fact in dynamical systems theory that for autonomous and time-periodic vector fields, as well
as maps, knowledge of the stable and unstable manifolds of hyperbolic equilibria or hyperbolic periodic orbits
may play a central role in understanding many global, dynamical issues. For a given dynamical system, the only
general way of studying such stable and unstable manifolds is by computing them numerically. Consequently, a
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number of people have developed algorithms for computing the stable and unstable manifolds for autonomous and
time-periodic vector fields, as well as for maps. For example, see[1,10,17,18,24–26,31]. An advantage offered by
such vector fields and maps is stationarity. In particular, if we consider the familiar case of a two-dimensional,
time-periodic vector field with periodT and define a Poincaré section by fixing somet = t0. Because the stable and
unstable manifolds in any Poincaré section att0 − nT (n ∈ Z) are stationary, it is relatively simple to numerically
compute them.

In this paper, we consider a new aspect of this subject: the computation of the stable and unstable manifolds of
hyperbolic trajectories of two-dimensionalaperiodically time-dependentvector fields (by “aperiodic” we simply
mean “not periodic”). As in the situation for autonomous and time-periodic vector fields as well as maps, we expect
that the stable and unstable manifolds should play an important role in understanding a variety of global, dynamical
issues. Moreover, study of their evolution in general systems also requires numerical computation.

The dynamics generated by aperiodically time-dependent vector fields have not received as much attention in
the dynamical systems community as time-periodic vector fields or maps. Part of the reason is that many of the
standard dynamical systems techniques and approaches (such as the notion of a Poincaré map) do not apply in the
same way when the time-dependence of the vector field is aperiodic. Nevertheless, general frameworks for dealing
with different aspects of aperiodically time-dependent vector fields have been around for some time; notably, the
skew-product flow approach (see e.g.[29]), the cocycle approach (see e.g.[16]), and the approach of dynamics
generated by an infinite sequence of maps (see e.g.[15]). Within these frameworks fundamental issues such as
attractivity, stability, and asymptotic behavior have been formulated (see e.g.[16,19,23,29]). In recent years, there
has been the beginnings of an effort to develop the building blocks of a geometric theory for the dynamics generated
by aperiodically time-dependent vector fields. Aspects that have been studied include bifurcation theory[19], normal
form theory[30], shadowing lemmas[2,23] and chaos[20,22,28,32–34].

While there are some similarities in the computation of the stable and unstable manifolds of hyperbolic tra-
jectories in two-dimensional aperiodically time-dependent vector fields with their counterparts in time-periodic
vector fields, autonomous vector fields, and maps, there are also some fundamental differences. Perhaps the biggest
difference is the fact that the dynamics of an aperiodically time-dependent vector field are generated by anon-
stationary process. Practically, this means that the unstable (resp., stable) manifold at any fixed time depends on
the evolution of trajectories from the infinite past (resp., future). In computing the stable and unstable manifolds
of hyperbolic periodic orbits of maps (or time-periodic vector fields) once a segment of the manifold is computed
further iterates of the map do not alter this segment. However, when there is no periodicity in the vector field,
as time evolvesthe entire length of the computed manifoldalso evolves. Consequently, the numerical computa-
tions are much more intensive, from the point of view of time, memory, and storage, and a new point of view
must be adopted. A more detailed comparison of issues involved with the computation of the stable and unstable
manifolds of hyperbolic trajectories in time-periodic vector fields, versus time aperiodic vector fields, is given in
Appendix A.

The goal of this paper is to develop a practical and efficient numerical method for computing the stable and
unstable manifolds of a hyperbolic trajectory for a two-dimensional, aperiodically time-dependent vector field.
The outline is as follows. InSection 2, we discuss the notion of hyperbolic trajectories and the existence of stable
and unstable manifolds of hyperbolic trajectories for aperiodically time-dependent vector fields. This material is
not new, but it is outside the mainstream of applied dynamical systems theory and therefore we feel that a brief
review is necessary. With these notions in hand, we then discuss our numerical approach to computing the stable
and unstable manifolds of hyperbolic trajectories. The numerical method involves two key features: a criterion for
determining when new points must be added to the manifold, and a way of inserting these new points (interpolation).
In Section 3, we discuss several insertion criteria and interpolation methods. In addition to the “distance between
points” and “Hobson” criteria (related to curvature[10]) which have been used in the past, we present two criteria:
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a variant of Hobson’s criteria (mentioned by Hobson[10], but not used in his work), and a method due to Dritschel
and Ambaum (which uses local curvature to determine a desired point density[7]) from the study of contour
advection. We present a detailed comparison between these four criteria. With a point insertion criteria in hand,
we then explore interpolation methods. We consider linear interpolation, Lagrange polynomials, cubic splines,
and a more geometrical method due to Dritschel developed in his studies of contour dynamics. We present a
detailed comparison between these four methods. InSection 4, we summarize these results and conclude that
there are two viable methods for practical use. Either the variant of Hobson’s method or the Dritschel–Ambaum
method can be used as a point insertion criterion in conjunction with Dritschel’s interpolation method. For vector
fields where the time-dependence is strongly spatially variable the Dritschel–Ambaum approach may offer some
advantages as it incorporates a point redistribution technique. This section serves as the main conclusion of this
paper. InSection 5, we apply the optimal methods to several examples of aperiodically time-dependent vector fields
to compute the stable and unstable manifolds of a hyperbolic trajectory.Appendix A describes computation of
stable and unstable manifolds of hyperbolic trajectories in time-periodic vector fields and how the procedure must
be fundamentally different for aperiodically time-dependent vector fields.Appendix Bdescribes our “benchmark
method”.

2. Background and set-up

We consider a two-dimensional velocity field of the form:

ẋ = v(x, t), x ∈ R
2, t ∈ R. (1)

We assume that the vector field isCr (r ≥ 1) in x, and continuous int. This will allow for unique solutions to
exist, and also permit linearization. The dynamics of aperiodically time-dependent vector fields are fundamentally
different, as well as less familiar, than those of time-periodic vector fields and maps. For this reason, we will need
to develop some of the basic background in more detail than for the latter cases.

2.1. Hyperbolic trajectories

Hyperbolicity of a trajectory is a property of the linear system obtained by linearizing(1) about the trajectory.
The dynamics of the linear system are then described by the notion of anexponential dichotomy, which we now
define, and for which the standard references are[4,9,21].

Definition 2.1 (Exponential dichotomy). Consider the following linear ordinary differential equation with time-
dependent coefficients:

ξ̇ = A(t)ξ, ξ ∈ R
2, (2)

whereA(t) ∈ R
2×2 is a continuous function oft. SupposeX(t) ∈ R

2×2 is thefundamental solution matrixof (2),
i.e., for any initial conditionξ0, ξ(t) = X(t)ξ0 is the solution of(2) passing throughξ0 at t = 0 andX(0) = id. Let
‖ · ‖ denote a norm onR2. Then(2) is said to possess anexponential dichotomyif there exists a projection operator
P ∈ R

2×2, P2 = P , and constantsK1,K2, λ1, λ2 > 0, such that

‖X(t)PX−1(τ)‖ ≤ K1 exp(−λ1(t − τ)), t ≥ τ, (3)

‖X(t)(id − P)X−1(τ)‖ ≤ K2 exp(λ2(t − τ)), t ≤ τ. (4)
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With the notion of exponential dichotomy in hand we can now define the notion of a hyperbolic trajectory of a
general time-dependent vector field.

Definition 2.2 (Hyperbolic trajectory). Letγ(t) denote a trajectory of the vector field(1). Thenγ(t) is said to be a
hyperbolic trajectoryif the associated linearized system:

ξ̇ = Dxv(γ(t), t)ξ (5)

has an exponential dichotomy.

