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1 Relationship of atmospheric ap-
plications and forced passive tracer

problems

1.1 Examples from prototype problems

For reference, we review selected aspects of prior work
on idealized prototype problems that informs the obser-
vational and modeling analysis here. The idealization of
a specified, constant gradient q̄z in one direction z, with
flow properties constant in that direction used in BM021

yields for the forced solutions of Eq. 1 of the main text

∂tq + v · ∇q − κ∇2q = wq̄z (1)

When non-dimensionalized by length and velocity scales
L, V , the explicit parameter is the Peclet number Pe =
V L/κ. Other important parameters controlling the distri-
bution are implicit in the characteristics of the advecting
flow. Here we illustrate with z identified with the verti-
cal direction which is most relevant to creating the deep
columns of tracer. Application to a region of horizontal
gradient is then relatively straightforward.
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Figure 1: Distribution from the prototype forced
advection-diffusion problem by Bourlioux and Majda1,
showing Peclet number dependence for Pe=10, 20, 40,
100. Dashed lines show a Gaussian with the same stan-
dard deviation as for Pe=10.

An instructive example from BM02. The solutions are
for a two-dimensional case of Eq. 1, with the velocity field
in the direction perpendicular to the gradient (“horizon-
tal” v in the setup described above) varying sinusoidally
in time, constant in space, while the velocity in the direc-
tion of the gradient (“vertical” w above) is sinusoidal in
space and an autocorrelated Gaussian random process in
time. Figure 1 shows a sequence as a function of Peclet
number, choosing a range in which the distribution evolves
from slightly broader than Gaussian to having stretched
exponential tails that flair out a distinct angle from the
core. The tails for Pe= 100 are beginning to resemble the
asymptotic case that is approached for high Peclet num-
ber. Solved by the same methods as BM02, for parameters
corresponding to their figure 5, this case provides a refer-
ence for considerations of asymmetry in the distribution
below. In developing intuition for examination of observed
cases, one should not associate the shapes in the example
shown solely with the Peclet number, since characteristics
of the flow field can strongly affect which shape occurs for
a given Peclet number.

Figure 2 shows how the relationship between tails and
core changes as the autocorrelation time of the velocity
decreases, in the regime BM02 refer to as weakly intermit-
tent. They identify the physical mechanism producing the
tails as occurrences of long excursions in the direction of
the gradient when streamlines are not blocked by the cross
flow. The tails are affected by additional parameters, for
example, the period of the crosswind; and from Eq. 1, the
distribution scales with the magnitude of both the gradi-
ent and the w variations. In atmospheric applications, the
analogs of these quantities are internally determined, and
can differ not only between models and observations, but
between different tracers as the sources produce dominant
gradients in different locations and directions in an inho-
mogeneous, anisotropic flow. The effect of autocorrelation
time on the tails in Figure 2 is relevant to both of these
situations: models with parameterized vertical transport
are often less intermittent in vertical velocity; and tracers
such as water vapor where the vertical gradient dominates
(as shown in Figure 1b of the main text) will be affected by
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Figure 2: Distribution from the prototype forced
advection-diffusion problem by Bourlioux and Majda,
showing their case with Peclet number 1000 for three dif-
ferent nondimensional autocorrelation times τ ′

J for a Gaus-
sian random process in the flow field in the direction of the
gradient. For shorter autocorrelation times the tails be-
come steeper and eventually approach Gaussian (dashed
lines show a Gaussian with the same standard deviation).
Figure adapted from BM021.

vertical motions with shorter autocorrelation times than
is typical for synoptic scale horizontal transports affecting
tracers with strong horizontal gradients.

Earlier cases examined numerically by Pierrehumbert
and co-workers2,3 show that distributions with qualita-
tively similar core and tail characteristics can be obtained
for various inhomogeneous and intermittent forcings. In
particular, for a forcing consisting of several randomized
for a modes, a series of distributions similar to the exam-
ples in Figures 1 and 2 can be constructed as a function of
the autocorrelation time of the forcing.3 Furthermore, in
two-dimensional advection along isentropic surfaces such
distributions can be simulated for stratospheric flows. de-
spite such complexities as mixing barriers.4,5

1.2 Considerations for atmospheric flow
conditions

1.2.1 Straightforward extensions of prototypes

Some simple considerations relevant to relating the proto-
types to situations more applicable to troposphere trans-

ports are outlined here.
Example 1: Weak vertical structure. Consider modify-

ing the BM02 assumptions to include slow vertical varia-
tions in vertical velocity w(εz). If one can neglect an order
ε term due to vertical variations of v in horizontal advec-
tion, and an order ε2 term in vertical diffusion, then the
forced solution in q simply reflects the vertical structure
in w, and these deep structures are governed by the BM02
equation.

