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ABSTRACT

We have developed a theoretical framework for the computation of the transfer of solar radiation in an
anisotropic medium with particular application to oriented ice crystals in cirrus clouds. In the theoretical de-
velopment, the adding principle for radiative transfer has been used with modifications to account for the
anisotropy of the phase matrix. The single-scattering properties, including the phase function, single-scattering
albedo, and extinction cross section, for randomly and horizontally oriented ice crystals are then used in the
computation of reflected and transmitted intensities, planetary albedo, and polarization in multiple scattering.
There are significant differences in the reflected and transmitted intensities between hexagonal ice crystals and
equivalent ice spheres. In addition, it is found that ice spheres are inadequate to model the general pattern of
reflected intensity. The orientation properties of ice crystals are also significant in the determination of the
reflected and transmitted intensities. Various optical features can be produced only by horizontally oriented
plates and columns. For the polarization of sunlight reflected by ice crystals, the neutral point is independent
of the solar zenith angle as well as the optical depth. We have also closely matched the polarization patterns
observed for Martian white clouds, as well as cirrus clouds, with the results from the present multiple-scattering
computations for ice crystals. Finally, it is noted that the polarization configuration is extremely sensitive to
the shape of the particles. Thus, its full information content should be explored for applications to the remote
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sounding of clouds.

1. Introduction

The interpretation of bidirectional reflectance and
polarization patterns for planetary clouds observed
from aircraft, satellites, or spacecraft requires multiple-
scattering calculations for cloud particles. Multiple
scattering in clouds is also important for the determi-
nation of cloud albedo, which is relevant to climate
problems. There have been numerous methods devel-
oped for solving multiple scattering in planetary at-
mospheres. The adding method has been demonstrated
to be a powerful tool for multiple-scattering calcula-
tions. The principle for the method was stated by Stokes
(1862) in a problem dealing with reflection and trans-
mission by glass plates. Peebles and Plesset (1951) de-
veloped the adding method theory for application to
gamma-ray transfer. The adding equations for multiple
scattering now commonly used are based on the for-
mulation presented by van de Hulst in 1963 (van de
Hulst 1980). We shall use the adding method for the
formulation of multiple scattering in an anisotropic
medium.

As pointed out in Part I (Takano and Liou 1988,
hereafter referred to as Part I, cirrus clouds are com-
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posed of hexagonal ice crystals, whose single-scattering
properties differ significantly from those computed for
spherical particles. Moreover, in the case of horizontally
oriented ice crystals, the single-scattering parameters
depend on the direction of the incident light beam.
Thus, the conventional formulation for the multiple-
scattering problem is no longer applicable. Liou (1980)
formulated the basic equation for the transfer of solar
radiation in an optically anisotropic medium in which
the single-scattering properties vary with the incident
angle of the light beam. Stephens (1980) and Asano
(1983) discussed the transfer of radiation through op-
tically anisotropic ice clouds. The latter author used a
hypothetical cloud model in which the scattering phase
function was expressed in terms of the incident angle.
However, none of these authors included realistic scat-
tering parameters for oriented ice crystals in the dis-
cussion and analysis, nor is the Stokes vector properly
accounted for in the formulation.

This paper presents the theory and computations
for multiple scattering in cirrus clouds containing ori-
ented ice crystals. In section 2, radiative transfer in
clouds composed of horizontally oriented ice crystals
is formulated with the aid of the adding method. Using
the single-scattering properties obtained in Part I, the
reflected and transmitted intensities, planetary albedo,
and polarization in multiple scattering by ice crystals
are illustrated and discussed in section 3. In section 4,
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we interpret a number of polarization measurements
based on computational results from randomly ori-
ented ice crystals. Finally, conclusions are given in sec-
tion 5.

2. Theory of radiative transfer in an anisotropic me-
dium

In an anisotropic medium, the single-scattering
properties depend on the direction of the incoming
light beam. Let the directions of incoming and outgoing
light beams be denoted by («, ¢') and (u, ¢), respec-
tively, where u is the cosine of the zenith angle and ¢
the corresponding azimuthal angle. The scattering
phase matrix P is a function of (u, ¢; i/, ¢’') and cannot
be defined by the scattering angle © alone as in con-
ventional radiative transfer. Moreover, the extinction
(0. or C, in Part I) and scattering (o, or C, in Part I)
cross sections vary with the direction of the incoming
light beam (i, ¢').