We now describe the geometry behind the notion of exponential dichotomy in terms of theextended phase space:

E ≡ {(x, t) ∈ R
2 × R}, (6)

i.e., we append the dependent variablet to the phase space. We consider the vector field defined on the extended
phase space by appending the (trivial) evolution oft to (1) as follows:

ẋ = v(x, t), ṫ = 1 (7)

and the hyperbolic trajectory in the extended phase spaceE is denoted by

Γ(t) = (γ(t), t).
We define atime sliceof the extended phase spaceE as follows:

Στ ≡ {(x, t) ∈ E|t = τ}. (8)

Then in the extended phase space, the hyperbolic trajectoryΓ(t) intersectsΣτ in the unique pointγ(τ).
In Definition 2.1, suppose the projection operatorP has rank 1, the case of interest for us since we are concerned

with saddle-like behavior. Then(3) implies that on the time sliceΣτ , there is a one-dimensional subspace ofR
2,

Es(τ), corresponding to initial conditions of trajectories of the linearizedequations (5)that decay to zero at an
exponential rate ast → ∞. Similarly, (4) implies that on the time sliceΣτ , there is a one-dimensional subspace of
R

2, Eu(τ), corresponding to initial conditions of trajectories of the linearizedequations (5)that decay to zero at an
exponential rate ast → −∞. Moreover, the angle betweenEs(τ) andEu(τ) is bounded away from zero for allτ.
We illustrate this geometrically inFigs. 1 and 2.

2.2. Stable and unstable manifolds of hyperbolic trajectories

We can now state the result that tangent to these linearized, time-varying eigenspaces we have invariant manifolds
for the full nonlinear vector field.

LetDρ(τ) ∈ Στ denote the ball of radiusρ centered atγ(τ). Then

Nρ(Γ(t)) ≡
⋃
τ∈R
(Dρ(τ), τ)

is atubular neighborhoodof Γ(t) in E. We have the following theorem.

Theorem 2.1 (Local stable and unstable manifolds).For the set-up and hypotheses described above, in the extended
phase spaceE there exists a two-dimensionalCr manifoldWs

loc(Γ(t)) ⊂ E, and a two-dimensionalCr manifold
Wu

loc(Γ(t)) ⊂ E andρ0 sufficiently small such that forρ ∈ (0, ρ0):
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Fig. 1. Geometry of the stable and unstable subspaces of the linearized system associated with the hyperbolic trajectory, both in the extended
phase space and on a time slice. (The arrows are meant to indicate that the structure extends for all time.) In this figure, we show trajectories
with initial (resp., final) conditions inEs(τ) (resp.,Eu(τ)).

(1) Ws
loc(Γ(t)), the local stable manifold ofΓ(t), is invariant under the forward time evolution generated by(1),
Wu

loc(Γ(t)), the local unstable manifold ofΓ(t), is invariant under the backward time evolution generated by(1).
(2) Ws

loc(Γ(t)) andWu
loc(Γ(t)) intersect alongΓ(t), and the angle between the manifolds is bounded away from zero

uniformly for all t ∈ R.

Fig. 2. Geometry of the stable and unstable subspaces of the linearized system associated with the hyperbolic trajectory, both in the extended
phase space and on a time slice. (The arrows are meant to indicate that the structure extends for all time.) In this figure, we not only show
trajectories with initial (resp., final) conditions inEs(τ) (resp.,Eu(τ)), but also the stable and unstable subspaces in the full extended subspace.
Note how they may “twist”.
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(3) Every trajectory onWs
loc(Γ(t)) can be continued to the boundary ofNρ(Γ(t)) in backward time, and every

trajectory onWu
loc(Γ(t)) can be continued to the boundary ofNρ(Γ(t)) in forward time.

(4) Trajectories starting onWs
loc(Γ(t)) at time t = τ approachΓ(t) at an exponential ratee−λs(t−τ) as t → ∞

for some constantλs > 0. Similarly, trajectories starting onWu
loc(Γ(t)) at time t = τ approachΓ(t) at an

exponential ratee−λu|t−τ| ast → −∞, for some constantλu > 0.
(5) Any trajectory inNρ(Γ(t)) not on eitherWs

loc(Γ(t)) or Wu
loc(Γ(t)) will leaveNρ(Γ(t)) in both forward and

backward time.

Proof. In some sense this theorem has been known for some time, although the autonomous or time-periodic
version is much more widely known. The theorem can be obtained from simple modifications of results found in
[3,8]. The theorem in this form can be found in[14], see also[35]. A discrete time version can be found in[15].
Less well-known work that gives similar results is[5,12]. �

This theorem provides the mathematical basis for computing the global stable and unstable manifolds ofΓ(t)

as follows. Given a piece of the local stable manifoldWs
loc(Γ(t)) on the time sliceΣt , a piece of the global stable

manifoldWs(Γ(τ)) on the time sliceΣτ can be obtained forτ < t by evolving the trajectories starting on the
piece ofWs

loc(Γ(t)) backward in time. Similarly, the forward evolution of the trajectories starting on a piece of the
local unstable manifoldWu

loc(Γ(t)) onΣt gives a piece ofWu(Γ(τ)) onΣτ for τ > t. We illustrate this situation
geometrically inFig. 3.

Fig. 3. Geometry of the stable and unstable manifolds of the nonlinear system associated with the hyperbolic trajectory, both in the extended
phase space and on a time slice. (The arrows are meant to indicate that the structure extends for all time.) The figure also indicates the computation
of pieces of the global stable (resp., unstable) manifolds on a particular time slice from a segment of the local stable (resp., unstable) manifold
on a later (resp., earlier) time slice. The evolution of a segment ofWu

loc(Γ(t)) (shown in bold) from the time sliceΣt′ to the time sliceΣτ is
shown. Similarly, the evolution of a segment ofWs

loc(Γ(t)) (shown in bold) from the time sliceΣt′′ to the time sliceΣτ is shown.
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2.3. Computation of the stable and unstable manifold of hyperbolic trajectories

Now we can turn to the main point of this paper: a numerical approach to computing the stable and unstable
manifolds of a hyperbolic trajectory for a two-dimensional, aperiodically time-dependent vector field.

First, we make twoassumptions. One is that we know a hyperbolic trajectory,Γ(t), of (1). This is actually
not a trivial assumption. For autonomous and time-periodic vector fields as well as maps, there is a variety of
numerical methods for locating hyperbolic periodic orbits, see e.g.[25,26]. However, it is only in recent years
that numerical algorithms for computing hyperbolic trajectories of vector fields with aperiodic time-dependence
have been developed, see[11,13]. In addition, for the purposes of the exposition of the method, we temporarily
assume that we also knowWu

loc(Γ(t)) andWs
loc(Γ(t)) in the small neighborhood ofΓ(t). We show how to obtain

their approximations numerically later in this section.
Next, we establish some notation associated with the time-evolution map for the aperiodically time-dependent

vector field. We let{tk|k ∈ Z} be a sequence of times withtk < tk+1 for anyk. The corresponding time slices are
Σtk = {(x, t) ∈ E|t = tk}.

The time increment dTk ≡ tk+1 − tk can be, but is not necessarily, constant. Now, letx(t, t0, x0) be the trajectory
of (1) passing through the pointx0 at t = t0. For eachk ∈ Z, we denote the forward time-evolution map between
Σtk andΣtk+1 by

fk : Σtk → Σtk+1, (xk, tk) �→ (xk+1, tk+1) = fk(xk, tk) ≡ (x(tk+1, tk, xk), tk+1) (9)

and the backward time-evolution map by

f−1
k : Σtk+1 → Σtk , (xk+1, tk+1) �→ (xk, tk) = f−1

k (xk+1, tk+1) ≡ (x(tk, tk+1, xk+1), tk). (10)

The subscriptk of xk here corresponds to the time slice, not the index of a coordinate, in the two-dimensional space.
By the definition of a hyperbolic trajectory, we havefk(Γ(tk)) = Γ(tk+1) andf−1

k (Γ(tk+1)) = Γ(tk).
With these assumptions and notations in hand, we derive expressions for the global stable and unstable manifolds

of Γ(ti) at t = ti that are amenable to computation. The technical expressions are given by

Wu(Γ(ti)) = lim
n→∞(fi−1 ◦ · · · ◦ fi−n(Wu

loc(Γ(ti−n)))), (11)

Ws(Γ(ti)) = lim
n→∞(f

−1
i+1 ◦ · · · ◦ f−1

i+n−1(W
s
loc(Γ(ti+n)))). (12)

By letting ti andtn beτ andt, we recover the results inSection 2.2. Moreover, this expression gains some familiarity
by relating it to the similar expressions for time-periodic vector fields as we show inAppendix A. Still, these
formulae probably appear a bit incomprehensible. Now we explain in detail what they mean.