Example 2: Build-up of tracer due to unbalanced sur-
face flux. The case of a surface flux F not balanced by a
sink in the interior of the atmosphere (as for CO2) is equiv-
alent when the resulting trend is removed to a source-sink
problem with a effective interior sink that maintains a ver-
tical gradient against the surface input. Averaging Eq. 1
of the main text over the domain in the absence of inte-
rior sink S yields a linear increase of the domain-average
concentration 〈q〉 by F

∂t〈q〉 = 〈F 〉 (2)

Subtracting this from Eq. 1 of the main text and defining
q′ = q − 〈q〉 and an effective sink SF = 〈F 〉 gives a tracer
equation for departures from a long-term build up

∂tq
′ + v · ∇q′ + w∂zq

′ − κ∇2q′ − ∂zκv∂zq
′ = −SF (3)

Example 3: Surface boundary layer. Consider a source
of tracer via a surface flux, with vertical turbulent dif-
fusion keeping q constant through the lower atmospheric
boundary layer (ABL), from the surface at z=0 to ABL
top at zb, above which the turbulent flux becomes small
relative to the vertical advection. The vertical velocity in-
creases rapidly through the ABL, and for illustration we
approximate it as independent of the vertical coordinate
for z > zb. Vertically integrating Eq. 1 of the main text,
with q̂ denoting the vertical integral then gives

∂tq̂ + v · ∇q̂ − κ∇2q̂ = wq+
b (4)

where q+
b is the value just above the ABL top (where ver-

tical diffusive flux is neglected). For upward motion, q+
b is

given by the boundary layer value qb. For extended peri-
ods of downward motion, this value can be driven to lower
values from above, yielding one source of asymmetry be-
tween ascent and descent. In the approximation that q+

b is
constant, with suitable simplifications of velocity spatial
and time dependence, Eq. 4 reduces to Eq. 1 examined
by BM021. We can thus anticipate that many of their
results can provide qualitative guidance for analyzing dis-
tributions of column tracers, with the caveat of possible
asymmetry between upward and downward motion (see
following subsection).

1.2.2 Asymmetry in tracer distributions

Asymmetries between the positive and negative tails of the
distribution are seen in both observations and models for
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realistic atmospheric conditions, whereas the simple pro-
totypes are typically examined for symmetric cases. For
vertical advection, two obvious sources of asymmetry are
asymmetry in the intensity of upward and downward mo-
tions, and the role of the boundary layer. Each can be
related to the simple prototypes.

Small modifications to the BM02 forced advection-diff-
usion problem illustrate how flow field characteristics can
produce asymmetry in the distribution. Figure 3 shows
a case for Pe=20 similar to Figure 1 but modified by in-
clusion of a deterministic flow field. This contribution to
w is given by the sum of two Fourier modes in x with
phase chosen such that velocity in the gradient direction
toward lower tracer has a more intense maximum, mimick-
ing more localized intense upward motion and widespread,
slower downward motion for a tracer with downward verti-
cal gradient such as water vapor. This velocity component
is added to the single-mode random component of Fig-
ure 1. The asymmetry in intensity of “upward/downward”
motion affects the size of the anomalies produced when
streamlines experience long excursions in the direction of
the gradient. For the case shown, this is a longer positive
tail, akin to that for column water vapor in Figure 1 of
the main text.
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Figure 3: Distribution from the prototype forced
advection-diffusion problem with flow field modified to
produce asymmetry. Dashed lines show a Gaussian with
the same standard deviation as each case.

An illustration of asymmetry to the atmospheric bound-
ary layer interacting with vertical advection starts from
Example 3 discussed above. Parameterize the q+

b depen-
dence in Eq. 4 as f(q̂)qb, with f = 1 for q̂ outside some
modest neighborhood of zero, and f → 0 as q̂ → 0. The
low concentration tail would then be limited when ap-
proaching zero values of free-tropospheric concentrations.
Positing that this can be approximately mapped onto the
BM02 solution q, try q̂ = g(q)(qb/q̄z) in Eq. 4. If one can
neglect a term of the form d2g/dq2κ(∂xq)2 (easily satisfied
for most of the range, heuristically justified for large nega-
tive q and small κ), then Eq. 4 transforms to (1) provided
dg/dq = f(g(q)). For f = 1, q̂ is linearly related to the
BM02 solution q, implying the same distribution over the
upper range. For suitable f , the large negative values of
q are mapped onto a range above zero in q̂, implying an

asymmetry that cuts off the low-concentration tail. This
provides a more detailed heuristic justification of the claim
that BM02 can provide a close prototype for column inte-
grated (or column-integrated above the ABL) tracer, even
for circumstances where a maintained gradient is replaced
by a forced boundary layer. The low-end cut off is quali-
tatively similar to that seen in instantaneous water vapor
observations of high spatial resolution in Figure 1 of the
main text.