Consider an anisotropic medium consisting of ice
crystals randomly oriented in a horizontal plane. Be-
cause of the symmetry with respect to the azimuthal
angle for the incoming light beam, the phase matrix,
and the extinction and scattering cross sections may
be expressed by P(u, ¢; i, ¢') [=P(O, &, )], ou(i),
and o,(y'), respectively, where ® is the azimuthal angle
associated with the scattering angle O. In this case, we
may define the differential normal optical depth in the
form

3

&= 5o, (1)
where the normal extinction cross section 7, = o.(u’
= 1), Ny is the number density of the particles, and z
the distance. Let the Stokes vector intensity I = (I, Q,
U, V). Following Liou (1980), the general equation
governing the transfer of diffuse solar intensity may be
written in the form

dl(7; u, ¢)
W T80

y =1(% p, ®)k(p) — I(F; 1, @),
n

(2
where

k(p) = a.(w)/ 5.,
and the source function,

(3

- l 27 1
J(Fu, ¢) = ) f_l (W )P, ¢ ', ¢')

1
X 1(%; i, ¢')du'de' + an @(—uo)P(u, ¢; —po, o)

X wF exp[—k(—po)¥/mol. (4)

In Eq. (4), po is the cosine of the solar zenith angle,
¢o the corresponding azimuthal angle, and — u, denotes
the downward solar incident direction. The first and
second terms on the right-hand side represent contri-
butions from multiple scattering and single scattering
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of the direct solar intensity, respectively. The equivalent
single-scattering albedo is defined by

@(p) = a(n)/ .. (5)
The general phase matrix, with respect to the local me-

ridian plane, is given by (Chandrasekhar 1960; Liou
1980)

P(u, u; ¢ — ¢') = L(w = L)P(O, &, p)L(—i)), (6)
where i, and i, denote the angles between the meridian
planes for the incoming and outgoing light beams, re-

spectively, and the plane of scattering. The transfor-
mation matrix for the Stokes vector is given by

1 0 0 0
_ |10 cos2x sin2x 0
LX) = 0 —sin2X cos2x O |’ ™
0 0 0 1
where X = —i, or m — i,. From spherical geometry,
these angles are given by
. —u + g cosO
osh = =)y P — gy ®
—i + ucos©
cosiy = £ 9)

*(1 — cos?©)'/2(1 — p?)'/?"

If P(O, &, p), o.(n), and o,(u) are known, then, in
principle, Eq. (2) may be solved numerically.

We shall approach the multiple scattering problem
by means of the adding method for radiative transfer.
We define the reflection matrix R(u, uo, ¢ — ¢o) and
transmission matrix T(u, uo; ¢ — ¢o) for radiation
from above in the forms
27

11!
Toweon( 8) = = [ woduo [ dto
I} ™ JO 0
X R(u, po; ¢ — ¢O)Iin,top(ﬂ03 ®0), (10)
1 1 2w
Lout, bottom (4, @) = ;J; Kodio b doo
X T(p, po; ¢ = 00)kin, 1op(#o, o). (11)

Likewise, for radiation from below, the reflection and
transmission matrices are defined by

2%

Kout, bottom (H, @) = % fo l rodpo | - dbo

X R* (4, po; & = #0)Xin, bottom (0, P0),  (12)
Low;top (1, @) = % fo 1 Hoduo ozr doo

X T* (s #o;  — $0)Lin, bottom (0, $0).  (13)

To proceed with the adding principle for radiative
transfer in an anisotropic medium, we shall utilize the
reflection and transmission matrices defined in Eqgs.
(10)-(13) and consider an infinitesimal layer with a
very small optical depth A%, say 10 8. Since the optical
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depth is so small, only single scattering takes place
within the layer. From Eqgs. (2) and (4), the analytic
solutions for reflected and transmitted intensities un-
dergoing single scattering may be derived. Subject to
the condition that A7 — 0, we find

-~

A
T(ks o3 6 = 90) = - Do) Pk, o3 ¢ = o),
(14)

~

A
R(u, po; @ — ¢o) = F;o 59(#0)"(—#? ko3 ® — do),
(15)
T*(u, to; ¢ — do)

~

A
~ 4—’ D(po)P(— 1, —to; & — d0), (16)
[T L

R*(u, po; & — do)

A7
~ @ (po)P(pn, —pos ¢ — do),
Kio
where the phase matrix P is defined in Eq. (6).
Consider now two layers, one on top of the other.
Let the subscripts a and b denote these two layers and
let their optical depths be 7, and 7,. Following the
conventional adding principle for radiative transfer in
an isotropic medium (see, e.g., Twomey et al. 1966;
Lacis and Hansen 1974; Liou 1980), but with modi-
fications to account for the dependence of the optical
properties on the incoming direction, the procedure
for computing the reflection and transmission matrices
- for the composite layer may be described by the fol-
lowing equations:

Q, = R!R,, (18)
Q,=QQ,, (19)
M

s = El Q,, (20)
D =T, + S exp[—k(uo)7a/nol + ST,, (21)
U = R, exp[—k(uo0)7a/pol + R;D, (22)
R, = R, + exp[—k(p)7./u]U + TEU,  (23)

Top = exp[—k(u)7»/p]D
+ Ty exp[—k(uo) 7o/ po] + TpD. (24)

In these equations, the product of two functions implies
an integration over the appropriate solid angle so that
all possible mulitiple scattering contributions are ac-
counted for. For example,

1 2r 1 \ ,
AR, == [ [ Riuus6—9)

™ JO 0

X Ro(t, po; ¢' — dpo)w'dp'de’. (25)

The term M in Eq. (20) is selected according to the

an
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convergence of the series, and varies from 5 to 12 in
the present calculations. The exponential terms in the
adding equations are the direct transmission through
layer a or b without scattering, where the anisotropic
factor k(u) is given in Eq. (3). The total transmis-
sion for the combined layer is the sum of the diffuse
transmission T,, and the direct transmission
exp[—k(uo)(72 + 75)/po] in the direction of the solar
zenith angle 6.

In the numerical computations, it is economical to
set 7, = 7,. This is referred to as the doubling method.
We start with an optical depth 7 ~ 10~® and use Egs.
(14)-(17) to compute the reflection and transmission
matrices. Equations (18)-(24) are subsequently em-
ployed to compute the reflection and transmission ma-
trices for an optical depth of 27. The computations
using these equations are repeated until the desired
optical depth is obtained.

In order to compute the reflection and transmission
matrices for the initial layer with a very small optical
depth, via Eqgs. (14)-(15), we need the phase matrix
and single-scattering albedo, and directions for incom-
ing and outgoing beams. The phase matrix elements
must be expanded in terms of the incoming and out-
going directions denoted by u, ¢’ and ¢ — ¢'. For spher-
ical particles, the phase matrix consists of four ncnzero
independent elements. These elements can be decou-
pled analytically in terms of functions associated with
u, ¢ and ¢ — ¢’ (Dave 1970; Kattawar et al. 1973).
However, for nonspherical particles, the decomposition
of the phase matrix elements has yet to be worked out.
For randomly oriented nonspherical particles that have
a plane of symmetry, the phase matrix contains six
independent elements. In this case, there are seven
symmetrical relationships for these elements based on
the reciprocity principle (Hovenier 1969 ). From these
relationships, the phase matrix elements can be ex-
panded in terms of either cosine or sine Fourier com-
ponents (Hansen 1971). For randomly oriented ice
plates or columns in a horizontal plane, there are 16
clements in the phase matrix. It can be proven that
these elements obey a number of symmetrical rela-
tionships, upon which they can be expanded in terms
of either cosine or sine Fourier components in the
manner described by Hansen (1971).

In view of the above discussion, the general phase
matrix elements may be numerically expanded in the
forms

(W) Py(p, w6 — ¢')

N cosm(¢ — ¢'), ¢
= Pi(u, ) +2 Z pJ(n, u’){ . )
‘ m=1 sinm(¢ — ¢'), §
(26)

where
¢, ij= 11,12, 21, 22, 33,34, 43, 44
s, ij = 13, 14, 23, 24, 31, 32, 41, 42
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and P} (m =0, 1, + - -, N) denote the Fourier ex-
pansion coefficients. With this expansion, each term
in the Fourier series may be treated independently in
numerical computations.

With respect to the normalization of the phase func-
tion P, the following procedures are followed. The
phase function is normalized such that

1 27 1
ar Jo f_l Pi(p, ¢, ¢ — ¢)dud(éd — ¢') = 1, (27a)

where dud(¢ — ¢') denotes the differential solid angle.
Using Eq. (26), we find

1 1

[ Pwwdn=a0,  em)
where @(u') is defined in Eq. (5). In the case of ran-
domly oriented nonspherical particles (or spherical
particles), the single-scattering albedo & is indepen-
dent of u’ and is a constant. If there is no absorption,
@ = 1. In this case, Eq. (27b) can be derived from the
expansion of the phase function in terms of the Le-
gendre polynomial using the addition theorem for
spherical harmonics (see, e.g., Liou 1980). However,
for randomly oriented ice crystals in a horizontal plane,
@ is a function of the incident angle. Normalization of
the phase function must be performed for each u'.