First, we consider the unstable manifold. The global unstable manifoldWu(Γ(ti)) onΣti (left-hand side) can be
obtained by the known local unstable manifoldWu

loc(Γ(ti−n)) on apasttime sliceΣti−n and forward time-evolution
mapfk between the adjacent time slices fori − n ≤ k ≤ i − 1 (right-hand side).Theorem 2.1says that, if
Wu

loc(Γ(ti−n)) ⊂ fi−(n+1)(W
u
loc(Γ(ti−(n+1)))), then

fi−1 ◦ · · · ◦ fi−n(Wu
loc(Γ(ti−n))) ⊂ fi−1 ◦ · · · ◦ fi−n ◦ fi−(n+1)(W

u
loc(Γ(ti−(n+1)))). (13)

Taking the limitn→ ∞ gives the entire global unstable manifold on the time sliceΣti as illustrated inFig. 4. These
expressions give rise to a computational approach for obtainingWu(Γ(ti)) on the time sliceΣti . In Section 3, we
develop a practical and efficient method to compute this expression.

Next we consider the global stable manifoldWs(Γ(ti)) onΣti . The formula is similar to that ofWu(Γ(ti)) with
the time direction reversed. The global stable manifoldWs(Γ(ti)) onΣti (left-hand side) can be obtained by the
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Fig. 4. A geometrical illustration of the approach to computing segments of the global stable (resp., unstable) manifold of a hyperbolic trajectory
on a given time slice from a segment of the local unstable manifold on a later (resp., earlier) time slice.

known local stable manifoldWs
loc(Γ(ti+n)) on thefuture time sliceΣti+n and backward time-evolution mapf−1

k

between the adjacent time slices fori + n > k > i (right-hand side).Theorem 2.1says that, ifWs
loc(Γ(ti+n)) ⊃

fi+(n+1)(W
s
loc(Γ(ti+(n+1)))), then

f−1
i+1 ◦ · · · ◦ f−1

i+n(W
s
loc(Γ(ti+n))) ⊂ f−1

i+1 ◦ · · · ◦ f−1
i+n ◦ f−1

i+(n+1)(W
s
loc(Γ(ti+(n+1)))). (14)

Taking the limitn→ ∞ gives the entire global stable manifold on the time sliceΣti .
We summarize the method for computing a segment of the unstable manifold at timeti in the following three

steps. The method for computing a segment of the stable manifold is analogous with the reversed time direction.

Step 1. Choose an initial timeti−n, n > 0. The larger the choice ofn, the longer the segment of unstable manifold
that can be computed on the later time sliceΣti (subject to control of numerical errors).

Step 2. On the time sliceΣti−n , choose a small segment ofWu
loc(Γ(ti−n)).

Step 3. Evolve this segment forward in time to the time sliceΣti .
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The numerical implementation of this algorithm gives rise to the following two difficulties that must be overcome:

(1) We have assumed thatΓ(ti−n) andWu
loc(Γ(ti−n)) were known in Step 2. How do we actually obtain them?

(2) Given a segment ofWu
loc(Γ(ti−n)), we cannot computationally realize it as a continuous curve. Rather, we

approximate it by closely spaced points. The more closely spaced the points, the better the approximation to
a continuous curve. Nevertheless, as time evolves, significant “gaps” may develop between points that were
closely spaced “neighbors” on the original time slice. How do we treat the issues that arise as a result of this
phenomenon?

The first difficulty can be addressed as follows. Numerical algorithms for computing a hyperbolic trajectoryγ(t)

can be found in[11,13]. As discussed inSection 2.2, approximatingWu
loc((γ(t), t)) by Eu(t) is often sufficient in

practice. ObtainingEu(t) generally requires the numerical solution of(5); a numerical algorithm for computing it
can be found also in[11]. We letxDHT(t) denote the (numerically obtained) hyperbolic trajectory where the subscript
stands fordistinguished hyperbolic trajectory(DHT). In addition, we let es(t) and eu(t) denote unit vectors in the
direction ofEs(t) andEu(t), respectively. Then, an approximationWs

approx((xDHT(t), t)) toWs
loc((γ(t), t)) is given

by the straight line-segment betweenxDHT(t) and

xs
W(t) = xDHT(t)+ λes(t). (15)

Therefore, the first difficulty amounts to the choice ofλ which varies from case to case.Section 3provides some
guidance.

Similarly,Wu
approx((xDHT(t), t)) defined by the straight line-segment betweenxDHT(t) and

xu
W(t) = xDHT(t)+ λeu(t) (16)

gives an approximation toWu
loc((γ(t), t)).

The second difficulty is the main subject of the next section.

3. Numerical implementation

In this section, we discuss how to numerically implement the computation of the stable and unstable manifolds
of a hyperbolic trajectory. We follow the three-step algorithm described inSection 2.3. Henceforth, we will restrict
our discussion to the computation of the unstable manifold. The discussion for the stable manifold is analogous to
that for the unstable manifold with the direction of time reversed.

In Step 1, we chooset0 (=ti−n) ≡ 0 andtn (=ti) ≡ T . In any implementation, we are inevitably restricted to a
finite time rangeT andn+ 1 time slices. The time increment, dT = T/n, can be constant for simplicity.

In Step 2 on the time sliceΣt0, Eq. (16)provides an approximationWu
approx((xDHT(t0), t0)) to the local unstable

manifoldWu
loc(Γ(t0)) for a givenλ. A number of points are placed over the lengthλ onWu

approx((xDHT(t0), t0)) so
that the gaps between adjacent points are small.

In Step 3, the points starting onWu
approx((xDHT(t0), t0)) evolve according to the forward time-evolution given by

(13).
The second difficulty discussed inSection 2.3arises in Step 3. As the segment of unstable manifold stretches,

visible gaps between the adjacent trajectories may develop. There are two approaches with which we can deal with
this:

(1) OnΣt0, place the points with such a distribution that visible gaps do not develop onΣtn .
(2) Insert additional points on the time sliceΣtk for 0 ≤ k < n according to an interpolation scheme.
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The first approach, which forms the basis of our “benchmark” calculation as described inAppendix B, is doomed
to failure. Limited machine precision means that there is a maximum numberMmaxof points that can be numerically
distinguishable over a given segment lengthλ alongWu

approx((xDHT(t0), t0)) onΣt0, and it may happen that those
points do develop visible gaps atΣtn for long time rangesT . Moreover, the computer time required to achieve a
manifold of sufficient length may be too large to make it a practical method in applied problems. Nevertheless, if
the points can be sufficiently closely spaced for a short time, then a very accurate manifold can be computed by this
approach.

The second approach is computationally more practical. The insertions take place only on the discrete time slice
Σtk for 0 ≤ k < n and requires various considerations, as we shall see.

An insertion technique can be developed as follows. On the time sliceΣtk , we examinewhether or nota new
point should be inserted in the neighborhood of two nodes. This requires an insertion criterion. Once the insertion
is found to be necessary, then we determine the coordinates of the point to be insertedon the previous time slice
Σtk−1. This requires a method for interpolation between points on the manifold. The new point is then integrated up
to the time sliceΣtk . This process is repeated until the set of points onΣtk do not require any further insertion.

The rest of this section is devoted to a discussion of various insertion criteria (Section 3.2) and interpolation
methods (Section 3.3). To select the optimal insertion technique, we use a dynamical system that has been studied
intensively. The performance of the insertion techniques is evaluated based on accuracy in comparison with the
benchmark calculation.