1.2.3 Turbulent diffusivity and horizontal scale of
the observations

The molecular diffusivity for air would give very large
Peclet number, so when considering the model data com-
parisons here, it is worth emphasizing that horizontal and
vertical averages (both inherent to the instrument and ex-
plicit) of the observations imply that the relevant diffusion-
like process is by turbulent eddies. Filaments of tracer
twisted up by the flow at scales smaller than the obser-
vation scale will only be seen by their effects on the av-
erage. Models account for the effects of subgrid-scale tur-
bulent mixing through various diffusion schemes, often of
higher order, e.g., biharmonic with κbi ∼1015m4s−1. Un-
der such a scheme, the equivalent of the Peclet number
is Pebi ∼ vL3

κbi
. At a spatial scale of ∼ 2.5◦, for realistic

windspeeds (i.e., V ∼ 5ms−1), Pebi is of order 102. This
corresponds to a diffusive time scale on the order of 100
days compared to an advective timescale on the order of
1 day. While it is not always easy to estimate a specific
number for a given model, many modern models likely
have a comparable separation of these timescales to cap-
ture filamentary structures. The examples in section 1.1
suggests this is sufficient to yield very broad tails for some
flow configurations, with factors such as the autocorrela-
tion time of the velocity field in the region and direction of
the strong gradients for a given tracer affecting the precise
distribution.

2 Other tracers

2.1 NOx and ozone

Figure 4 presents distributions of NOx and ozone from
Geos-Chem simulations as a further indication that broader
than Gaussian tails will be ubiquitous, while the details of
the distribution change sufficiently from tracer to tracer
to potentially provide interesting validation targets. NOx

and ozone are more complex than the tracers considered
in the main text in that they have interior sources as well
as sinks. In the upper troposphere, ozone has a downward
vertical gradient.
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Figure 4: Distribution (black dots) for 2000-2005 for trop-
ical points (20S-20N) of column-integrated anomalies of
(a) NOx; (b) ozone. Distributions for individual years are
given by colored dots.

2.2 Idealized forcing in an atmospheric
chemistry transport model

To partially address the gap between prototype problems
and observations or simulations for complex atmospheric
situations, we have also analyzed distributions for trac-
ers with simplified sources and sinks, but in a realistic
atmospheric flow. The Center for Climate System Re-
search/National Institute for Environmental Studies/ Fron-
tier Research Center for Global Change (CCSR/NIES/-
FRCGC ACTM) atmospheric general circulation model-
driven Chemistry-Transport Model (hereafter ACTM)6,7

at 2.8 degrees resolution is used. ACTM meteorological
fields are nudged toward NCEP/DOE AMIP-II Reanaly-
sis (from January, 1st 2000-December 31st, 2005) at T42
truncation in the horizontal and 32 vertical sigma-pressure
levels up to ∼50 km in the vertical. In these idealized-
source experiments, tracer input by surface fluxes is con-
stant in a specified latitude band, zero elsewhere. There
is no sink of tracer, but the time-trend of the tracer con-
centration is removed before analysis, as discussed above.
Figure 5 shows an example for surface flux input in nar-
row mid-latitude strip at 40N; this case may be viewed as
a simplified prototype for atmospheric input by industri-
alized nations of long-lived tracers such as carbon dioxide
or SF6.
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Figure 5: Distribution (black squares) for the tropics (20S-
20N) of column-integrated anomalies of an idealized tracer
with surface of source in a narrow strip at mid-latitudes
simulated in an atmospheric chemistry model (see text).
Cases for lower tropospheric (1000-500 mb average) veloc-
ities southward/northward are shown in blue/red.

The distribution of daily average anomalies over 20S-
20N exhibits exponential tails and a narrow Gaussian core.
For this example, the horizontal gradient has a leading
effect, as may be seen by dividing the distribution into
subsets associated with northward/southward horizontal
velocity. The effect of horizontal gradients is clear as the
positive tail of the full distribution is seen to be associated
with southward motion from the regions of high concen-
tration in the northern hemisphere.
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