As shown in Part I, the phase function Py, for ice
crystals has a common sharp diffraction peak. In order
to properly account for this peak in numerical inte-
grations, thousands of Fourier components are needed
in the phase function expansion. To optimize the com-
putational effort, we shall follow the procedure pro-
posed by Potter (1970). In this procedure, the forward
peak is truncated by extrapolating the phase function
linearly from the scattering angles 10° to 0° in the
logarithmic scale. Let the truncated phase function be
P ,; then, the truncated fraction of scattered intensity
is given by

f'=f (Pyy — Pi1)dQ/4r. (28)
4r

In our numerical computations, we find that f ~ fp,
the ratio of the diffracted light to the entire scattered
light, described in the appendix of Part I. In the limits
of geometric ray optics, it is apparent that the scattered
energy contained in the truncated forward peak, which
is the shaded area in Fig. A1 of Part I, is approximately
equal to the scattered energy associated with Fraun-
hoffer diffraction.

To use the truncated phase function in multiple
scattering computations, but at the same time to
achieve the “equivalent” result as in the case when the
sharp diffraction peak was included in the computa-
tions, an adjustment must be made for the optical depth
and single-scattering albedo. Since the forward peak is
associated only with scattering, the adjusted scattering
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and absorption optical depth must be 7, = (1 — /)7,
and 7, = 7,. Thus, the adjusted optical depth should
be

>t

T =

it =01 -f@)F, - (29)

where the single-scattering albedo @ = 7;/7. The ad-
justed single-scattering albedo is
Ts_ (1 -

7' 1—f&

In addition to the preceding adjustment, we must
also account for the contribution of the é-transmission
part f;, associated with the forward scattering at © = 0°
described in the appendix of Part I, which cannot be
included in numerical computations. Following the
above procedure, the optical thickness 7” and single-
scattering albedo &”, which are corrected for this §-
function peak, are given by

= (1 - £8)7,

or= Q)

1 —-f&
For conservative scattering, the adjustment is required
only for the optical depth. In the case of 2-D crystals,
S and f; depend on the incident direction 6, as well
as the extinction and scattering cross sections, o, and
os. Equations (29)-(32) constitute the generalized
similarity principle for radiative transfer in horizontally
oriented polyhedral particles. The similarity principle
has been discussed by Sobolev (1975) for isotropic
scattering and van de Hulst (1980), who included the
asymmetry factor in the discussion.

~—

(30)

(1)

(32)

3. Computational results

In this section we present computational results for
reflected and transmitted intensities, planetary albedo,
and reflected polarization for randomly (3-D) and
horizontally (2-D) oriented ice crystals using a visible
wavelength of 0.55 um. In the computations, the num-
ber of emergent angles u used for 2-D columns is 20.
For 2-D plates, Parry columns, and 3-D columns and
plates, it is 40. Azimuthal angular intervals of 1° were
used. These angular intervals are adequate to produce
smooth curves for the reflected and transmitted inten-
sities.

Figure 1 shows the reflected and transmitted (diffuse)
intensities for 3-D ice columns (L/2a = 125 um/50
um) and area-equivalent ice spheres as a function of
the zenith angle # for an overhead sun (6, = 0°). The
reflected intensity increases with increasing optical
depth. Significant differences between the reflected in-
tensities for ice columns and spheres are seen. Ice
spheres produce a peak intensity at 8 = 45°, associated
with a combination of primary and secondary rainbow
features due to single-scattering. But ice columns have
larger reflected intensities in other zenith angle regions.
In the transmitted intensity pattern, the 22° and 46°
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halo features produced by ice columns are very distinct
for small optical depths. However, they disappear when
the optical depth is greater than about 16. The trans-
mitted intensities for ice spheres are generally larger
than those for ice columns for zenith angles between
0° and ~40°, but are smaller between ~60° and 90°.
We have also carried out computations for 3-D ice
plates using an aspect ratio of 32 um/80 um. Results
for the reflected and transmitted intensities are ex-
tremely similar to those for 3-D ice columns, except
that the 22° halo feature for optical depths less than 4
is less pronounced.