3.1. Set-up for evaluation

As discussed inSection 2,Wu
approx((xDHT(t), t)) relies onxDHT(t) as well as eu(t) and es(t), which are in general

obtained numerically. However, there are cases wherexDHT(t),eu(t) and es(t) can be obtained analytically up to
some order in a small parameterε ∈ R. This eliminates the extra layer of difficulty and puts the main focus on the
purpose of this paper: the numerical computation of the stable and unstable manifolds of hyperbolic trajectories
in aperiodically time-dependent vector fields. We use the periodically forced Duffing equation initially for this
purpose, wherexDHT(t) can be computed analytically toO(ε3), while eu(t) and es(t) can be computed toO(ε2);
however, we willnot use the time-periodicity property in our manifold calculations. We will turn to aperiodically
time-dependent examples inSection 5.

The periodically forced Duffing equation is

ẋ1 = x2, (17)

ẋ2 = x1 − x3
1 + ε sint, (18)

whereε = 0.01. In Step 1 of our three-step algorithm inSection 2.3, we settn = T = 6π, i.e., three times the
forcing period 2π, and treat dT = T/n as a parameter for the insertion technique. Using perturbation theory for
smallε, we obtain:

xDHT(t) = − ε
2

(
sint
cost

)
+O(ε3) (19)

and also

eu(t) = 1√
2

(
1
1

)
+O(ε2), es(t) = 1√

2

(−1
1

)
+O(ε2). (20)

Therefore,λ is the only control parameter inxu
W(t) that determinesWu

approx((xDHT(t), t)) (16) in Step 2. To focus
on the insertion technique in Step 3, we setλ = 0.1 throughout this paper. This value specifies the limits of a
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Fig. 5. Computation of the unstable manifold for the periodically forced Duffing equation forε = 0.01 using the benchmark method. Results
are shown atT = 6π. The segment of the unstable manifold shown in the figure contains NPT = 3844 points, where the maximum allowed
distance between adjacent points isτ = 0.05. The computing time used was CPU= 5904 s.

segment where the local manifold is well approximated by a line. Visual inspection of the manifold shown inFig. 5
would seem to indicate this choice ofλ = 0.1 as self consistent since the manifold has linear appearance near the
hyperbolic trajectory. In order to quantify the initial deviation of the manifold from a line, we take advantage of the
periodicity of the manifold (i.e. it is the same at time 6π and 0) and we measure the distance from the endpoints of
xu
W(6π) for λ = 0.1 to the grown manifold. This distance is below 10−4, which is withinε2, and therefore validates

this choice ofλ. The length of the manifold shown in this figure atT = 6π is determined by the value ofλ, since the
endpoints of the initial approximation to the unstable manifold remain the endpoints of the manifold as it evolves
in time. In general, an appropriate choice ofλ will depend both on the eigenvalues of the linearized problem and
on the nonlinearity of the system.

WhileWu
approx((xDHT(t), t)) can be obtained analytically, individual trajectories must be numerically integrated

between the time slices. In this study, we use a fifth-order adaptive Runge–Kutta algorithm with a variable time step
of initially #t = 0.05, and an error tolerance controlled by the parameterεrk = 1×10−8 (see[27] for the use of this).

We also enforce the constraint that the trajectories are computed by the Runge–Kutta method on the time slices
tk—whenever they cross a time slice, the integrator is used again with a new adjusted step that ends exactly on the
time slice.

The unstable manifold calculated using the benchmark method is shown inFig. 5 and is used as a reference
to evaluate other methods. The figures shown in this section are the magnification of small regions near this
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manifold. The codes used in computing all the manifolds in this article are written in Python and can be found at
http://lacms.maths.bris.ac.uk/projects/. The codes have been run on a 1 GHz processor with 1 Gb RAM on a PC
running Red Hat Linux.

3.2. Insertion criteria

An insertion technique has two components: an insertion criterion and an interpolation method. In evaluating
the performance of different insertion criteria we used the most robust interpolation method, which is the Dritschel
interpolation method discussed inSection 3.3.3. In this case, we feel confident that any shortcomings in the manifold
computation can be attributed to the insertion criterion.

Below we discuss four different criteria for determining if new points should be inserted. The “distance criterion”
(Section 3.2.1), the “Hobson criterion” (Section 3.2.2) and the “Hobson variant criterion” (Section 3.2.3) have been
discussed by Hobson[10]. The “Dritschel–Ambaum criterion” (Section 3.2.4) derives from a technique originally
developed to study the complex evolution of vorticity contours, i.e., contour surgery for contour dynamics in fluid
mechanics. Our work analyzes for the first time the applicability of this method to the computation of invariant
manifolds.

Note that throughout this sectionxj denotes thejth point along the manifold, considered as an ordered sequence
of points. In order to avoid confusion we note here that in two dimensions when it is necessary to consider the
components ofxj we use the notation(x1,j, x2,j).

3.2.1. Distance criterion
The first criterion used is the simplest; on eachΣtk , the distance between a pair of adjacent pointsxj andxj+1

corresponding to adjacent trajectories:

dj ≡ |xj+1 − xj|, dj ∈ R

are checked against a thresholdτ, which we call the “tolerance”. Its value is chosen by considering the maximum
distance between points that would allow us to recover a smooth manifold such as the one displayed inFig. 5. If
dj > τ, then a new point is inserted between the two points on theprevioustime sliceΣtk−1 that evolve toxj and
xj+1 on the time sliceΣtk using one of the interpolation methods discussed inSection 3.3. The new point is then
integrated to the time sliceΣtk and the checking process is repeated until all neighboring pairs of points satisfy the
criterion. This iterative checking is also used with all the criteria described below.

Therefore, the distance criterion uses one thresholdτ, and requires a computation ofdj for all xj on eachΣtk .
Fig. 6compares details of folds in the unstable manifold using this criterion forτ = 0.02 and dT = T/89 with

the benchmark.

3.2.2. Hobson criterion
In an attempt to capture details of the folds more accurately, we use an insertion criterion due to[10], which

uses the angleαj shown inFig. 7; as explained in[10]: “This angle is a measure of the spacing of the image points
relative to the local radius of curvature”, and is defined by

αj = 2 sin−1 |x̄j−1 − xj−1|
2|xj − xj−1| ,

where

x̄j−1 = xj + xj − xj+1

|xj − xj+1| |xj − xj−1|.

http://lacms.maths.bris.ac.uk/projects/
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Fig. 6. The two panels show details of two different folds of the unstable manifold onΣT for the periodically forced Duffing equation with
ε = 0.01 using the distance criterion withτ = 0.02, shown as the dashed curve. Point insertion was based on dT = T/89, and atT the number
of points comprising the manifold is 9635. The computation time for this segment of the manifold was 1382 s. The benchmark withτ = 0.05 is
also shown as a solid black curve for comparison.
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Fig. 7. The definition of the angleαj used for the Hobson and Hobson variant criteria.

It follows from the definition that 0≤ αj ≤ π. In [10], this technique is used to calculate the unstable manifold of a
hyperbolic fixed point of the Poincaré map of the periodically forced Duffing system; in our framework this would
correspond to sampling the manifold at time intervals dT = T/3 = 2π.

On each time sliceΣtk , we compute the angleαj and the productαjdj for all pointsxj. Then for eachj we check
them against the thresholdsα and dα, respectively. Ifαj > α or αjdi > dα, then a new point is inserted between
the two points on theprevioustime sliceΣtk−1 that evolve toxj andxj+1 on the time sliceΣtk using the best of
the interpolation methods discussed inSection 3.3. Typical values for those parameters are discussed in[10]. We
also requiredj > δ, whereδ is a minimum distance between adjacent points; otherwise when the distance between
points becomes comparable to the errors in the numerical integration theα test can be triggered to insert points by
these small errors and the method can fail. We foundδ = 10−6 to be suitable for this problem.

In summary, the Hobson criterion uses three thresholds(α, δ,dα) and requires computation ofαj, dj, andαjdj
for all xj inΣtk . For the Hobson criterion, as shown inFig. 8, we find that the performance of this insertion technique
depends on dT as well.

Fig. 8a shows a fold of the unstable manifold computed using dT = 2π, with (α, δ,dα) = (0.3,10−6,0.001).
As in [10], the folds of the manifold are computed with great resolution and accuracy. When the sampling time step
dT is changed so that it does not match the period of the system the accuracy of the scheme diminishes, asFig. 8b
shows. Note that this phenomenon would not be observed using Poincaré map techniques; so far as we know it has
not previously been noticed, and we are not currently able to offer an explanation for it.

Reducing dα will cause points on the manifold to be placed closer together[10], increasing accuracy but also the
computational load. For instance inFig. 9, the total number of points of the unstable manifolds jumps from 6280 to
19 173 by decreasing dα from 0.001 to 0.0001.

3.2.3. Hobson variant criterion
The wide separation of points that the Hobson criterion allows in “flat” regions of the manifold may hinder

its response to the development of bends. A possible remedy is to combine the distance criterion, which prevents
wide separation of points, with the Hobson criterion, which gives a better distribution of points in regions of
large curvature. We call this combination theHobson variant criterion. It uses the thresholds(α, δ, τ) and requires
evaluation ofαj, anddj for all xj. To make the Hobson criterion symmetric with respect to the angle we have
modified it slightly by redefining the angle asα′

j = (αj + αj+1)/2.
Fig. 10shows the results for this method. The improvement from the Hobson criterion is quite remarkable, and

the accuracy is as good as the more elaborate Dritschel–Ambaum criterion which we now discuss.
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Fig. 8. The effect of dT using the Hobson criterion onΣT , in comparison to the benchmark (solid line) withτ = 0.05 (we are showing the same
fold as inFig. 6a). All cases use(α, δ,dα) = (0.3,10−6,0.001). (a) Dashed-dots line, dT = T/3 as in[10]. At this time the number of points
comprising the manifold is NPT = 4002. (b) Dashed-dots line with dT = T/4 (NPT = 4611); solid-circle line with dT = T/5 (NPT = 4790);
dashed-square line with dT = T/89 (NPT = 6280).
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Fig. 9. Effect of dα while keeping dT = T/89: dashed-dot line with dα = 0.0001 gives NPT = 19 173 and the computational time
was CPU = 2948 s, solid-circle line with dα = 0.0005 gives NPT = 8780, dashed-square line with dα = 0.001 gives NPT = 6280
(CPU= 985 s).

3.2.4. Dritschel–Ambaum criterion
The Hobson criterion controls the point density by an estimate of relative point-spacing to curvature based on

only three points—this works remarkably well much of the time, but can cause problems if the points move slightly
away from their “true” positions: errors resulting from numerical integration and interpolation can cause point
insertion after a false-positive diagnosis that the curve is not well resolved. The new points will be more closely
spaced, and thus yet more vulnerable to misdiagnosis due to errors of a given size. It may be anticipated, then, that
in some especially demanding problems a more elaborate scheme to control point density may become necessary
(an example of this is shown inFig. 20). Such a criterion has been developed by Dritschel and Ambaum[7] in
the very different context of vortex dynamics in fluid mechanics. This method additionally incorporates a point
redistribution procedure for use after the insertion phase which attempts to ensure that the points are concentrated
in regions of the manifold, where greater definition is needed and can remove points from less demanding parts of
the manifold and thereby reduce the total number of points included in the manifold. In Duffing systems this is not
a major issue, but in problems where time-dependence strongly varies in phase space it can be an important matter
to deal with.

For each pair of consecutive pointsxj andxj−1 in the current manifold this method first calculates a desired
density,ρj, and then calculatesσj = ρjdj, wheredj ≡ xj − xj−1. If σj > 1 a new point is inserted. The densityρj
is set to be

ρj ≡ (κ̄jL)
1/2

µL
+ κ̄j, (21)
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Fig. 10. A comparison of the unstable manifold computed with the Hobson variant criterion (dashed line) withτ = 0.02,α = 0.3, andδ = 10−6

with the benchmark (solid line). The number of points in the manifold computed with the Hobson variant criterion is NPT = 9845 and the
computational time was CPU= 1544 s: (a) the same fold as shown inFig. 6a; (b) the same fold as shown inFig. 6b.
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or 2/δ, whichever is smaller (so that nodes cannot get closer thanδ/2; we set the parameterδ = 10−6). The parameter
µ in this equation is the primary means by which the density is ultimately controlled. Small values ofµ correspond
to a high point density, but this parameter needs tuning for individual problems.

In Eq. (21):

κ̄j ≡ 1
2(κ̌j + κ̌j+1)

is defined in terms of̌κ, which in turn is defined as

κ̌j = wj−1κ̃j−1 + wjκ̃j
wj−1 + wj

which uses the weightingwj = dj/(d2
j + 4δ2) and the curvaturẽκj, which itself is defined by

κ̃j =
√
κ2
j + 1

L2
,

whereκj, finally, is the local curvature defined by a circle through the three pointsxj−1, xj andxj+1 (an explicit
formula is given inEq. (26)), andL is defined in[7] to be a length typical of the large-scale vorticity distribution;
we have substituted a typical length of the domain in which the manifold grows, i.e.,L = 3.

Once the insertion criterion is satisfied along the whole length of the manifold attk the node redistribution process
begins, following[6]. During redistribution the end points of the manifold are held fixed.

Let n be the number of nodes attk. Compute

q =
n∑
j=1

σj

and definẽn = [q] + 2 (i.e., two more than the nearest integer toq). Then− 2 “old” nodes between the end points
will be replaced bỹn−1 entirely new nodes in such a way that the spacing of new nodes is approximately consistent
with the desired average density, controlled by the parameterµ.

To redistribute the points along a manifold defined by a finite collection of points requires us to make assumptions
about the behavior of the curve between points. This is essentially the same problem as that of interpolation, which
we address inSection 3.3below. The Dritschel redistribution procedure shares a great deal with what we have called
below (Section 3.3.3) Dritschel interpolation, and we shall refer the reader to that section for some of the details.

Let σ′
j = σjñ/q so that

∑n
j=1 σ

′
j = n. Then, the positions of the new nodesi = 2, . . . , ñ are found successively

by seeking, for eachi, aj and ap such that

j−1∑
l=1

σ′
l + σ′

jp = i− 1.

This value ofp is the parametric distance along the implicit curve between the old nodesj andj + 1 to be used to
interpolate the position for the point, as described inSection 3.3.3below.

Now, attempts to use only this redistribution scheme to accommodate the growth of the manifold were not suc-
cessful, asFig. 11shows. The difficulties arise from the time difference dT ≡ tk − tk−1 at which manifolds are
adjusted: we wish to take this much larger than the time step appropriate for integrating individual trajectories
on the manifold. This means that large gaps between points on the manifold can develop, and the redistribu-
tion algorithm, which relies on onlysmall changes between applications, is unable to fill them in a reasonable
way.
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Fig. 11. A fold of the unstable manifold using the Dritschel–Ambaum criterion with redistribution only forµ = 0.005 after 21 steps of size dT
(thick line) and 22 steps of size dT = T/89 (thin line). The method has clearly failed between these two time steps.

Accordingly, we have modified the algorithm given in[7] by developing from it a criterion for point insertion.
Since, as discussed inSection 3.2.1, we always insert points on the previous time step to satisfy a criterion on the
current one (σj < 1), we prevent gaps developing which could give problems to the redistribution algorithm. Once
the criterion is satisfied for each pair of points we may then take advantage of the redistribution algorithm to reduce
the number of points used to represent the manifold and be confident that the resulting points will still be a good
representation.

Fig. 12shows the results for this method. The performance is as good as for the Hobson variant criterion although,
at least in this example, the computational time increases considerably. Nonetheless, the sophisticated redistribution
method could prove to be valuable in problems where the time-dependence of the problem varies extensively in
space and there are important accumulations of trajectories in the manifold.