In the preceding presentation, we have used the same
crystal sizes, randomly oriented in space, in multiple-
scattering computations. The scattered intensities from
these computations, however, should not deviate sig-
nificantly from those using the observed ice crystal size
distributions shown in Fig. 2 of Part 1. The reasons are
as follows, First, at the 0.55 um wavelength, absorption
of ice is practically negligible so that the single-scatter-
ing albedo & ~ 1. Second, in multiple-scattering cal-
culations, the optical depth is fixed. It follows that the
scattered intensities depend only on the phase function
employed in the calculations. The phase functions for
3-D columns (125 um /50 um) and 3-D plates (32 um/
80 um), which approximately represent mean sizes of
the observed ice crystal size distribution, are about the
same as those presented in Fig. 3 of Part I. Thus the
multiple-scattering results illustrated in this section us-
ing a single size ice crystal should be substantially sim-
ilar to those using an observed ice crystal size distri-
bution. Following the preceding reasoning, the use of
area- or volume-equivalent ice spheres would produce
similar multiple-scattering results. In Table 3 of Part
I, we listed the asymmetry factors for area-equivalent
ice spheres. For the 0.55 um wavelength, the asym-
metry factors for volume-equivalent ice spheres do not
deviate substantially from those values.

In Fig. 2 we compare the reflected and transmitted
intensities for 3-D plates and columns for a solar zenith
angle 6, of 50°. These intensities are plotted as a func-
tion of the zenith angle # on the plane ¢ — ¢ = 0°,
For the reflected intensity, 3-D plates reflect slightly
more than 3-D columns. This is because the asymmetry
factor for 3-D columns is larger than that for 3-D plates.
Both columns and plates show a peak at § ~ 83°,
which is associated with greater intensity at the outer
halo. The patterns of the transmitted intensity are sim-
ilar for the two cases. However, the transmitted inten-
sity for plates (32 um /80 um) is generally smaller than
that for columns (125 um /50 pm).

The planetary albedo (referred to as reflection in
radiative transfer) is defined by

1 27 1
R(uo) = ;fo fo I.(u, po; & — do)ududd/(ponFy),
(33)
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where uowF, denotes the solar flux perpendicular to
the plane-parallel atmosphere. Figure 3 shows reflection
of sunlight as a function of the cosine of the solar zenith
angle u, for randomly oriented ice columns and plates.
Comparisons are also made with area-equivalent ice
spheres. Reflection by 3-D crystals is generally larger
than that of spheres, and the differences increase with
increasing optical depth. This.is because ice spheres
have larger forward scattering than ice crystals.

We next present the reflected and transmitted in-
tensity patterns for horizontally oriented ice crystals.
Figure 4 illustrates these patterns for 2-D plates when
the solar zenith angle 6 is 75°. Note that the optical
depth presented in this graph is a mean value averaged
over the zenith angle 8. In the case of 2-D plates, scat-
tered sunlight is confined to four latitude belts, due to
specific geometry. For 6, = 75°, these latitude belts
correspond to zenith angles of £75° and +27°, with
negative values representing mirror images. This is de-
scribed in Eq. (21) and displayed in Fig. 7a of Part I
for single-scattering analyses. If the incident angle is
27°, the four latitude belts are +27° and +75°. Due
to the symmetrical property of 2-D plates with respect
to incoming light beams, all multiple-scattered light is
also confined to the four latitude belts. The reflected
and transmitted intensities for optical depths of ', 1,
4, and 16 are displayed as a function of the azimuthal
angle ¢ — ¢o. The reflected intensity increases with
increasing optical depth. For the 75° emergent zenith
angle, the subsun, subsundog, 120° subparhelion, and
antisolar peak optical features are shown distinctly for
an optical depth of Y%, where single-scattering domi-
nates. For an optical depth of 16, only the subsun and
subparhelion are observed. For the transmitted inten-
sity, the sundog is visible even for large cloud optical
depths. In addition to these optical phenomena, the
anthelion (AN) located at the 180° azimuthal angle is
seen for the small optical depth of %, due to double
scattering, viz., the coupling of the subsun and antisolar
peak. For an optical depth of 16, the 44° parhelion
produced by double scattering (denoted as 44°P) is
also observed. At the 27° zenith angle, the Kern’s arc
(K A) appears for 7 = 1 due to the effects of multiple
scattering. This arc has been observed by Ripley and
Saugier (1971) and simulated by Trinkle and Greenler
(1987) using the Monte Carlo method for multiple
scattering.

Figures 5 and 6 display the reflected and transmitted
intensity patterns as a function of the zenith angle on
the plane ¢ — ¢¢ = 0° for Parry and 2-D columns,
respectively. The solar zenith angle used for the com-
putation is 75°. These patterns for an optical depth of
Vs are basically similar to those from single-scattering
computations displayed in Figs. 8 and 9 of Part I, except
for the subpeak at # = 82° in the transmitted intensity
in Fig. 5. This peak is caused by the lower sunvex Parry
arc of the subsun. For Parry columns, several optical
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