3.3. Methods for interpolation

The criteria discussed above examinewhether or notpoints should be inserted on the time sliceΣtk . We now
determinewhat the spatial coordinates of the inserted points on the previous time sliceΣtk−1 should be. This
utilizes an interpolation method. If the insertion is found to be necessary betweenxj(tk) andxj+1(tk), then we
apply an interpolation method of our choice toxm(tk−1)’s on the previous time sliceΣtk−1. A new pointx′(tk−1)

is first inserted between the two pointsxj(tk−1) andxj+1(tk−1) according to the interpolation method. Then, the
forward evolution map gives the position of the new point(x′(tk), tk) = fk−1(x

′(tk−1), tk−1) on the current time
sliceΣtk .
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Fig. 12. The two panels show two folds of the unstable manifold using the Dritschel–Ambaum criterion onΣT=6π for µ = 0.005 (solid-dots
line) and benchmark (solid line). The number of points in the manifold is NPT = 9879 and the computational time is CPU= 4358 s.
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3.3.1. Linear interpolation
The simplest method is linear interpolation. It uses two adjacent pointsxj andxj+1 and adds a new pointx′

midway between, given by

x′ = 1
2(xj + xj+1).

This interpolation method has been used with the distance criterion described inSection 3.2.1.
The piecewise linearity assumed in linear interpolation is a poor approximation to the manifold, unless a suf-

ficiently high point density is enforced, which is prohibitively expensive for aperiodically time-dependent vector
fields. The subsequent evolution of points inserted via this method often leads to “jaggedness” in the computed
manifold, as is shown inFig. 13. Sophisticated methods for controlling point insertion mistake this spurious jagged-
ness for curvature of the manifold and attempt to resolve it. A feedback loop of insertion then develops as these
methods attempt to resolve finer and finer scales, and the method breaks down (Fig. 14shows this in the case of the
Hobson variant point insertion criterion). This phenomenon also occurs with most other interpolation techniques
and this means that the distance criterion for point insertion is the only one possible for these techniques since it
does not attempt to resolve these high frequency oscillations of the computed “manifold”.

3.3.2. Lagrange polynomial and cubic spline interpolation
It might be hoped that higher order interpolation schemes would be less vulnerable to the high frequency oscilla-

tions. Accordingly we have also tried two third-order interpolation schemes. The third-order Lagrange polynomial

Fig. 13. A fold of the unstable manifold computed using linear interpolation and the distance criterion onΣT atT = 6π: the benchmark is the
solid line, the dashed line is obtained by using the distance criterion (τ = 0.02) for point insertion and linear interpolation with (NPT = 9739,
CPU= 1402 s). The dotted line usesτ = 0.01 (NPT = 19 484, CPU= 2800 s).
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Fig. 14. The two panels show details of a fold of the unstable manifold computed using linear interpolation and the Hobson variant criterion on
ΣT atT = 6π: (a) benchmark is the solid line, the dashed line usesτ = 0.02,α = 0.3 andδ = 10−6 (NPT = 50 815, CPU= 9534 s); (b) in
this magnification circles show points inserted in an attempt to resolve spurious artifacts.
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Fig. 15. A fold, and a zoom in showing details, of the unstable manifold using the distance criterion withτ = 0.02 onΣT atT = 6π: (a) a fold using
cubic splines; (b) magnification for the tip of the fold—the solid line is benchmark withτ = 0.05, the dashed line is the Lagrange polynomials
interpolation withτ = 0.02 (NPT = 9683, CPU= 1394 s), the dotted line uses cubic splines withτ = 0.02 (NPT = 9636,CPU= 1408 s).
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interpolation[27] uses the four pointsxj−1, xj, xj+1 andxj+2 to describe a curve betweenxj andxj+1, denoted by
xint(s) for 0 ≤ s ≤ 1. In contrast, the cubic spline method uses all existingxm’s to describexint(s) between any two
adjacent points (see[27] for details of both methods). The results are shown inFig. 15, where it is seen that these
methods do not eliminate the shortcomings of the linear interpolation method described above.

3.3.3. Dritschel’s curvature method
The last interpolation method that we consider is Dritschel’s curvature method[6]. It uses four consecutive points

xj−1, xj, xj+1 andxj+2 like the third-order Lagrange polynomial interpolation method. This curvature method
attempts to represent a segment of a smooth curve betweenxj andxj+1:

xcurv(p) = xj + ptj + ηj(p)nj (22)

for 0 ≤ p ≤ 1 with xcurv(0) = xj andxcurv(1) = xj+1, where

tj = (aj, bj) = xj+1 − xj, tj ∈ R
2, (23)

nj = (−bj, aj), nj ∈ R
2, (24)

ηj(p) = µjp+ βjp2 + γjp3, ηj ∈ R. (25)

The cubic interpolation coefficientsµj, βj andγj are

µj = −1
3djκj − 1

6djκj+1, βj = 1
2djκj, γj = 1

6dj(κj+1 − κj),
wheredj = |xj+1 − xj| and

κj = 2
aj−1bj − bj−1aj

|d2
j−1tj + d2

j tj−1|
(26)

is the local curvature defined by a circle through the three points,xj−1, xj, andxj+1. Therefore,xcurv(p) for
0 ≤ p ≤ 1 uses the local curvature to describe the smooth curve betweenxj, andxj+1.

Fig. 6b shows a detail of the unstable manifold onΣT generated with Dritschel’s curvature method and the
distance criterion for point insertion. It completely eliminates the high frequency oscillations generated by the
linear interpolation method (Fig. 13), the third-order Lagrange polynomial method, and the cubic spline method
(Fig. 15); this justifies our choice of this method for evaluating the different point insertion criteria.

4. Discussion

In this section, we discuss in detail the performance of the different insertion techniques, which are summarized
in Table 1. Our rule for tuning the parameters is that each technique should give a comparable average density of
points along the manifold at the final time. There are three exceptions to this rule inTable 1. One is the benchmark
calculation. The second is an additional case of the Hobson criterion with the Dritschel interpolation method, to
improve accuracy. This technique works well with small enough values for dα, but the average density of points
in the manifold is huge, and, consequently, it requires significantly more computing time. The third exception is
the Hobson variant insertion criterion with linear interpolation, where the large number of points illustrates the
problems this technique has with high frequency oscillations.

The Hobson variant criterion with the Dritschel interpolation method, and with a reasonable average density of
points and computing time, provides an excellent result. The choice of the Dritschel–Ambaum insertion criterion
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Table 1
Comparing results of different methods

Method Parameters NPT CPU (s) Comment

Benchmark τ = 0.05 3844 5904 Most accurate
Distance & Linear τ = 0.02 9739 1402 Oscillations
Distance & Linear τ = 0.01 19484 2800 Oscillations
Distance & Lagrange polynomial τ = 0.02 9683 1394 Oscillations
Distance & Cubic spline τ = 0.02 9636 1408 Oscillations
Distance & Dritschel τ = 0.02 9635 1382 Rough folds
Hobson & Dritschel α = 0.3,dα = 0.001, δ = 10−6 6280 985 Inaccurate folds
Hobson & Dritschel α = 0.3,dα = 0.0005, δ = 10−6 8780 1359 Inaccurate folds
Hobson & Dritschel α = 0.3,dα = 0.0001, δ = 10−6 19173 2948 Accurate
Hobson variant & Dritschel α = 0.3, τ = 0.02, δ = 10−6 9845 1544 accurate
Hobson variant & Linear α = 0.3, τ = 0.02, δ = 10−6 50815 9534 Oscillations
Dritschel–Ambaum & Dritschel µ = 0.005, δ = 10−6 9879 4358 accurate

with the Dritschel interpolation method also produces accurate results, but with a heavier computational requirement
in this case as compared with the Hobson variant criterion.

It might be imagined that we could exploit our knowledge of the manifold attk to develop a more sophisticated
procedure than iteratively inserting one point attk−1 between each adjacent pair of points which fail to satisfy the
criterion when evolved totk: in particular, a multiple point insertion technique. But methods to accomplish this,
which rely on local geometric approximations (even of third order) to the two-dimensional manifold in extended
phase space, are likely to fail when dT is taken to be large, as we wish to do. It is quite clear that no such local
approximation will characterize the dynamics of the system over long times.

In the criteria described above, one has to be careful in the choice of an adequate number of initial points
alongWu

approx((xDHT(t0), t0)). In criteria using distance as a control parameter, it is simplest to tentatively place
only two points at the extremes of the initial segment spanning the DHT; if the number of initial points is in-
sufficient for the criterion at timet = dT , then the number of points att = 0 will be increased accordingly.
Other criteria, such as Hobson or Dritschel–Ambaum, make use of curvature-related parameters. Since we think
of our manifolds as being comprised of two “half-manifolds”, each of which is bounded at one end by the DHT,
and we wish to be sure that the curvature of each half-manifold can be monitored from the beginning, we re-
quire at least three points on each half-manifold initially, of which the one nearest the DHT may be shared. This
leads us to use five points att = 0 for such methods; this has been shown to be enough for the criteria to act.
Fig. 16shows the evolution of the number of points in the unstable manifold against time. That figure shows two
curves for the Dritschel–Ambaum criterion to illustrate the effect of point redistribution. Diamonds represent the
number of points in the manifold at each time step before redistributing points and squares after redistributing
points.

5. Aperiodically time-dependent examples

We have used the methods described in the previous section to calculate stable and unstable manifolds for
Duffing-type systems with both periodic and aperiodic forcing.

Specifically, we use our variation of the Hobson criterion to determine when to insert points and Dritschel’s
method to perform the interpolation, since these techniques offer the best compromise between speed and pre-
cision. Some results are also shown for the Dritschel–Ambaum point insertion criterion for comparison
purposes.
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Fig. 16. The number of points in the unstable manifold versus the time index for different insertion methods. Crosses denote the distance criterion
with τ = 0.02; triangles denote the Hobson criterion (α = 0.3,dα = 0.0001); squares and diamonds are for the Dritschel–Ambaum criterion
with µ = 0.005, at each time step squares represent the number of points in the manifold after the redistribution and diamonds before; circles
are for the Hobson variant (α = 0.3, d = 0.02).

5.1. Periodically forced rotating Duffing equation

To ensure the generality of our insertion technique for aperiodically time-dependent vector fields, we first use the
rotating Duffing equation:(

ξ̇1

ξ̇2

)
=
(

sin 2βt cos 2βt + β
cos 2βt − β − sin 2βt

)(
ξ1

ξ2

)
+ (ε sint − [ cosβtξ1 − sinβtξ2]3)

(
sinβt

cosβt

)
. (27)

This Duffing equation is quasi-periodic in time when the rotation rateβ is irrational. It is obtained from(17) and
(18)by applying the linear, rotation coordinate transformx = R(t)ξ [11], where

R(t) =
(

cosβt − sinβt

sinβt cosβt

)
. (28)

As in the periodically forced Duffing equation, the DHT as well as the linearized stable and unstable subspaces can
also be obtained through perturbation methods:

ξDHT(t) = R(t)−1xDHT(t), eu
ξ (t) = R(t)−1 eu(t), es

ξ(t) = R(t)−1 es(t),

wherexDHT(t),eu(t) and es(t) are given in(19) and (20). Therefore, the accuracy ofξDHT(t) isO(ε3) and that of
eu
ξ (t) and esξ(t) isO(ε2).
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We apply the three-step algorithm ofSection 2.3to the aperiodically forced Duffing equation withε = 0.01 and
β = √

2.
As before, to compute the unstable manifold, we chooset0 = 0, tn = T = 6π and the time increment dT = T/89

for Step 1, and alsoλ = 0.1 for Step 2. We use the Hobson variant criterion—Dritschel curvature interpolation
method with(α, δ, τ) = (0.3,10−6,0.02). Fig. 17 shows the resulting unstable manifold onΣT , as well as the
stable manifold starting onΣ0.

5.2. Exponentially forced Duffing equation

We now consider another variation of Duffing equation with aperiodic (exponential) forcing:

ẋ1 = x2, (29)

ẋ2 = x1 − x3
1 + εe−(t+2) cos(t + 2) (30)

with ε = 0.1. As in the case of the periodically forced Duffing equation, the DHT can be approximated analytically:

xDHT(t) = εe−(t+2)

5

(
−2 sin(t + 2)− cos(t + 2)

3 sin(t + 2)− cos(t + 2)

)
+O(ε3) (31)

up toO(ε3). Given the order of the DHTs in(19) and (31), the linearized unstable and stable subspaces for both
systems are the same as in(20)up toO(ε2).

To compute the manifolds, we once again take the three-step algorithm using the Hobson variant criterion—
Dritschel curvature interpolation method with(α, δ, τ) = (0.3,10−6,0.02) with (dT, λ) = (T/89,0.1). The results
are shown fortn = 6π andt0 = 0 in Fig. 18.

5.3. Duffing system with Gaussian forcing

We have also considered a variation of the Duffing equation with Gaussian-type forcing:

ẋ1 = x2, (32)

ẋ2 = x1 − x3
1 + ε

(
11

2
(t + 3π)2 − 1 − 2(t + 3π)4

)
e−(t+3π)2 (33)

with ε = 0.1. As in the other variations of Duffing’s equation, the DHT can be approximated analytically:

xDHT(t) = ε
(

−1
2(t + 3π)2 e−(t+3π)2

((t + 3π)3 − (t + 3π))e−(t+3π)2

)
+O(ε3)

up toO(ε3). Once again, eu(t) and es(t) are the same as in(20)up toO(ε2).
For computation of the manifolds, we use the Hobson variant criterion—Dritschel curvature interpolation

method with(α, δ, τ) = (0.3,10−6,0.02). The results are shown fortn = 6π and t0 = 0 in Fig. 19. Using
the Dritschel–Ambaum criterion—Dritschel curvature interpolation method withµ = 0.005 gives a similar per-
formance. An identical figure is obtained where the number of points in the stable and unstable manifolds (after
redistribution) is NPT = 10 247 and their computing time is CPU= 2486 s.



A.M. Mancho et al. / Physica D 182 (2003) 188–222 215

Fig. 17. The unstable manifold onΣT (a) and the stable manifold onΣ0 (b) for the rotating Duffing equation withε = 0.01 andβ = √
2.

The parameters used for the Hobson variant criterion—Dritschel curvature interpolation method are(α, δ, τ) = (0.3,10−6,0.02) with
(dT, λ) = (T/89,0.1). These figures have been computed in the same time as the nonrotating case (CPU= 1544 s) and contain the same
number of points (NPT = 9845).
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Fig. 18. The unstable manifold onΣT (NPT = 10 696, CPU= 1628 s) (a) and the stable manifold onΣ0 (NPT = 21 995,CPU= 3705 s) (b) for
the exponentially forced Duffing equation withε = 0.1. The parameters used for the Hobson variant criterion—Dritschel curvature interpolation
method are(α, δ, τ) = (0.3,10−6,0.02) with (dT, λ) = (T/89,0.1).
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Fig. 19. The unstable manifold onΣT (NPT = 14 629, CPU= 2172 s) (a) and the stable manifold onΣ0 (NPT = 14 629,CPU= 2170 s) (b) for
the Gaussian-type forced Duffing equation atε = 0.1. The parameters used for the Hobson variant criterion—Dritschel curvature interpolation
method are(α, δ, τ) = (0.3,10−6,0.02) with (dT, λ) = (T/89,0.1).
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Fig. 20. (a) Unstable manifold of the DHT of the integrable Duffing equation. (b) Magnification near the hyperbolic point. The thin solid line is for
the Hobson variant criterion ((α, δ, τ) = (0.3,10−6,0.02)), while the dashed line is for the Dritschel–Ambaum criterion ((µ, δ) = (0.005,10−6)).
The thick line in this figure is the benchmark result.
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5.4. Integrable Duffing equation

Finally, we apply the two methods to the integrable, time-independent Duffing equation. This is equivalent to
settingε = 0 in the periodically forced cases(17) and (18)in Section 3.1, as well as the examples inSections 5.2
and 5.3. The DHT is now a fixed point at the origin, while eu(t) and es(t) are given exactly by(20).

We apply the methods as if this were an aperiodically forced velocity field like the other examples, using the
Hobson variant criterion—Dritschel curvature interpolation method with(α, δ, τ) = (0.3,10−6,0.02) and the
Dritschel–Ambaum criterion—Dritschel curvature interpolation method withµ = 0.005. The results are shown for
tn = 15 inFig. 20. The global structure (Fig. 20a) suggest that the manifold has been recovered accurately.Fig. 20b,
however, shows an enlargement of the region near the origin, and demonstrates that in approaching a hyperbolic
point the influence of the unstable subspace will exaggerate even the slightest errors in the interpolation scheme.
The thin solid line is for Hobson variant criterion while the dashed line is for the Dritschel–Ambaum criterion. It
may be seen that in this case oscillations are smoothed. The thick line in this figure is the benchmark result.
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Appendix A. Comparison with time-periodic vector fields

Suppose the vector field(1) is periodic in time. Then it is well known that the trajectories can be studied by
passing to the associated Poincaré map. LetT denote the period of the vector field, and choose the sequence of times
such that dTk = tk+1 − tk = T for all n. Then we havefi(·) = fj(·) ≡ f(·), for all i andj, andf(·) is the Poincaré
map. Furthermore, we suppose the hyperbolic trajectoryγ(t) is a periodic trajectory with periodT (more generally,
our discussion would apply if the period ofγ(t) were some rational multiple ofT). Then, for some arbitrary initial
time (i.e., choice of Poincaré section), sayt0 at i = 0, γ(t0) ≡ γ̄ is a hyperbolic fixed point of the Poincaré map
f(·), i.e.,f(γ̄) = γ̄. Eqs. (11) and (12)then reduce to the familiar expressions:

Wu(γ̄, tk) = lim
n→∞f

n(Wu
loc(γ̄, t0)), (A.1)

Ws(γ̄, tk) = lim
n→∞f

−n(Ws
loc(γ̄, t0)) (A.2)

for all k. A comparison of these formulae with(11) and (12)reveal a fundamental difference between computing
the stable and unstable manifolds of hyperbolic trajectories in aperiodically time-dependent vector fields versus
time-periodic vector fields. In iteratingWu

loc(γ̄, t0) under the Poincaré mapeach iterateis on the Poincaré section
Σt0. Hence, each iterate creates a segment of the unstable manifold at the desired time. Therefore, once a segment
of the manifold is created, we no longer need to be concerned with that segment and the computation can then
be focussed on creating additional length of the manifold. In contrast, a segment of the unstable manifold of the
hyperbolic trajectory att0 is created by evolving in forward time a segment of the unstable manifold starting at
some time in the past,t−n, n > 0. During the course of the time evolutionnoneof the manifold is created at time
t0 until the final time step. In other words, because of the lack of periodicity in the vector field as the manifold is
grown in timethe entire lengthof the manifold must be evolved in time.
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We emphasize the differences further by making a direct comparison with a standard approach to computing
the unstable manifold of a hyperbolic fixed point of a map. Consider aCr (r ≥ 1) diffeomorphismg : R

2 → R
2

having a hyperbolic fixed point atx = x0, and denote its local unstable manifold byWu
loc(x0). Many algorithms for

computing the unstable manifold use the idea of iterating afundamental domain, which we now describe. Choose a
point x̃ ∈ Wu

loc(x0). Then the segment ofWu(x0) betweeñx andg(x̃) is called afundamental domain, and denoted
by D0

x̃
. Then one of the branches of the local unstable manifold is “globalized” (or “grown”) by iterating this

fundamental domain, i.e.:

Wu(x0) = Wu
loc(x0)

⋃( ∞⋃
n=0

Dnx̃

)
,

where

Dnx̃ ≡ gn(D0
x̃)

(the other branch of the unstable manifold is grown by starting with a fundamental domain in that branch and
following the same procedure). Of course, numerically, we can only grow the manifold for a finite number of
iterates. So consider a finite piece of a branch of the unstable manifold grown in this way:

Wu
loc(x0)

⋃
 k1⋃
n=0

Dnx̃


 , manifold afterk1 iterates. (A.3)

We can grow this branch longer by considering additional iterates of the fundamental domain:

Wu
loc(x0)

⋃
 k1⋃
n=0

Dnx̃

⋃ k2⋃
n=k1+1

Dnx̃


 , manifold afterk2 iterates, (A.4)

wherek2 > k1.
Now in going from(A.3) and (A.4), we need no longer be concerned with evolving the manifold afterk1 iterates.

We only need to appendk2 − k1 iterates ofDk1
x̃

≡ gk1(D0
x̃
) to the manifold obtained afterk1 iterates in order to

obtain the manifold afterk2 > k1 iterates. In other words, to grow the manifold further in time we can “forget”
about the manifold grown earlier in time since it is unchanged for all later times. This is a characteristic of the
computation of unstable (and stable) manifolds of hyperbolic trajectories that is specific to maps and time-periodic
vector fields which isnot shared by aperiodically time-dependent vector fields. In the latter case, in evolving the
manifold from an earlier time to a later time, theentiremanifold from the earlier time must be evolved to the later
time. This requires significantly more computational resources. In particular, many more points must be evolved
to obtain comparable length manifolds in the aperiodically time-dependent case. As a result, we cannot “seed” the
manifold initially with a sufficiently high density of points. This is why sophisticated point insertion criteria and
interpolation methods are needed in the aperiodically time-dependent case (and why they are not needed when
periodicity orstationaritycan be exploited).

Appendix B. Benchmark

First we discuss a method that inserts points only att = t0. Such a method eliminates the errors associated with
inserting points at other times and may therefore serve as a benchmark for point insertion strategies, although, as
mentioned above, we expect it to be too numerically expensive for practical use.
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Table 2
The benchmark algorithm

defineBenchmark(xDHT,eu, τ)

(λ,#) := (λ0,#0)

trajectories:= ∅
x := xDHT + λeu

traj := maketrajectory(x)
Outer loop begins here.
while λ < λmax do

trajectories:= trajectories∪ {traj}
finished:= false
Inner loop begins here:
while not finisheddo
λ′ := λ+#
x := xDHT + λ′ eu

trajnew := maketrajectory(x)
if max dist(traj, trajnew) < τ then

finished:= true
λ := λ′
# := 3#
traj := trajnew

else
# := #/2

end if
end while

end while
return trajectories

All points initially lie on the linear manifoldWu
approx given inEq. (16), whose notation we adopt, at the initial

time of the data set.
We assume the existence of subroutines “make trajectory(x)”, which calculates and returns a numerical trajec-

tory corresponding to a spatial positionx at the start of the time interval and stores its values at all of thetj of the
chosen time discretization, and “max dist(traj1, traj2)”, which returns the maximum distance between two given
trajectories at any one of thetj.

Using these assumptions, the subroutine “Benchmark(xDHT,eu, τ)” computes a set of trajectories, given the
position,xDHT, of the hyperbolic trajectory att0, the unit vector eu, and a toleranceτ that defines the maximum
permissible distance between two neighboring trajectories at anytj.

The algorithm, shown inTable 2, moves alongWu
approxby increasingλ in steps of# and storing thetrajectories

calculated in the set variabletrajectories; this is the purpose of the outer loop.
Most of the subtlety of the code is concerned with picking a step# such that a new trajectory trajnew will remain

close enough to its (already calculated and stored) neighbor traj. The inner loop of the subroutine does this by
reducing# by half after unsuccessful trajectories and increasing it by a factor of three after successful trajectories.
The Boolean variablefinishedindicates whether the inner loop has found a satisfactory new trajectory; when it has
done so control returns to the outer loop, the trajectory is stored and the outer loop resumes.

The computation of the stable manifold is completely analogous.
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